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COMPTON MODIFIED LINE STRUCTURE AND ITS RELATION 
TO THE ELECTRON THEORY OF SOLID BODIES 


By Jesse W. M. Du Monp 


ABSTRACT 

A tube especially designed for the study of the Compton effect at large angles of 
scattering.—The structure of the Compton line obtained with this tube for a scattering 
angle of nearly 180° with a metallic beryllium scatterer is shown. 

Interpretation of the structure of the Compton line.—The diffuse structure of the 
Compton line is here attributed to a broadening caused by the velocity distribution of 
the scattering electrons in the solid scatterer analagous to a Doppler broadening 
and a relation between line structure and velocity distribution is derived. The 
observed line structure from the beryllium scatterer is compared with theoretical 
structures computed on several alternative assumptions as to electron velocity 
distribution. It is assumed:—1. That electrons in the solid scattering substance have 
the velocity distribution required by a wave-mechanical atom model for a free atom 
of that substance far removed from neighbors. 2. That electrons may be divided into 
two classes, one class the metallic or conductive electrons in the state of a degenerate 
electron gas subject to the Pauli Exclusion Principle and having the velocity distribu- 
tion derived by Sommerfeld, and the other class asin the 1st assumption unperturbed 
by the neighboring atoms. 3. That electrons may be divided into two classes as before 
but that those forming an electron gas have the classical velocity distribution re- 
quired by the Maxwell-Boltzmann equipartition law. 4. That electrons have the ve- 
locity distribution required by the older Bohr-Sommerfeld atom model with point 
electrons executing Kepler orbits and as in the first assumption unperturbed by 
neighboring atoms. 

The distribution of electron velocities in metals.—The results strongly contradict 
the classical distribution of electron velocities in solid bodies predicted by the rigid 
interpretation of the Maxwell-Boltzmann equipartition principle. They are also in 
contradiction with the older Bohr-Sommerfeld atom model. The results are in accord 
with the wave-mechanical atom model and constitute favorable evidence for the 
Sommerfeld distribution of metallic electron velocities and for the degenerate gas 
state. 


PRELIMINARY report of an experimental study of the structure of 

Compton line made by the author has recently appeared.' The present 
paper is intended as an interpretation of some of the results of this work. 
The experimental procedure was not previously described, however, and we 
therefore here give a brief account of it also. 


1 J. W. Du Mond, Proceedings Natl. Acad., 14, 875-878 (1928). 
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The purpose of this investigation has been to study the diffuse structure 
of the Compton shifted line and to correlate this structure with the internal 
momenta associated with the atoms of the scattering substance. We have 
chosen the region near 180° as the most appropriate scattering angle for 
three reasons. At this angle the inhomogeneity of shift due to the un- 
avoidable inhomogeneity of scattering angle is reduced to a very small 
minimum. This angle also gives the maximum shift and the maximum 
breadth of Compton line structure. For this angle double scattering if any 
be present affects the shift and structure of the line to the smallest extent. 
As scattering substances aluminum and beryllium have been studied. These 
were chosen as convenient for use in vacuum inside the x-ray tube described 
below and as representing two extremes in the atomic number region which 
could conveniently be studied with Mo K radiation. 


EXPERIMENTAL PROCEDURE 


Figure 1 shows a cross section of the special tube used.2 The anticathode 
is of the copper water cooled type with molybdenum button manufactured 
by the General Electric Company. The cylindrical box surrounding the 
anticathode contains the scatterer and the small Seeman type spectrograph. 
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Great care was taken in the internal design of this box to insure that the 
radiation analyzed by the spectrograph came only from the scattering 
body. Four such tubes were built before satisfactory results were obtained. 
The water-cooled shield between the box and the cathode was found neces- 
sary to prevent stray electron impacts from overheating the box. Before 
enclosing the anticathode and its box in the x-ray tube the quartz crystal and 


2 J. W. Du Mond, Nature, 116, 937 (1925). 
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wedge in the small cylindrical container were carefully oriented to such an 
angle that the region of the spectrum studied came exactly from the center 
of the scattering substance. This was done by placing two small sheets of 
lead across the opening from which the scattering body had previously been 
removed so as to leave a narrow slit at the center of the opening. Molyb- 
denum radiation from an auxiliary tube passed through this slit diametrically 
across the cylindrical box and fell on the quartz crystal. This latter was 
oriented and clamped so that the desired spectral region containing the 
Mo K spectrum and extending from about 615 X.U. to 800 X.U. was 
reflected from the crystal. This entire region only occupies a breadth of about 
0.4 mm in the scattering block. 

In spite of the proximity of scatterer and source it was not found possible 
to work satisfactorily with very short exposures as we at first hoped. Ex- 
posures of eight hours were sufficient for beryllium but in the case of alum- 
inum fifty hours or more were found necessary. It is not possible to use 
more than 10 milliamperes at about 50 k.v. in this tube as the slightest 
overheating causes the molybdenum anticathode to vaporize. The molyb- 
denum vapor sublimes on the scatterer forming a layer opaque to the radia- 
tion. The high resolution and dispersion and the short length of crystal and 
wedge also account in part for the relatively long exposures which we found 
necessary. 

The spectra were photographed at the end of a long lead camera. East- 
man duplitized film was used without any intensifying screen. The lead 
walls of the camera completely enclosed the film. 

The experimental curve shown in Fig. 2 at I was obtained by a micro- 
photometric analysis of the photographic spectra. The optical system of 
the microphotometer outfit used permitted the exploration of film blackening 
over a strip only about 6 mm high. The films however had spectral lines 
about 25 mm high. On account of film grain it was necessary to take several 
runs with the microphotometer across the spectral lines in different regions 
of their height. The curves so obtained were then numerically averaged to 
reduce the accidental fluctuations of the film grain. The beryllium curve is 
the average of three microphotometer curves taken on one film. In the case 
of beryllium two other films were obtained both being in agreement*® with 
the one here shown. The lines appear superposed on a rather heavy smooth 
continuous background. For this reason the relation between x-ray intensity 
and microphotometric deflection is closely linear over the small range 
represented by the line intensities. To test this, calibration films were made 
using Mo Ka radiation with equal steps of intensity produced by means of 
an accurately cut exposure disk mounted on a motor shaft. The disk exposed, 
the film in different regions for different intervals of time varying from one 


’ These two other exposures were of longer duration than the one whose intensity curve 
is reproduced here. They were rather dense and had suffered a slight shifting during the 
exposure also some slight halation was suspected. They showed a modified line structure 
slightly broader than the one here reproduced. 
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tenth to full exposure in tenth steps. It was found that over the same range 
of microphotometric deflection as that of the films of the experiment, the 
scale was sensibly linear. 
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Fig. 2. 


The small peaks X; and X;, in Fig. 2 are not yet definitely accounted for. 
They are perhaps fluorescence lines due to impurities in the beryllium 
scattering block, perhaps strontium. If they correspond to Smekal tran- 
sitions (such as those recently observed by Bergen Davis, Phys. Rev., p. 331, 
Sept. 1928) one would be obliged to suppose energy level differences in 
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beryllium of much greater magnitude than we can yet explain. The separation 
of X, and X2 is 8 X.U. about double the separation of the Ka doublet of 
molybdenum. These lines appeared clearly in all the exposures made with 
the beryllium scatterer. 


THE RELATION BETWEEN COMPTON LINE STRUCTURE AND 
ELECTRON VELOCITY DISTRIBUTION 


The structure of the modified line is a key to the distribution of velocity 
of the electrons which scatter the modified radiation, the line being broadened 
by the random motion of these electrons in a way similar to that of the 
Doppler broadening of optical lines emitted by moving atoms. It is shown 
by means of certain approximative assumptions in an appendix to this paper 
that an ensemble of electrons all moving at one speed,‘ v, in random direc- 
tions will modify initially monochromatic radiation by scattering so as to 
give (as a first approximation) a spectral distribution consisting of a shifted 
rectangular band with a flat 
top and vertical discontinu- 
ous limits or edges, see Fig. 
3A. The spectral width of the occa Won 
band AX is proportional to 
the speed, v, of the electrons. 
This band is nearly sym- 
metrically distributed about 
the shifted position cor- 
responding to free stationary 
electrons. The approxima- 
tion involves an error of the 
order of 6?/unity (though 6 
therefore need not be negli- Fig. 3. 
gible compared to unity). In 
particular when the radiation is scattered at 180° or thereabouts the width 
due to such an ensemble is shown 
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where A*=A+h/mc and B=v/c, the speed of the electrons divided by the 
speed of light. (The theory presented here is completely non-commital as 
to the mechanism of this so called Doppler broadening and employs only 
the principles of conservation of energy and momentum. It is not therefore 
an attempt to explain the Compton effect on classical principles.) The area 
of the rectangular spectral band, Fig. 3A, is proportional to the number of 
electrons in the ensemble and to the time during which they are exposed 
to the radiation if we assume that all electrons have the same a-priori 


‘ Throughout this paper the word “velocity” will be used to indicate a vector quantity 
while the word “speed” will be used to indicate the absolute value of the velocity. 
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probability of scattering (see footnote 12). We shall therefore choose an 
area J; corresponding to the area of the modified band produced by one 
ensemble of electrons, 7 having a standard population of say one electron 
per atom and corresponding to the total time of the exposure. The height 
of the corresponding rectangle is then given by J;/48A*. The choice of J; 
establishes the scale of ordinates (intensities) and is so chosen as to normalize 
the final total computed curve with respect to the area under the experi- 
mentally observed curve. 

In order to compute the shifted distribution produced by all ensembles 
of electrons an assumption as to the relative a-priori probabilities of scatter- 
ing by electrons in the different ensembles or classes must be made. We here 
assume these a-priori probabilities the same for all electrons. 

With these considerations and assumptions we can compute a modified 
distribution for the scattered radiation from any atom model. For example, 
for a Bohr hydrogen-like model, having elliptical orbits account can be taken 
of the variable velocity in the Kepler motion by a study of the proportionate 
times 7,/7 spent by the electron in different speed ranges 8 to 8+d8 between 
the maximum and minimum values Bmax, Bmin (perihelion and aphelion), 
where 7 is the orbital period. The resulting distribution will be formed of 
infinitesimal elementary rectangles as shown in Fig. 3B. The widths of 
rectangles are made proportional to the speeds and their areas are given 
by (7,/7)I; so as to make the area of the total curved distribution equal to J;. 
The height of each rectangle is given by (7,/7)I;/48A*.° 

The curve representing the shape or structure of the Compton modified 
line may then be obtained by assuming finite speed ranges and calculating 
finite rectangles to form a staircase distribution whose discontinuities are 
finally smoothed out by drawing a smooth curve as shown in Fig. 3B. Where 
practicable, however, it is 
better to obtain the curve 
by the following analyti- 

| ~ cal method. 

| Referring to Fig. 4, a 

dt function ®(8) is supposed 

i given which expresses 
& ‘ the probability of encoun- 
fr tering an electron with 

4 speed between 6 and 
aed od a“ @® £B+dB6 as a function of B. 
The electron ensemble 
having this speed 8 and 
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Fig. 4. 


6 This method of treatment is slightly different in form but identical in substance to the 
theory developed by G. E. M. Jauncey (Phys. Rev. 25, 314-322 (1925) 723-736 (1925)) for 
computing line structures due to electrons in Kepler orbits. It is developed in the form here 
given to permit of extension to wave-mechanical atom models. The author wishes explicitly 
to acknowledge his indebtedness to Dr. G. E. M. Jauncey. 
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randomly distributed velocity orientations contributes to the total line 
structure the elementary rectangle A whose area is proportional to ®(8)d8 
and whose width is given as mentioned above by 46A*. The area of this 
rectangle is therefore 


—2ldy = k(8)dB 


where k is a constant determining the scale of y, and 1=\X’ —-A—2h/mce is the 
abscissa of the structure curve measured from its median point. /=28d* 
and 8 =//2d* we can thus replace d8 by d//2* and (8) by ®(1/2A*). 

The differential equation of the curve is given therefore by 


— dy = k®(1/20*)dl/2n* 


Dividing by —2/ and integrating this from y=0,/]= © to y=y,1=/ we obtain 
the equation of the line structure curve for continuous functions which vanish 
as 10 

l=l 


y=—k &(1/2d*)dl/l. (2) 


l=w 


Formula (2) permits us either to start with an observed line structure 
and to deduce from this the electron velocity distribution function (8) or 
to start with possible assumed velocity distributions ®(8) and compute ideal 
line structures for comparison with the observed structure. The line struc- 
tures so far determined are not sufficiently well defined to warrant the first 
mentioned procedure but many interesting conclusions can be drawn by 
following the second. 


GENERAL METHOD OF COMPUTING AND NORMALIZING LINE 
STRUCTURE CURVES 


Each electron class (K, L, M, etc.) is assumed to contribute to the total 
line structure independently. Separate line structure curves are computed 
for each class of electrons. The ordinate scales are so chosen as to make the 
area under each of these component curves proportional to the number of 
electrons responsible for that curve. These curves are then added to obtain 
the total line structure. 

The primary radiation is not truly monochromatic but consists of a 
doublet (Ka, Kaz). Mo Kage is 4 X.U. longer in wave-length and half as 
intense as Mo Ka,. In order to render the computed structure curves strictly 
comparable with the observed curves the following procedure was followed 
in all cases. The total structure curve was computed for a primary wave- 
length of 708 X.U. (Mo Ka) and the scale of ordinates was so chosen as 
to make the area under this curve equal to two thirds the area under the 
experimentally observed curve. This gives the contribution due to Ka;. To 
this we add a precisely similar curve shifted however 4 X.U. in the direction 
of longer wave-lengths and having ordinates half as great as those of the 
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first curve. This gives the contribution of Kaz. The final curve has obviously 
an area just equal to the experimentally observed curve with which it is to 
be compared. By following this procedure no arbitrary assumptions need 
be introduced as to absolute intensities and the ordinate scale is uniquely 
determined. 

The correction for the doublet character of the primary radiation above 
mentioned introduced a plainly visible asymmetry in all of the computed . 
curves. 


ELECTRON VELOCITY DISTRIBUTIONS FOR WAVE MECHANICAL ATOM MODELS 
AND DERIVATION OF THE CORRESPONDING LINE STRUCTURE CURVES 


By means of the Dirac transformation theory it is possible to obtain the 
momentum distribution for a wave mechanical atom model given the space 
distribution (eigenfunction) for the same model. If 1, p2, ps are the cartesian 
coordinates in the momentum space and x, x2, x3 the cartesian coordinates 
in ordinary space then the probability of encountering a momentum (fy, pe, 
ps) is given by the square of the absolute value of 


+00 
$(p1, p2, Ps) = fff e~ (2 i/h) (rir Patek POY (41, X2,X3)dX dX2dx3. (3) 


The eigenfunctions used are those given by L. Pauling. An effective 
atomic number Z; corrected for screening is computed for each class of 
electrons i and applied in the eigenfunction for that class. The author 
realizes that this is only a rough approximation which neglects mutual 
perturbations. An exact solution (if possible) would be very laborious and 
quite unwarranted for the purposes of this paper. 

Equation (3) in polar coordinates becomes, if y is independent of 0’ and 
¢’ and depends on r alone 


co © Qe 


4 
o(p) = Lf fcenmrreoe gene sing drat’ ag (4) 
0 0 0 


o(p) is generally a complex quantity. The square of its absolute value 
\b(p) |? gives the density in momentum or the probability of encountering 
an electron with momentum in the range between p.z, p,, p. and p.+dpz, 
pytdp,, p.t+dp,. The function ®(p) which represents the probability of 
encountering an electron with momentum between |p| and |p|+ |dp| is 
obtained by multiplying |¢(p) |? by 47p*. 


&(p) =4rp?| o(p) | *. 


The resulting functions ®(p) can be easily expressed as functions of B 
or / by the relations 


* L. Pauling, Proc. Royal Soc. Al14, 184 (1927). 
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p=mv=mBc=mcel/2d*. 


The function ®(/) thus determined is substituted in the formula (2) for the 
line structure curve. We tabulate below the electron class, the corresponding 
eigenfunction, and the resulting line structure curve function. Inessential 
multiplicative constants have been dropped since the line structure functions 
are to be subsequently normalized. 


(K) 1,0 ¥1,0(7) =e71,0" 91,0 =(1+A;,07l?)-3 

(L) 2,0 v2,0(r) =e~2,0°[ —2+202 or] ¥2,0=2.5(1+A2, 07?) 3 — 7.5(1+A2,0%?)~ 
+6(1+ A207?) 

(M) 3,0 | ¥s,o(r) =e7%s,07[6—1203 or +403,0%?] | ys,0=4.701(1+As,07/?)~ 

—37.612(1+As3 07?) 
+110.328(1+As3,07/?)* 

— 133.731(1+As3,07/*)-* 
+57.313(1-+-As,07l?)—? 


On,l =Z, /nag, A a t= (2ragn/Z,, )/(2*h/me) 
A* =A+ h/mc =732-10-'cm, ao=5-10-%cm, h/mc=24-10-"'cm 





The effective atomic numbers applied to these functions are as follows: 
beryllium, Z1:,0=3.81, Z2,0=2. 


LINE STRUCTURE CURVE DUE TO SOMMERFELD CONDUCTION ELECTRONS 


By the application of the Fermi-Pauli statistics Sommerfeld has recently 
shown that the conduction electrons in metallic crystal lattices will have 
the following velocity distribution: 


@(v)=kv? when | v | <V (5) 
&(v) =0 when |o|>V (6) 

where V is given by 
V =h/m(3n/4xrG)*/8 (7) 


n being the number of metallic electrons per cc in the crystal lattice and 
G=2. 

Expressing this in terms of / and substituting in the formula (2) for the 
line structure we obtain omitting a constant coefficient and using the in- 
definite integral 


dl 
y=— J Rot for | t| <2n*V/C (8) 


since y=0 when 
J=+2n*V/C, C=3(2A*V/c)? 


or 
y=3(2x*V/c)?—$l? for | Z| <24*V/c (9) 


y=0 for |1| >2A*V/c (10) 
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This is seen to be a line structure 

| in the form of an inverted parabola 

WH) of base width 4A*V/c. Sommer- 

feld’s electrons have much higher 

velocities than those required by 

classical statistics and the result 

is a much broader line structure. 
See Fig. 5. 


LINE STRUCTURE CURVE DUE TO 
MAXWELL-BOLTZMANN DISTRIBU- 
Fig. 5. TION OF CONDUCTION ELECTRON 
VELOCITIES 
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| 
| 
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This is obtained by the same method as the previous curves. In this case 
(0) = y2e—1/2mv?/ RP = (¢]/2Q*)%e— m/2CL/AA™ )*/ RT 
Substituting in the Eq. (2) and integrating 


*\ 2,2 
yy =e M/2KT (c/2d")72 (11) 


. 


This is a simple Gaussian error curve which for the temperature of the 
experiment has a width of only 0.4 X.U. at 1/e of maximum value. 


LINE STRUCTURE CURVES FOR KEPLER ORBITAL VELOCITY 
DISTRIBUTIONS 


For the case of circular orbits since 8 is constant the distribution is 
evidently a simple rectangle as has been show by G. E. M. Jauncey. Here 
@(v) degenerates into a simple vertical ordinate at the proper value of v. 

For the case of elliptical orbits the function ®(v) is of rather complicated 
form. For this reason the graphical method with finite speed intervals was 
resorted to. Fig. 3C shows a typical curve representing ®(v) for a 2; orbit. 
The total speed range between maximum and minimum speed was divided 
into ten equal steps and the corresponding rectangles were plotted to obtain 
the component curves whose sum gave the structure curves shown in Fig. 2V. 
Attention is called to the general similarity existing between the structures 
due to wave mechanics and those due to the older Bohr-Sommerfeld Kepler 
orbits (see Fig. 2 V and II). The difference as would be expected is that the 
wave mechanics rounds off the sharp corners of the Kepler curves. The wave 
mechanics also permits some slight intensity at very large line breadths.’ This is 
doubtless the explanation for the existence of an unshifted line in cases where 
Jauncey’s theory based on Kepler orbits called for no unshifted line. 


CONCLUSIONS 


It is evident from a comparison of the observed and computed line struc- 
tures that the assumption of a class of electrons with velocities in agreement 
with the Maxwell-Boltzmann equipartition of thermal energy is untenable. 


7 The Bohr-Sommerfeld atom would also give a better fit if the azimuthal quantum number 
k were placed equal to (/(/+-1))*/? however. 
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The two extremely tall and narrow peaks to be expected on this assumption 
are due to the Ka, and Kaz lines of the primary radiation and should be 
completely resolved as shown. We have in Curve (IV) Fig. 2 assumed the 
existence of two electrons per atom with such velocities. Even though this 
state were but one tenth or one twentieth as populous it would be easily 
detectable because of the narrowness of the curves called for by electrons with 
such slow velocities. Such narrow curves or peaks when normalized to give a 
total area equal to only a small fraction of the area under the observed curve 
would still have very appreciable ordinates. 

The line structure to be expected from an atom with point electrons 
executing Kepler orbital motions with its resulting angularities and dis- 
continuities is also seen to be discordant with the experimentally observed 
structure (compare Fig. 2 V and I). 

Of the two remaining theoretical Curve III Fig. 2 corresponds to the 
assumption that the electron momentum is distributed as it would be in a 
free atom of beryllium and hence neglects the perturbing effect of the close 
proximity of the atoms in the crystal lattice. Curve II corresponds to the 
assumption that on account of the proximity of atoms two electrons per atom 
are not closely associated to any particular atom but constitute a degenerate 
electron gas while the remainder of the electrons are distributed in momen- 
tum as they would be in a free atom of beryllium neglecting the perturbing 
effect of neighboring atoms. This arbitrary division of electrons into two 
distinct classes is doubtless only a very rough approximation to the truth. 
It is highly probable that no sharp boundary divides the electron gas from the 
bound electrons there being an intermediate state in which electrons execute 
motions very different from those to be expected in a single free unperturbed 
atom but motions which nevertheless are to a large extent conditioned by 
the fields of one or more atoms. Such a class of electrons is neither completely 
free nor completely bound. It is difficult to take account of this intermediate 
class of electrons quantitatively® but it is easy to see qualitatively the effect 
on the computed form of the line structure. Attention is called in Curve III 
Fig. 2 to the sharp breaks at the two points where the parabolic structure 
due to the electrons of the degenerate gas state meets the broad bell shaped 
structure due to the bound electrons. These breaks would certainly be absent 
if it were possible to take account of the continuous nature of the transition 
between the bound electrons and those in the degenerate gas state. 

We now call attention to those parts of Curves II and III near the 
maximum. It is at once evident that Curve III is blunter and broader than 
Curve II and that in this respect Curve III is in better accord with the ob- 
served line structure. It is precisely in this portion of the curve that we 
should expect the degenerate gas approximation to give a good representation 
of the facts. 

We may therefore conclude that the experimental curve supports the 
Sommerfeld theory of metallic electrons as a degenerate gas in just those 
regions for which this theory is designed to apply. 


8 Bioch. Zeits. f. Physik, Jan. 1929. 
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It is notable also that Curve III has a maximum ordinate slightly higher 
than that experimentally observed. Were Curve III to be corrected in 
order to take account of the continuous nature of the transition between 
the bound electrons and those in the degenerate gas state it would be neces- 
sary to lower the maximum ordinate in order to maintain a constant area 
without changing the shape of the peak. This would doubtless improve the 
agreement of the observed and computed maximum ordinates. 

To sum up our conclusions then we may say: 

The Maxwell-Boltzmann statistics applied to conduction electrons give 
results discordant with the observed structure of the Compton line for 
scattering from beryllium. 

The electron velocity distribution of the older Bohr-Sommerfeld atom 
model gives results discordant with the observed structure of the Compton 
line. 

Velocity distributions based on the wave mechanics of a beryllium atom 
on the one hand and on the Sommerfeld theory of degenerate electron gas 
on the other give line structures in accord with the experimentally observed 
curves in the regions to which these theories are in each case designed to be 
applicable. 

It is interesting to note that the conclusions drawn from this work 
constitute confirmatory evidence for the Sommerfeld theory of gas de- 
generation as applied to conduction electrons in a field of phenomena quite 
remote from that for which the theory was developed. 

A simple computation shows that the recoil momentum taken by any 
electron in the case here discussed is sufficient to throw that electron com- 
pletely out of the range of velocities forbidden by the presence of other 
electrons according to the Pauli ‘‘Verbot.”’ 

Work is now under way at this laboratory in an attempt to obtain ex- 
perimental distribution curves with greater precision. A study of line 
structure scattered by nonconductors should prove interesting and is now 
being started. Work is being continued by the double crystal method of 
Bergen Davis and also by means of a multiple crystal spectrograph recently 
constructed here which permits the use of converging x-ray beams. 

My sincere thanks are due to Professor W. V. Houston for his kindness 
in acquainting me with the results of the electron theory of metals in the 
Fermi statistics, and to Professor L. C. Pauling and Mr. Edwin McMillan 
for the help they have given me in the development and computation of the 
functions (8) for wave mechanical atom models. I am much indebted to 
Professor Gregor Wentzel for his discussions and criticism in conversations 
in Paris and in subsequent letters. I am most grateful, also, to Professor 
R. A. Millikan for his faith and encouragement in this study which for a 
long time gave but meager promise of interesting results. 


APPENDIX 


The explanation of Compton line breadth as a Doppler effect of the motion of bound and 
conduction electrons is an approximation. It has the advantage of offering a familiar pictorial 
explanation of the facts but the disadvantage of limited applicability. To treat the problem 
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rigorously one must set up a wave function for the crystal lattice and then compute the 
modified radiation by a method similar to that of G. Wentzel.* This no one yet has succeeded 
in doing satisfactorily. 

The present approximate theory is applicable to low electron velocities, long primary wave 
lengths and relatively free electrons or expressed precisely 


v<Kc, h/mcK), Ep/ErK1 (12) 


Ep is the binding energy of the electron, Er the energy received by the electron in the scattering 
process :— 


Ep =hv—hv’ =he(X’ —d)/d0’ 


For any particular level he ratio Eg/Ep is evidently a function of / the abscissa we have used 
in describing the line structure. It increases in the direction of shorter wave lengths but over 
the region \ >730 X.U. does not exceed 0.2 for any level. For most levels it is very small indeed. 
The region \>730 X.U. includes all of the interesting portion of the modified line structure. 

For any particular level the modified spectral distribution becomes discontinuous to the 
left of the point where the ratio Eg/Er=1. In this region the Smekal lines recently observed 
by Bergen Davis'® appear. The unshifted line may be considered as a special case of these. 
In the cases here discussed this region is too close to the unshifted line to be resolved. 

The following assumptions which are all that are necessary for the derivations of formulas 
used in this paper seem justified for the region of approximation defined by the three inequal- 
ities (12). 

(1). All electrons are assumed to have the same a-priori probability of scattering inde- 
pendent of their velocity or quantum state. 

For the region defined above the classical scattering formula giving the total scattered 
intensity proportional to the total number of electrons for a wide variety of ato ns is known to 
hold." 

(2). Conservation of momentum and energy is assumed in the interaction of light quanta 
and electrons taking into account only the momentum and energy of the electron in the atom 
or in the crystal lattice just before scattering and similar quantities for the scattered quantum 
and the recoil electron. The modifying effect on the shifted radiation of any momentum or 
energy transferred or otherwise given to the rest of the atom in the scattering process is neg- 
lected. 

We first investigate the general case of 2 





an initially moving electron which scatters s. 
a quantum at an angle of scattering @. Re- Se 7 eeam 
ferring to Fig. 6 let » =initial frequency of a ie 
quantum propagated in the direction of ~— r © alias 
positive x-axis the interaction occurring at the ms ~ "A 
origin. Let 8,c be the speed of the electron _ ’ bs x 
before interaction a, 0, c, the direction hese 
cosines of its velocity and a;=cos 6; so that —_gert4_ 

° So ea ofirjonan o 
6, is the angle between the electron’s initial 4” — 
velocity and x-axis. Let the scattered quan- 
tum have a frequency » and a direction of 





propagation defined by the direction cosines 
p, q, r making angle ¢ with the initial velocity Fig. 6. 
of the electron and an angle @ with OX. Then 


cos ¢ = (ap+hgtar) 
p=cos 6 
® G. Wentzel, Zeits. f. Physik 43, 1-8 (1927); 43, 779-787 (1927). 


10 Bergen Davis, Phys. Rev. 32, 33 (1928). 
" Bergen Davis, Phys. Rev. 25, 737-739 (1925). 
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Let the recoil electron have a final speed 82¢ in the direction defined by the cosines ao, bz, ¢2. 
(Cf., de Broglie ’“Ondes et Mouvements” Fasicule 1 pp. 94-95.) Assumption (1) gives us the 
four equations. 


hy, +moc?/(1 —B,?)"!? = hy, +-moc*/ (1 —B2*)'/? (13) 
hy, /c +(moBic/(1 — Bi?) */2a1 = (hve/c) p + (moBac/ (1 —B2*)"!*)a2 (14) 
(moBic/(1 —8,2)"/?) by = (hve/c)q + (moBec/ (1 — B2*)"/?) be (15) 
(mm ofic/(1 —Bi?)*!*)e, = (hve/c)r + (moBec/(1 —B2*)"!*)c2 (16) 
Eliminating a2, 52, c2 and 2 letting a=/n ,/mac* we have 
i (17) 


Substituting vy =c/d and neglecting §* in comparison to unity we have for the shift 
_ Bi(cos 6; —cos ¢), 2ad; sin? 6/2 


AeA 1 
1 —B, cos 6; 1 —B cos 6; 





(18) 


in which the second term accounts for the simple ‘Compton Shift’’ and the first term repre- 
sents the deviation from this shifted position caused by the electron’s initial velocity. If now we 
substitute 


l=r2-Ay —2ar, sin? 0/2 (19) 
so that the new wave length coordinate / has for its origin the ‘’center” of the shifted line 


(position for scattering by free stationary electrons) we obtain for the shift away from that 
new reference point 


6 
6: }cos a(r + 2ad, sin? 5) —cos ont 
j= —- 





1 — Bp cos 6; 


This can be considerably simplified by introducing a notation based on the special case of 
scattering by an initially stationary electron (Compton case). 
Let the shifted wave-length for the Compton case be 


Ac =A +2ad; sin? 6/2 
then 
! fi COS #1Ac — Bi COS Ai ; 
1—£, cos 4; 


In Fig. 7 let OA be the direction of the in- 
cident quantum, OB the direction of the scattered 
quantum, OC the direction of the electron’s 
rs initial velocity. We make the vector OA equal 

in length to »., the vector OB equal in length 
. ; to \; and the vector OC equal in length to (4. 
4 sS, nen We define a new wave-length 


-—v 0 Aer= —* 
— Lat > 2A* =(A-2+A12— 2AA1 Cos 8)!/? 


B 6 represented in length by the vector AB. 
We now note that the numerator in Eq. 
(20a) can be represented in terms of the vectors 
of Fig. 7 (designated by their terminii) as the 
Fig. 7. difference of two scalar products 


C-A-C-B 


(20a) 











or 


C-.(A-B). 
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Now the vector whose length is 2A* is precisely 
(A-—B). 
Hence if ¥ is the angle between OC and AB we have the identity 
B; cos 0;A. — Bi Cos $A; = 28; cos yA* 
so that we can write ° 


7 28; cos y \* 


neato 20 
1 —B cos 6; ( 


The direction AB is that of the vector difference between the momentum of the incident 
quantum and the momentum of the quantum scattered in the special Compton case of an 
initially stationary electron. It is evident that AB is the appropriate reference axis for the 
general case of an initially moving electron. The shift / is seen to be nearly proportional to the 
projection of the electron’s initial velocity on this axis AB. It is important to note that this 
axis is fixed in space and that \* is a constant for any given angle of scattering @ and initial 
wave-length A). 

In particular when the angle of scattering @= 180° or nearly so we have (the case of this 
experiment) 


cos Y =cos 6; = —cos @ 
2 0 
ae (21) 
1— 8, cos 4 


where A* =(A+h/mc) 
Holding 8, the initial speed of the electron constant and varying the directions of the 
electron’s initial velocity defined by cos @, it is evident from Eq. (21) that 
—28,\*</<28,A* when £<<1 (22) 


or —28,A*+28,°A* S/S 28,A*+28,°A* when 8, is not small compared to 1 but 821. / can 
therefore vary over the wave-length range given by :— 


Ad =48,A* (23) 


for electrons of constant initial speed 8, and varying directions 6). 


LINE STRUCTURE ELEMENT FOR AN ENSEMBLE OF ELECTRONS ALL 
HAVING SPEED 8 AND RANDOM VELOCITY ORIENTATIONS 


An ensemble of electrons of the type mentioned is represented in velocity space by vectors 
radiating from the origin and having their terminii distributed with uniform density over the 
surface of a sphere of radius 8 with the origin as center. 

The probability of an encounter between a quantum and an electron such that the angle 
between the two trajectories is 0, (per unit small angular range d@;) is 


P6, =} sin 6. (24) 
The probability P; of a given shift, / is obtained from equations (21), (24) and the deriva- 
tive of (21) by eliminating 6, and dl/d@, as 
P,=(48A*)—"(14+1/2A*)-?. 
The error introduced by nglecting //2A* in comparison to unity is 3 per cent for 


l=25 XU, \*=738 XU and much less for the more important parts of the line structure. 


Hence 
P,=1/4Bd* 


and P; is thus seen to be independent of /. Hence all shifts in the range permitted by inequal- 
ities (22) have the same probability, i.e. the distribution is rectangular." (See Fig. 3 A). 


2 This statement is strictly true if the ordinates of the distribution function or line struc- 
ture curve are understood to represent the number of quanta. If the distribution curve repre- 
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As indicated by inequalities (22) this rectangle is not quite symmetrically centered about 
the origin of wave-length abscissa / for very large values of 8 but this slight correction has been 
neglected in the present paper. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
NorMAN BrinGE LABORATORY OF PuHysics, 
February 10, 1929. 


Note added in proof, April 8. The author has just received a manuscript from S. Chan- 
drasekhar of India giving an independent theoretical derivation of the parabolic line struc- 
ture due to the Fermi-Sommerfield electron gas. His results are in accord with those here 
given. 





sents the energy however a slight correction for the variation in the energy per quantum over the 
breadth of the line is necessary. The computed curves of this paper represent the distribution 
of number of quanta as a function of wave-length and not the energy. The microphotometer 
curves on the other hand represent energy rather than number of quanta. No correction was 
made for this, however, as the discrepancy thereby introduced is much smaller than the experi- 
mental uncertainties and in no way affects the conclusions. 
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REFRACTIVE INDICES AND ANOMALOUS DISPERSION OF SOFT 
X-RAYS IN PLATINUM, SILVER, CALCITE AND GLASS 


By ELMER DERSHEM 


ABSTRACT 

With a large x-ray vacuum spectrograph x-ray beams of nearly homogeneous 
wave-length were secured by reflection from a gypsum crystal. The indices of re- 
fraction of a number of substances for these rays were measured by the total reflection 
method in the wave-length range from 0.80 to 9.15A. Curves are obtained relating 
the values of 1—y =6 (u being the index of refraction) with the corresponding wave- 
length A. The effects of anomalous dispersion are shown in lowered values of 6 on 
both sides of an absorptien limit wave-length. In the case of calcite this depression 
in the curve extends over the region from 2.5 to 3.4A, i.e. from frequencies 12 percent 
greater to frequencies 10 percent less than that of the K limit of calcium at 3.06A, 
the minimum value of 6 occurring precisely at 3.06A. The dispersion curves for 
platinum and silver show that in cases where the percent frequency difference between 
adjacent absorption limits is small the depressions due to the separate limits are 
not resolved. The relative frequency separation of the Lz; and Ly7; limits of silver is 
less than that of the Ly and Ly; limits hence two minima or points of inflection appear 
in the dispersion curve, one at a mean of the L7; and Ly;7; wave-lengths and the other 
at the LZ; limit. This is reversed in the case of platinum where the relative frequency 
separation is least between Ly; and Ly; in which case these are not resolved although 
Li11 appears as a separate depression in the curve. Similar results are found in the M 
series of platinum, a depression appearing at a mean of the M; and M7; wave-lengths 
and also at a mean of the Myy and My wave-lengths while My;7 having a greater 
frequency separation from other levels is clearly resolved. The dispersion curve for 
glass passes through minima at the K limits of silicon and aluminum showing that 
the sample contained the latter element as well as the former but its composition was 
otherwise unknown. These results fully reveal for the first time the type of anomalous 
dispersion occurring in the region of the K, L and M absorption discontinuities. In 
general the values of 6 are in fair but not excellent agreement with those computed 
from the Drude-Lorentz dispersion formula for regions not too close to an absorption 
limit. The form of curve obtained was found to be the same regardless of the par- 
ticular sample used but the actual values found for 6 appear to vary considerably with 
thickness of film and surface conditions. 


INTRODUCTION 


HE total reflection method was first shown to be applicable to the 

problem of measuring refractive indices in the x-ray region by A. H. 
Compton! in 1922. Since that time a considerable number of workers 
have used this method and obtained results of much interest and importance. 
Nevertheless, a survey of this work shows the field to have been quite 
inadequately covered. Direct measures of refractive indices had been made 
by the use of only a few of the more intense characteristic line radiations, 
principally the Ka, lines of molybdenum, copper, nickel, cobalt and iron 


1 A. H. Compton, Phys. Rev. 20, 84 (1922). 
2? A. H. Compton, Bulletin Nat'l. Res. Council, 4, Part 2, 48 (1922). 
* A. H. Compton, “X-Rays and Electrons” p. 205 (1926). 
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or the La; and Lf, lines of tungsten. From this it may be noted that in- 
vestigations had been confined to short wave-lengths, such as are easily 
obtained from an ordinary x-ray tube in air. In most cases, owing to the 
expense and difficulty of changing x-ray tubes, each observer had employed 
but a single wave-length. Hence the same reflecting surface had not been 
used in the measurement of refractive indices over an extended range of 
wave-lengths. Since x-ray refractive index measurements are affected by 
surface conditions no certain conclusions regarding the form of dispersion 
curves may be drawn from these data. 

The theory of dispersion developed by Drude‘ and Lorentz® and ex- 
tended by Compton* to the x-ray region indicated that the critical glancing 
angles of total reflection would be found larger and more easily measured 
if observations were extended to longer wave-lengths, such as may be ob- 
tained only ina vacuum. The K, L and M absorption discontinuities of many 
of the elements are to be found within the limits of reflection from a gypsum 
crystal. Data concerning refractive indices in the neighborhood of these 
limits were much to be desired. Hence a large vacuum spectrograph was 
constructed in which the refractive indices of the same individual sample 
might be measured over the entire range of wave-lengths that may be 
reflected by a crystal. 

The number of reasonably intense characteristic lines from elements whose 
properties make them available for x-ray tube targets is quite limited. 
Therefore attention was turned to the possibility of obtaining different wave- 
lengths from a beam of general x-radiation by crystal reflection. It was 
found quite possible to secure sufficient intensity even when the x-ray beam 
was so narrowly collimated that the error due toa lack of absolute homo- 
geneity in wave-length was less than that due to uncertainty in the measure- 
ment of the critical angle of total reflection. 


APPARATUS AND METHODS 


A diagram of the apparatus is shown 
in Fig. 1. It consisted of a cast iron 
bowl B, two feet in diameter, to which 
a water cooled x-ray tube, indicated 
at X, was directly connected. A cast 
iron cover plate could be placed over 
the bowl and the whole evacuated by 
means of oil pumps, one pump being 
used for the bowl and another for the 
x-ray tube. Carbon paper or thin paper 
coated with carbon by repeatedly pass- 
ing it through a smoky flame was placed 
over the narrow slit through which the 
x-rays passed from the tube into the 
bowl. This prevented the passage of 


4 Drude, “Theory of Optics” p. 382 (1913). 
5 Lorentz, “The Theory of Electrons” p. 132 (1923). 





Fig. 1. Diagram of apparatus. 
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ordinary light and also made it unnecessary for the vacuum to be as high 
in the large bowl as in the small and more easily evacuated x-ray tube. 

Within the bowl the slits S; and S2, 25 cm apart and for most of the 
work 0.27 mm wide, served to collimate the x-ray beam which then im- 
pinged upon the crystal of gypsum C at the center. This crystal could be 
rotated about a vertical axis and its position determined by means ofa 
circular scale and vernier. The arm A, carrying a photographic plate P, 
could also be rotated about the same axis and its angular position read from 
another scale with the aid of a micrometer microscope. In order that the 
distance between any lines appearing on the plate and the central point O 
of the plate holder might be measured, it was necessary that the position 
of the plate with respect to the plate holder should be known. To accomplish 
this the plate holder was so constructed that the plate, except for a small 
area near O, could be covered and light from a red bulb allowed to shine for 
several seconds through a V-shaped opening in the plate holder. The point 
of this V then indicated the spot on the plate coinciding with the point O of 
the plate holder. 

It was necessary to find the proper settings of the instrument circles such 
that an x-ray beam of any desired wave-length, upon reflection from the 
crystal, would strike the plate exactly at the reference mark. To do this the 
L spectrum of tungsten was photographed upon a plate by the rotating 
crystal method. Then the angle of reflection of any one of these lines could 
be computed, by Bragg’s law, from its known wave-length and the grating 
constant of gypsum. Knowing the distance of this spectral line from the 
reference mark and of the plate from the axis of rotation, it was possible 
to compute the true angle of reflection of a ray which would strike the plate 
at the point O. Keeping the crystal stationary for a few minutes would also 
cause a line to appear on the plate. This line would be due to general x-radia- 
tion of very nearly a single wave-length. From the distance of this line from 
the reference mark the proper angular setting of the crystal might be deter- 
mined in order that the reflected ray should strike exactly on the mark. It 
is true that an x-ray beam, obtained by crystal reflection from general radia- 
tion, is not strictly monochromatic but by the use of narrow slits the error 
due to this cause was made smaller than the other errors of measurement 
which are also present when line radiation is used. Likewise the reflected 
ray contained radiation of two, three or more times the frequency correspond- 
ing to the longest wave-length provided the voltage applied to the tube was 
not restricted to sufficiently low values. Throughout the region here in- 
vestigated, the critical glancing angle of total reflection for any particular 
wave-length was always much larger than for the case of a wave-length one 
half as great. Hence the presence of higher order frequencies did not interfere 
yet the efficiency of the x-ray tube was much enhanced by the use of high 
voltage. 

The arm E was rigidly attached to the arm A. The mirror M of the 
material whose index was sought was mounted in such a way that it might 
rotate through small known angles by means of the graduated tangent 
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screw T. It could also be moved at right angles to the path of the x-ray beam 
by means of the slide L. Fine adjustments were made by means of a gradu- 
ated screw not shown in the figure. Hence the mirror could be so placed 
in the path of the x-ray beam that one side of the beam would pass by while 
the other side would be intercepted and reflected at a very small angle. 
The initial angle between the mirror and the incident x-ray beam could be 
determined from photographs taken in this position by the method described 
in the next paragraph. The presence or absence of a reflected ray at any 
angular setting of the mirror could be tested by photography. From a series 
of such tests the limiting position for total reflection could be found. The 
critical glancing angle of total reflection was then given by the angle through 
which the mirror had been turned plus the initial angle between the mirror 
and the incident beam. The wave-length of the incident beam could be 
determined by moving the mirror aside and photographing the beam and the 
reference mark upon a plate. If these did not exactly coincide the proper 
correction could be applied to the wave-length determined from the angular 
setting of the plate holder arm A. 

The method of determining the 
P initial angle between the mirror and 














oot a the incident beam may be best ex- 

aoc __@x_|\_~ piained by referring to Fig. 2. If we 

= D “consider the case of a beam of parallel 
rays, one side striking the edge of the 

Fig. 2. mirror M and being reflected to the 


photographic plate P in the region 

between NV and R while part passes by and strikes the plate between K and 
L, it may be seen that NK/D=tan 2a in which a@ is the angle between the 
face of the mirror and the incident beam. It is true that a strictly parallel 
beam of x-rays cannot be secured, yet if the edge of the mirror is placed in 
the center of the beam it is possible to measure the average angle between 
the mirror and the bundle of rays comprising the beam with high accuracy. 
If an imperfect crystal is rotated while reflecting characteristic x-radiation 
the spectral lines may nevertheless be quite clear and sharp. But if such a 
crystal is not rotated, general radiation of different wave-lengths will be 
reflected from the small and somewhat irregularly oriented crystals of which 
it is composed. This produces a hazy line or perhaps several such lines. 
Hence the degree of crystal perfection required is much greater if a reflected 
beam obtained from general radiation is used instead of a characteristic 
line. It was found very difficult to secure a suitable gypsum crystal for this 
work. Since the elastic limit is very low a cleavage surface is usually warped 
in the process of cleaving. After inspection and testing of a large number of 
samples of gypsum, one was found which gave a sharp straight line when 
reflecting general radiation. This line was not, however, parallel to lines 
on the photographic plate due to characteristic lines. The reason for this 
was that the crystal surface was not a true plane. In this particular instance 
the crystal surface was warped in such a way that the glancing angle of 
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incidence for that portion of the x-ray beam passing through the upper part 
of the collimating slits was greater than for the portion of the beam passing 
through the lower part of the slits. As a result, the upper part of the line 
marked on the plate was shifted in the direction of longer wave-lengths. 
This seemed at first to prohibit the use of this crystal. However, it soon 
appeared that advantage might be taken of this peculiarity to reduce the 
number of exposures required to determine a refractive 
index. The method may best be described by means of the 
following example and the reproduction shown in Fig. 3. 
The line marked K its due to that part of a beam of x-rays 
which just passed by a mirror of polished calcite. The line 
N is due to that part of the beam which was intercepted by ri 
the mirror and totally reflected. The mirror was then rotated | i 





through an angle of 1°15’ by means of the tangent screw 7 a NK 
and another exposure made on the same plate. This resulted 
in the line Q which does not extend so far down as the other Fig. 3 


lines because the critical angle for total reflection was 

exceeded for the bottom of the line but not for the top. The distance between 
the right hand side of the line K and the right hand side of the line JN, 
measured at the same height as the point of disappearance of the line Q, 
was found to be 0.76 mm in this case. Since the distance from the plate to 
the edge of the mirror was 22.25 cm, it may be shown by the method pre- 
viously outlined that the initial angle between the mirror and the particular 
portion of the x-ray beam which produced the lowest point of the line Q 
was 5.9’. Adding this to the angle of rotation of the mirror between the 
positions giving rise to the lines N and Q, the glancing angle of total reflec- 
tion is found to be 1°20.9’. It may readily be shown that 1—y=2 sin? y/2 
in which yp is the index of refraction and y the critical glancing angle for 
total reflection. We have also 1 —u=4, by definition. Hence using the above 
experimental value for y we obtain 6=277 K10-. 

The angle of reflection from the gypsum crystal for that part of the beam 
producing the lowest point of the line Q was found from another photograph, 
taken as previously described, to be 27°24’. Then using 2d =1.5155A for 
the case of gypsum the wave-length was found to be 6.97A. 

In this case the slits were each 0.3 mm wide and 25 cm apart. Hence the 
angle between a ray just grazing alternate edges of the slits and one passing 
through the center of the slits is found by calculation to be 4.1’. If this 
amount were added to or subtracted from 27°24’ the sine of the angle would 
be changed by less than 0.2 percent. From this we may conclude that the 
beam was homogeneous in wave-length to a degree as high or higher than 
the precision of measurement of the critical angle of total reflection would 
justify. 


UNCERTAINTY OF CRITICAL ANGLE DETERMINATIONS 


A serious difficulty arises in any attempt to make precise measurements 
of refractive indices by the total reflection method. This is due to the fact 
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that the reflected component does not entirely vanish when the true critical 
glancing angle of incidence is exceeded. To see that such is the case we need 
merely to consider certain of Fresnel’s equations® which (at least as a first 
approximation neglecting absorption) may be applied to this case. These 
show that the ratio of the intensity of the reflected ray to the intensity of 
the incident ray, for the case of the electric vector parallel to the plane of 
incidence, is given by the fraction tan?(i— r)/tan*(i+r), in which i is the 
angle of incidence and r the angle of refraction. For the case in which the 
electric vector is perpendicular to the plane of incidence the corresponding 
ratio of the intensities is equal to sin?(i— r)/sin*(it+r). Since i and r are 
very nearly 90° in the case of x-ray reflection, the state of polarization makes 
but small difference so far as the intensity of the reflected component is 
concerned. 


Intensity in reflected ray (percent) 





Glancing angle 


Fig. 4. Percent of intensity in reflected ray for certain critical angles. 


From the above intensity ratios we may compute data for curves relating 
the intensity of the reflected ray to that of the incident ray for angles greater 
than the true critical glancing angle. This was done for five special cases in 
which the true critical angles were taken as 30’, 1°, 2°, 3° and 4° respectively. 
The curves so obtained are shown in Fig. 4. It may be observed that the 
intensity of the reflected ray falls very rapidly when the critical glancing 
angle is slightly exceeded and then more and more slowly for greater glancing 
angles of incidence. The drop in reflected intensity at the critical angle is 
most abrupt in the case of the smallest critical angle. Nevertheless, the 
percent by which the critical angle must be exceeded to cause the intensity 
of the reflected ray to fall to half value is about the same in each case. 


6 Drude, “Theory of Optics”, English translation by Mann and Millikan, p. 282 (1913). 
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Prinz’ has shown that if absorption is taken into account the intensity 
of the reflected ray begins to fall before the critical glancing angle is reached, 
resulting in a still less abrupt change in the intensity of the reflected ray. 
It follows that the absorption coefficients of the substance used as reflector 
must be known if the ratio of the intensity of the reflected ray to that of 
the incident ray is to be computed with accuracy. 

Another factor, of unknown importance, which very probably affects 
the intensity of the reflected ray by different amounts at different angles is 
the degree of smoothness of the surface. Surface irregularities might be 
expected to produce more diffuse scattering at the larger glancing angles and 
thus cause the intensity of the reflected ray to decrease more rapidly with 
increasing glancing angle of incidence than would be the case if it were 
always possible to secure a surface having very small irregularities in com- 
parison with the wave-length. 

These considerations indicate that the determination of critical reflection 
angles may be subject to some uncertainty even in those cases in which the 
variation of the intensity of the reflected ray in the neighborhood of the 
critical angle is experimentally known. In the present investigation it was 
found possible by prolonged exposures to photograph the reflected ray at 
glancing angles much greater than the critical angle. Nevertheless, if the 
glancing angle of incidence was increased by small steps, equal and moderate 
exposures being given in each case, a very definite angle could be observed 
at which the line due to the reflected ray suddenly disappeared. This cor- 
responds, at least approximately, to the case represented in the curves of 
Fig. 4. This very rapid change in the intensity of the reflected ray at a 
certain angle indicates that this angle is probably very close to the true critical 
angle, since the intensity of the reflected ray does not change abruptly at 
any angle in those cases which are considerably modified by the presence 
of absorption. 

From the work of Prinz’ a less definite break in the reflected intensity 
would be expected for wave-lengths slightly shorter than those of the critical 
absorption limits of the substance used as a mirror. No such effect was 
definitely observed. As previously outlined, the mirror was set at different 
angles until one was found such that the critical angle was exceeded for the 
bottom but not for the top of the reflected beam as in Fig. 3. The point of 
most rapid fading was determined by visual inspection at one time for the 
whole series of plates relating to one mirror. At the time of making this 
estimate of the point of most rapid fading one could not know what value 
for the index of refraction would follow from this estimate and the records 
of the instrumental settings pertaining to this particular photographic plate. 
Hence if the point of most rapid fading is less definite on one side of an ab- 
sorption limit than on the other, one would expect the values of 6 to fall on 
a less smooth curve on the side of least definite critical angle. An inspection 
of the dispersion curves which follow does not indicate a greater probable 
error on one side than on the other of an absorption limit. 


’ Prinz, Zeits. f. Physik 47, 479 (1928). 
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EXPERIMENTAL RESULTS 


The simplest and most pronounced case of anomalous x-ray dispersion 
occurs near the K limit of an element. An example of this kind is shown 
in the dispersion curve for calcite,*.* Fig. 5. Had it been possible to use the 
metal calcium itself the depression in the curve at the K limit would evidently 
have been much greater. 

To understand the type of dispersion curve here obtained it may be 
worth while to consider in a very general way, certain analogies with the 
optical region. In the latter case the index of refraction changes suddenly 
from abnormally high values on the long wave-length side of an absorption 
line to abnormally low values on the short wave-length side. However, in 
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Fig. 5. Anomalous dispersion in calcite near K limit of calcium. 


the case of x-rays the absorption line becomes a band with a sharp edge only 
on the long wave-length side. As this edge is approached from the low 
frequency side the index becomes greater, just as would be the case in the 
optical region. In this case, however, in passing to the high frequency side 
of an absorption edge the index falls very slowly, since this edge is merely 
the boundary of an extended absorption region. Within this region the 
presence of critical absorption frequencies lower than the frequency of the 
incident radiation tends to lower the refractive index. This is always some- 
what counterbalanced by the presence of critical absorption frequencies 
higher than that of the incident radiation which tend to raise the index. 


8 Dershem, Phys. Rev. 31, 916 (1928). 
® Dershem, Proc. Nat. Acad. Sci. 14, 380 (1928). 
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From this it may easily be seen that the value of the refractive index does 
not change suddenly at an absorption limit. It is a maximum at that point 
and decreases gradually for both higher and lower incident frequencies. 

It has become customary in the x-ray region to plot 1—yu=6 instead of 
the index y itself and this procedure has been followed in the present article. 
it may be seen that uw and 6 are so related that a peak in a dispersion curve 
representing u becomes a depression if 6 is used. 

Kallmann and Mark’? have studied the relation of absorption to index 
of refraction in the x-ray region and have obtained theoretical dispersion 
curves (verified so far as possible by a few index determinations taken from 
different sources) which are very similar to the dispersion curve for calcite 
shown above. Similar calculations have been made by Kronig" but neither 
have extended the calculations over the L and M absorption regions. To 
make such computations would require a knowledge of the values of the 
absorption coefficients. Unfortunately these are unknown throughout most 
of the region covered in the present experimental investigation. Hence no 
attempt will be made at present to compare the dispersion curves obtained 
experimentally with those which might be computed from extensions of the 
above theories. 

The minimum value of 6, in the case of calcite, occurs quite sharply at 
the K absorption limit wave-length. This suggests that it would be quite 
possible accurately to determine the critical absorption limit wave-lengths 
of a substance from the points of inflection in its dispersion curve. Never- 
theless, the depression in the dispersion curve for calcite is a rather flat one. 
The effect of anomalous dispersion in lowering values of 5 may be noted to 
extend from 2.5 to 3.4A. Since the corresponding frequencies are 12 percent 
greater and 10 percent less than the critical absorption frequency this sug- 
gests the order of magnitude of the frequency range over which anomalous 
dispersion may be considered to have measurable effects. Due to the breadth 
of this depression in comparison with its depth it is to be anticipated that 
closely adjacent depressions, such as those due to the L and M absorption 
limits, may not readily be separated. 

Results of a preliminary nature have previously been reported for the 
M region of platinum.’” In obtaining these it had been unfortunately 
necessary to change mirrors during the course of the investigation and it 
was found later that the indices of the two samples did not agree within the 
errors of the experiment. Hence the work was repeated, using another and 
more perfect mirror, and the results are shown in the curve of Fig. 6. An 
inflection may be noted at a mean wave-length between the M; and Mi 
limit wave-lengths. A pronounced depression occurs at a mean of the Miy 
and My limit wave-lengths while a somewhat greater dip occurs at the Mir 
limit. It may be noted that the latter limit is the one having the greatest 
wave-length separation from a neighboring limit. 

10 Kallmann and Mark, Ann. d. Physik 82, 585 (1927). 


" Kronig, Jour. Opt. Soc. Am. 12, 547 (1926). 
2 Dershem, Phys. Rev. 31, 305 (1928). 
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A dispersion curve is shown in Fig. 7 for the same platinum mirror in 
the region of its ZL absorption limits.'* Similar results may be noted in this 
case. The closely adjacent Z; and Ly absorption limits are not resolved 
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Fig. 6. Dispersion curve for platinum in region of M limits. 


while the Li: limit appears as a separate depression in the curve. The mirror 
used in obtaining these curves was a nearly opaque film of platinum deposited 
on glass by thermal evaporation from a platinum wire, the residual gas in 
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Fig. 7. Dispersion curve for platinum in region of L limits. 


the sputtering chamber being air. Previously a dispersion curve had been 
obtained with the use of a very thin film which was estimated to transmit 


18 Dershem, Phys. Rev. 33, 120 (1929). 
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about 80 percent of visible light. The values of 6 obtained in this case were 
uniformly 25 percent higher than those shown in Fig. 7. This is not in 
agreement with the results of Edwards who found that thin films gave 
smaller critical glancing angles than thick films. However, another very thin 
film of platinum was tried at two different wave-lengths in the M region and 
gave higher values of 6 than are found at the corresponding points of the curve 
shown in Fig. 6. 

A dispersion curve for silver in the region of its L absorption limits is 
shown in Fig. 8. When these results were first reported" the curves for the 
L region of platinum had not been obtained. Hence it was not apparent 
whether the single depression appearing between Li; and Li; was to be 
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Fig. 8. Dispersion curve for silver in region of L limits. 


ascribed to a lack of resolution of these limits or to some common property. 
Especially since the same azimuthal quantum number is assigned to these 
limits. However, the dispersion curve of Fig. 7 shows the corresponding 
absorption limits of platinum to be clearly separated. For the latter element 
the relative frequency difference between the Ly; and Ly; absorption limits 
is much greater than in the case of silver. As a consequence there is less 
overlapping of the regions of anomalous dispersion and a separation of the 
depressions occurring at these limits is more easily achieved. These consider- 
ations indicate that for each x-ray absorption limit there is a corresponding 
dip or point of inflection in the dispersion curve although closely adjacent 


144 Edwards, Phys. Rev. 32, 712 (1928). 
% Dershem, Phys. Rev. 31, 1117 (1928). 
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limits, such as the Ly; and Ly limits of silver, may appear to cause but a 
single depression. 

More than a month was spent in securing the data for the silver dis- 
persion curve. Beginning at the shortest wave-length the measurements 
for the determination of each point were taken in turn until the longest wave- 
length of the curve was reached. When the computations were completed 
it seemed desirable to check those values close to the absorption limits. 
A similar curve was obtained but the values of 6 were about 5 percent lower 
than before. It was evident that the silver film had gradually become tar- 
nished but since the points of the dispersion curve had been taken in order 
the shape of the curve was probably not seriously altered. 

Results obtained from a glass surface were reported at the New York 
meeting of the Physical Society."* The dispersion curve for the particular 
sample used is shown in Fig. 9. The density of this glass was 2.50 gm/cc 
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Fig. 9. Dispersion curve for glass. 


but its composition was unknown except as revealed by the dispersion curve. 
This indicates the presence of a considerable percentage of aluminum since 
a pronounced dip appears in the curve at a wave-length corresponding to 
the K absorption limit of aluminum at 7.95A. Another depression occurs 
at 6.4A. The latter is evidently due to silicon although the wave-length is 
shorter than to be expected for the silicon K limit from a consideration of 
Moseley’s law. A measured value for the wave-length of the K absorption 
limit of silicon does not appear in the tables of x-ray wave-lengths. 

The surface of this glass mirror had been cleaned with sodium hydroxide 
several weeks before taking the observations from which this dispersion curve 
was obtained. It was afterward again cleaned with sodium hydroxide and 
tested at several different wave-lengths. In each case the values of 6 were 
then found to be about 10 percent greater. This indicates that surface 
conditions affect the values of the index of refraction by rather large amounts. 
Due to a lack of time the observations were not repeated over the entire 
curve. 


% Dershem, Phys. Rev. 33, 291 (1929). 





REFRACTIVE INDICES FOR SOFT X-RAYS 671 


Attempts were also made to employ a molybdenum mirror. In this case 
the value of the critical glancing angle, keeping the wave-length constant, 
gradually declined over a period of four or five days from the time of sputter- 
ing and then seemed fairly constant. However, the critical angle was then 
reduced to about 75 percent of its original value and the experiment was 
discontinued because surface conditions in this case appeared to be so 
variable that index determinations were rendered meaningless. 

Approximate values of 6 may be computed by means of the classical 
dispersion formula: 


e?N z Ne 





2m Ly2—y? 


in which e and m are the charge and mass of an electron, N is the number 
of atoms per cc, Z the atomic number, v the frequency of the incident radia- 
tion and m, the number of electrons per atom having a certain critical fre- 
quency ». 

It has often been assumed that the critical frequencies of this formula 
correspond to the frequencies of the x-ray absorption limits. Such is evidently 
not precisely the case, since the x-ray absorption edges are merely the low 
frequency boundaries of regions in which radiation of all higher frequencies 
is, at least to some extent, selectively absorbed. Nevertheless, if absorption 
limit frequencies are employed as the critical frequencies in this formula, the 
resulting values of 6 are of the same order of magnitude as those found experi- 
mentally in this investigation, provided the incident frequency under con- 
sideration is far removed from an absorption limit frequency. It may be seen 
from the foregoing, as well as from a consideration of the uncertainty pertain- 
ing to experimental values, that an exact agreement is not to be expected. 

The effects of surface conditions encountered in this work indicate that 
it may be very difficult to determine the exact values of the refractive indices 
of a substance in the pure state. However, although the absolute magnitude 
of the refractive indices may be somewhat in error, it would appear that the 
form of the dispersion curves is essentially correct since surface contamina- 
tions tend to shift adjacent points of the curve in the same direction and 
by approximately the same amounts. 
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SPECTRAL RELATIONS BETWEEN CERTAIN ISO-ELECTRONIC 


SYSTEMS AND SEQUENCES. 
PART II; Sc Il, Till, VIII, Cr IV, anp Mn V. 


By H. E. Wuitre 


ABSTRACT 


The spectra of doubly ionized vanadium, V III, triply ionized chromium, Cr IV, 
and quadruply ionized manganese, Mn V.—The neutral atoms of vanadium chro- 
mium, and manganese in the normal state contain five valence electrons, 3d*4s?, 
six valence electrons, 3d°4s, and seven valence electrons, 3d°4s*, respectively. The 
removal of two electrons, 4s*, from vanadium, of three electrons, 3d*4s, from chro- 
mium, and of four electrons, 3d*4s?, from manganese yields three iso-electronic 
systems, V III, Cr IV and Mn V, the lowest energy levels of which arise from the 
three remaining electrons, 3d°. The spectra of these three elements so ionized re- 
semble very closely the spectra of neutral scandium and of singly ionized titanium. 
Extrapolations from the already known data of Sc I, and Ti II, have led to the identi- 
fication of terms arising from the electron configurations 3d°, 3d°4s, 3d*4p, and 3d?4d, 
for V III, Cr 1V and Mn V. 

The irregular doublet law.—Following the irregaiter doublet law the radiated 
frequencies resulting from transitions between the * - 3d*4p and 
3d*4s as well as combinations between the terms arisi.g from 3d*4d and 3d*4p in going 
from element to element are displaced to higher and higher frequencies by very nearly 
a constant frequency interval. The combination of ordinary energy level diagrams 
with a Moseley diagram brings out a number of interesting relations between the 
iso-electronic systems Sc I, Ti II, V III, Cr IV, and Mn V and the two sequences of 
iso-electronic systems starting with K I and Ca I, respectively. The Moseley diagram 
and the irregular doublet law are the chief guides in determining approximately the 
positions of the various doublet and quartet levels as well as the approximate loca- 
tion in the spectrum of the radiated frequencies. 

Landé’s interval rule and Hund’s rule.—The quartet term separations follow 
fairly well the Landé interval rule, examples of which are given. In general Hund’s 
rule for relative term positions is valid for low lying terms in each spectrum. 

Ionization potentials.—The ionization potentials, that is the voltage necessary 
to remove one 3d electron from the normal state a‘F,’(3d°) of V III, Cr IV, and Mn 
V, to the normal state a*F,'(3d?) of the once more ionized atoms, are determined at 
about 29.6 volts, 50.4 volts, and 75.7 volts respectively. 





HE neutral atoms of vanadium, chromium, and manganese in the 
normal state contain five valence electrons (3d*4s*) six valence electrons 


(3d°4s) and seven valence electrons (3d°4s?) respectively. The removal of two 
electrons (4s?) from vanadium, of three electrons (3¢?4s) from chromium, 
and of four electrons (3d?4s?) from manganese yields three iso-electronic 
systems V III, Cr IV, and Mn V the lowest energy levels of which arise 
from the three remaining valence electrons (3d*). 
scandium, Sc I, and of singly ionized titanium, Ti II, have been partially 
analyzed by a number of investigators.1 The most complete analysis, how- 


The spectra of neutral 





1 Popow, Ann. d. Physik 45, 163 (1914); Catalan, An. Soc. Esp. d Fis. y Quim. 21, 464 
(1923); Meggers, Kiess, and Walters, Jour. Opt. Soc. Amer. 9, 363 (1924). 
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ever, has been given by Russell and Meggers? for Sc I and by Russell® for 
Ti II. Using their data for Sc I and Ti II and extrapolating by means of the 
irregular doublet law, Gibbs and White‘ in a preliminary report were able to 
identify three quartet multiplets in the spectra of doubly ionized vanadium. 
With the vacuum spectrograph now available a further study of doubly 
ionized vanadium has been made and the analysis extended so as to include 
both triply ionized chromium and quadruply ionized manganese. 

Doubly ionized vanadium. The lowest energy levels in the spectrum of 
V III as already stated arise from the electron configuration 3d°. Of the pos- 
sible nineteen predicted terms (?P’, 2D, ?F’, °G, *H’,*D, 4P’, 4F’) arising from 
three similar d electrons (3d*) all but four have been found. About 45,000 
cm=!, above this low set of terms are found the metastable levels ?F’ and 
4F’ of 3d*4s. Some 42,000 cm still higher are found two triads of middle 
terms *D’,?F,°G’, and 4D’, ‘F, 4G’, arising from 3d?4p which combine strongly 
with the low set of levels of 3d* and the metastable levels of 3d*4s. 

Since the irregular doublet law was so successful in locating the three 
quartet multiplets‘ arising from transitions between 3d*4p and 3d?4s it was 
reasonable to expect that it might prove equally successful in locating the 
lines arising from the transitions 3d*4d to 3d*4p. Such transitions, however, 
are known only for Ti II + having yet been found in Sc I, thus making 
extrapolation difficult. In the previous sequence of iso-electronic systems 
Ca I to Cr V the transitions 34 4p to 3d 4s, Fig. 3,5 were displaced successively 
to the violet by about 11,000 cm while the transitions 3d 4d to 3d 4p were 
displaced successively to the violet by approximately 19,000 cm™. Since in 
this sequence of iso-electronic systems, Sc I to Mn V, the transitions 
3d*4p to 3d*4s are displaced successively to the violet by about 12,000 cm 
it was predicted that the transition frequencies 3d*4d to 3d*4p for V III would 
lie 20,000 cm higher than the corresponding ones in Ti II. This prediction 
was confirmed by the finding of the *G’3,4,5,6—4/7's,5,6,7, multiplet, in V III, 
very nearly 20,000 cm~ higher than the corresponding multiplet in Ti II. 
The term values given in Table VII are computed with respect to a‘ F,’(3d°) 
as zero. Term values taken with respect to series limits are given in the fifth 
and tenth columns of the same table as the square root of the term value, 
(v)'/?, All the terms for which (v)'/? has been given are taken with respect 
to the limit *F,'(3d?) of the once more ionized atom. There may be some 
question as to what limits some of the terms arising from the configuration 
3d’ approach as it is difficult to associate each term with any series. For con- 
venience only, these terms have been computed with respect to *F,’(3d*) as 
a limit. ; 

The wave-lengths, frequencies, and intensities of the lines thus far 
identified in doubly ionized vanadium are given in Table VIII with their 
corresponding designations. 


* Russell and Meggers, Bureau of Standards, Sci. Papers 22, 329 (1927). 
* Russell, Astrophys. J. 66, 283 (1927). 

‘ Gibbs and White, Phys. Rev. 29, 655 (1927). 

§’ White, Phys. Rev. 33, 538 (1929). 
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Triply ionized chromium. Extrapolating again by means of the irregular 
doublet law from Sc I, Ti II and V III, to Cr IV two strong doublets and the 
triad of quartets arising from transitions between the terms ‘D’, ‘F, 4G’, ?F, 2G’ 




















(3d*4p) and the terms ‘F’, *F’(3d*4s) have been identified in the spectra of 
triply ionized chromium about 12,000 cm~ higher than the corresponding 
doublets and quartets in doubly ionized vanadium. In like manner the 
TABLE VII. Term values of doubly ionized vanadium, V III. 
Config. Term Value Combina- (v)”* |Config, Term Value Combina- (y)'/? 
(limit) tions (limit) tions 
a‘F,’ 000 4G’, ‘F 4G,’ 85523 a‘F’, 2G 
145 ‘PD’, *F 351 b‘F’, 2H’ 
a‘F,’ 145 2p’ 4G,’ 85874 
194 431 
a‘'F,’ 339 4G,’ 86305 
244 503 
a‘F,’ 583 490 4G,’ 86808 392 
2p,’ 11207 2p’ ‘F, 86716 a‘F’, b‘F’ 
180 221 
2p,’ 11387 480 ‘Fs 86937 
281 
3d8 ‘Pp,’ 11513 ‘D’, °F ‘Fy 87218 
77 2p’ 326 
(3d?) ‘Pp,’ 11590 3d*4p = * Fs 87544 391 
181 
‘P,! 11771 479 | (3d%) °F; 87881 ?2H’,°G 
448 2D, a‘F’ 
2G, 11966 4G’, 2G’ °F, 88329 °F’ b'F’ = 390 
221 2F, 2D’? «ef 
°Gs 12187 478 2D,’ 88560 2D, 2P’ 
386 a‘F’, *P’ 
2D, 16229 *F, 2D’ 2D,’ 88946 2F’ DSF’ = 389 
147 
2D; 16376 474 4p,’ 89004 a‘F’, 4P’ 
187 biF’, 
2H! 16822 2G’, °F ‘4D,’ 89191 
155 267 
2H,’ 16977 473 4D,’ 89458 
—40 
b‘F,’ 43941 4G’, ‘F ‘D,’ 89418 388 
167 4D’, °F 
2p’ 
314 











multiplet 4G’s,4,5,6(3d?4p) —4H4,5,6,7(3d°4d) was predicted and identified at 
very nearly 20,000 cm higher than the corresponding multiplet in V III. 

An extrapolation this time on the Moseley diagram of Sc I, Ti II, and 
V III, predicted the terms arising from 3d*, of Cr IV, about 160,000 cm7 
lower than the terms arising from 3d74p. This predicted the radiated frequen- 
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TABLE VIII. Doubly ionized vanadium, V IIT 




















d vac. Int. v Designation Mult.| A vac. Int. v Designation Mult. 
No. oO. 
2595.89 170 38522.4 *F,’—?F, 1 1378.00 15 72568.9 *D,;—*D,;’ 12 
2593.84 160 38552.9 “°F;’—*F; 1 1359.39 1 73562.4 %G4—‘G,’ 13 
2564.05 8 39000.8 “F,’-—*F, 1 1352.99 10 73910.4 %G4—G,’ 13 
2555.00 160 39138.9 *F,’—2D,;' 2 1335.09 45 74901.3 *H,’—*G,’ 14 
2548.98 150 39231.4 °F,;’—*D,’ 2 1331.94 50 75078.4 *H,’-*G,;’ 14 
2524.16 5 39617.1 *F,’—*D,;’ 2 1329.21 8 75232.6 *Hs’—*G,’ 14 
2428.43 2 41178.8 bF,’—‘G,’ 3 1317.25 20 75915.7 *G,4—*F; 15 
2425.51 2 41228.4 ObF;’-—4*G,’ 3 1313.31 30 §=76143.5 *G5—*F 4 15 
2414.62 40 41414.4 ObF,’—*G,’ 3 1310.79 1 76289.8 ‘P,’—*F; 16 
2407.90 80 41530.0 BF,’—*G, 3 1309.54 4 76362.7 *Gs—*Fs 15 
2404.89 100 41581.9 bdF,’—‘G;’ 3 1306.17 2d 76559.7 ‘4P,'’—*F, 16 
2400.40 75 41659.7 bF;’—*G,’ 3 1297.90 3 77047.5 ‘P,’—*D,' 18 
2394.27 125 41766.4 ObF,’-—4G, 3 1295.79 5 77173.0 ‘*P;’—*D,;’ 18 
2386.35 10 41905.0 *F,’—*G,’ 4 1295.79 77173.0 *P,’—*D,' 17 
2383.18 150 41960.7 BF,’—‘G,;' 3 1292.77 20 77353.3 ‘P,'—*D,' 18 
2371.76 200 42162.8 b'F;’—‘G,’ 3 1292.77 77353.3 *P,’—*D,' 17 
2366.99 180 42247.7 “F,’-—*G;’ 4 1291.73 4 77415.5 ‘*P,’—*D,’ 19 
2359.42 180 42383.2 ?F;’-—°G,’ 4 1291.73 77415.5 ‘*P,;’—4D,’ 19 
2348.94 30 42572.4 BF’—*F, 5 1290.45 10 77492.3 ‘4P,’—‘D,’ 19 
2347.78 30 42593.4 BF,’—‘F,; 5§ 1289.42 30 77554.2 *P,’—*D,’ 17 
2347.00 30 42607.6 b'F,’—*F, 5§ 1288. 64 8 77601.2 ‘P,’—‘D,’ 19 
2337.80 75 42775.1 ObF,’—‘F, 5 1287.88 20 77647.0 ‘*P;’—‘D, 19 
2334.87 75 42829.0 Obd'F;’—‘F; 3 1287.36 6 77678.3 ‘*P,’—‘D,’ 19 
2332.39 75 42874.5 BF -—*Fy 5 1287.23 6 77686.2 ‘P;’—‘D,’ 
2331.09 100 42898.4 b'F;’—‘Fs 5 1284.23 15 77867.7 ‘P,’—‘D;' 19 
2325.78 40 42996.3 DIF,’-—*F; 5 1257.46 4 79525.4 %Gs—*G,’ 20 
2319.65 40 43109.9 bF;’—‘F, 5 1253.99 30 79745.4 %G.—*G, 20 
2314.81 50 43200.1 b'F,’—‘Fs 5 1252.12 40 79864.6 *Gs—*Gs’ 20 
2296. 89 3 43537.1 OBF)-—*F; 6 1248.62 3 80088.4 %G.—*G;' 20 
2289.21 6 43683.2 b'Fs’—*F, 6 1172.47 1 85290.0 a‘F;’—‘G,’ 21 
2275.77 4 43941.2 b'F;’—?F; 6 1171.27 4 §85377.4 a‘F,’—‘G,’ 21 
2261.37 2 44221.0 DF,’-—*F, 6 1169.28 20 85522.7 atF,’—‘G;’ 21 
2249.60 8 44452.3 bF,’-—*D,’ 7 1169.11 15 85535.1 a‘F,’—‘G, 21 
2242.08 25 44601.4 bF,’-—"D;' 7 1166.58 30 85720.6 a‘F;’—‘G;’ 21 
2241.13 6 44620.3 bBF,’—*D.’ 7 1166.47 30 85728.7 a‘F;’—‘G,’ 21 
2233.46 70 44773.6 BF;’—*D, 8 1163.27 30 85964.6 atF,’—‘G;’ 21 
2230.24 15 44838.2 bF,’—2D,;' 7 1159.77 50 86224.0 a‘F;’—‘G, 21 
2221.93 1 45005.9 bF,’-—*D;' 7 1155.12 6 86571.1 a‘F;’—‘F, 22 
2219.04 30 45064.5 bF,’—*D,’ 8 1154.76 6 86598.1 a‘F,’—‘F; 22 
2218.49 25 45075.7 BF-—*D, 8 1154.24 70 86637.1 a‘tFs’—‘*F, 22 
2218.09 30 45083.8 b'F;’—*D.’ 8 1153.19 70 86715.9 a‘F,’—‘F; 22 
2216.55 40 45115.2 bF,’—‘D;’ 8 1152.18 80 86792.0 a'F;’—‘F,; 22 
2209.88 8 45251.4 bF,’/—*D,’ 8 1151.04 90 86877.9 atF,’ —‘'F, 22 
2206.96 2 45311.2 bF,’-—‘D, 8 1150. 26 20 86936.9 a‘F,’—‘F; 22 
2205.00 20 45351.5 bF;’—4D;’ 8 1149.94 100 86961.0 a‘F;’—‘F; 22 
2196.88 2 45519.1 OF,’-—*D;’ 8 1148.45 10 87073.8 a‘F;’—‘*F, 22 
1828.89 3 54678.0 ‘G.’—‘H;’ 9 1146.75 8 87202.9 atF,’—‘Fs 22 
1820.67 7 54924.8 ‘4G,’-‘H,’ 9 1142.36 2 $7538.00 a‘F,’—*F; 23 
1812.17 x (55182.5) ‘4G,’—‘H;’ 9 1139.82 5 87733.1 a‘F,’—*F; 23 
1812.17 SO0—x 55182.5 ‘G.’—‘H,’ 9 1136.57 2 87984.0 atF,’—*F, 23 
1805.23 5 55394.6 ‘G,’—‘H, 9 1134.14 6 88172.5 atF;’—*F, 23 
1804.12 40 55428.7 ‘G,’—‘H,’ 9 1131.04 8 88414.2 a‘F,’—*D,’ 24 
1798.16 25 55612.4 ‘G,’-—‘H,;’ 9 1125.71 30 88832.8 atF;’—‘D,’ 25 
1793.85 20 55746.0 ‘4G,;’-—‘H,’ 9 1123.55 15 89003.6 a‘F,’—‘D,’ 25 
1398.47 3 71506.7 *D3—*F; 10 1123.00 15 89047.2 a‘F,’—‘D,’ 25 
1398.44 3 71508.2 *H;’—*F, 11 1122.61 12 89078.1 
1395.62 1 71652.7 *D.—?F; 10 1122.11 15 89117.8 
1389.79 20 3 71953.3 2D;—*F, 10 1121.19 8 89190.9 
1385.35 2 72183.9 *%D;—?D,’ 12 1119.67 10 89312.0 
72331.1 1117. 89458.2 
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cies arising from transitions between these two sets of terms in the region 
of 625A. The triad of quartets *F’(3d*)—‘D’, *F, 4G’(3d*4p) have been 
identified in tiie region 617A to 636A and the doublets °G, 2//’(3d*) —?F, 
*G’(3d*4p) in the region 665A to 695A. 

Spectrograms taken in the region of 600A with a vacuum spectrograph 
in this laboratory have a dispersion of about 11.3A per millimeter. 
seventeen lines which constitute the two quartet multiplets a‘F’—‘F and 
a‘ F’ —4G’ lie within the range of 9A, or a little less than one millimeter on the 
plates. This calls for spectrograms of sharp lines and high resolution which 
for chromium have been quite difficult to obtain from a vacuum spark. A 
in the table of wave-lengths for Cr IV means that only a 
trace of the line is indicated on the plate, due either to its lying too near a 
strong line and hence masked or to its being very faint and therefore not 
accurately measurable. Intercombination lines between doublet and quartet 
terms in Cr IV seem to be very weak. 
doublet term levels with respect to the quartet system of levels by the two 
lines \A1791.82 and 1765.15A may be rather questionable. 







The 


For this reason the fixing of the 


TABLE IX. Term values of triply ionized chromium, Cr IV 






























2G, 
2G5 


15014 
357 
15371 














Config. Term Value Combi-  (v)!/? 
(limit) nations 
a‘ F,! 000 1)’ 4F 
233 
a‘F;’ 233 4G’ 
325 
a‘F,’ 558 
391 
3d3 a‘F,’ 949 639 


628 


















































2H,’ 21027 2G’ 
251 
2H,’ 21278 623 
b'F,’ 103989 4D’ 4F 
264 
2F 4G’ 





















159443 


DF’ 


372 
3@4s ob Fy’ 104625 
476 
(3d?) b Fs’ 105101 552 
2F;! 109903 2F °C’ 
760 
°F, 110663 546 
4G,’ 157354 a‘F’, 4H’ 
572 





Config. Term 
(limit) 


3a@°4p 


(32) 





iF, 


%G,! 


2G5' 


324d 
(3d?) 


4H, 
‘H,! 
‘HT, 
4H! 





Value 


158519 
366 
158885 


512 
159856 


160265 
642 
160907 


161513 
321 
161834 
461 
162295 
—235 
162060 


164870 
527 
165397 
233350 
350 
233700 
389 
234089 
400 
234489 


Combi- = _(v)!/2 
nations 


a‘F’ 
bt F’ 














2F" °G 


biF’ 498 


a‘F’ 
biF’ 

497 
2F’ °G 
2H’ 494 
G’ 

418 
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The term values of Cr IV are given in Table IX with the‘F,’ term taken 
as zero. The values of (v)'/? given in the fifth and tenth columns are taken 
with respect to the a°F,'(3d)* term of the once more ionized atom in the same 
way as was done in the case of V III. Wave-lengths, relative intensities, and 
frequencies of the lines of Cr IV are given in Table X with their corresponding 
designations. 


TABLE X. Triply ionized chromium, Cr IV 








d vac. Int. y Designation Mult. d vac. Int. v Designation Mult. 





No. No. 
1990.28 100 50244.2 ?F,'—?F, 1 1325.08 40 75467.1 ‘4G,;’—‘*H,’ 7 
1985.62 100 50362.1 ?2F;'—?F; 1 1319.71 30 75774.2 ‘4G,’ —‘*H;’ 7 
1960.63 tr 51003 2F;'—°F, 1 1315.86 25 75995.9 4G,;’—‘H,’ 7 
1883.22 35 53100.5 b'F;’—4G;’ 2 695.19 130 143846 2H,’ —2G,' 8 
1876.15 60 53300.6 d'Fy’—4G,’ 2 693.87 140 144119 2H,’ —°G;' 8 
1873.97 100 53362.6 b'F,’—4G,;’ 2 692.68 12 144367 2H,’ —2G,’ 8 
1868.42 45 53521.1 b'F;’—*G;’ 2 688.46 90 145252 °G,4—"F; 9 
1863.14 125 53672.8 b'F;’—‘G,’ 2 687.12 100 145535 °Gs—? Fy 9 
1851.96 150 53996.8 b'F,’—‘G;' 2 685.44 6 145892 °G4—* Fy 9 
1844.73 6 54208.5 “F-—°G,’ 4 668.90 20 149499 °G;—"G,' 10 
1843.51 15 54244.3 bF;,’-—‘*F, 3 667.31 110 149855 °G,'-—"*G,' 10 
1843.01 25 54259.0 b'F,’—‘F; 3 666.55 120 150026 2G5'—G,' 10 
1842.77 25 54266.2 b'F;’—‘F, 3 664.97 6 150383 2G,4-—"G,;' 10 
1840.20 180  54241.9 b'F;’—4G,’ 2 636.43 tr 157127 a‘F;’—‘G,’ 11 
1833.85 40 54530.1 b'F,’—‘F, 3 635.51 25 157354 a‘F,’—4G,’ il 
1830.44 50 54631.7 b'F;’—‘F; 3 635.47 0 157364 a‘F,—‘G, 11 
1827.53 80 54718.7 bd'F,'’—‘F, 3 634.22 tr 157674 a‘F;’—4G;’ il 
1827.00 100 54734.5 ?F,’—°G;' 4 634.12 60 157699 a‘F,;’—‘G,’ 11 
1826.30 100 54755.5 Ob'F;’—‘*F; 3 632.65 60 158065 a‘F/—‘G,’ 11 
1821.62 20 54896.2 bF.’-—*F; 3 631.78 15 158283 a‘F;' —‘*F, 12 
1819.37 90 54964.1 ?F;'—°G,’ 4 631.60 15 158328 a‘F,' —‘F; 12 
1815.19 30 55090.6 b'F;’—‘F, 3 631.33 15 158395 a‘F;' —‘F, 12 
1810.56 30 4 =©55231.5 dF,’ —‘F; 3 630.93) 100 158496 a‘F;’—‘G,’ 11 
1791.82 30 55809.2 b'F;’—2Fy? 5 630. 86/ 158514 a‘F,' —‘F, 12 
1765.15 15 56652.4 b'F;’—?Fy? 5 630.32 90 158650 a‘F;' —‘F; 12 
1755.66 60 56958.6 bF;’—*D, 6 120 158784 a'F,’ —‘*F, 12 
1741.09 15 57435.3 b'F,/—‘D,’ 6 629.40 40? 158881 a‘F,’ —‘F, 12 
1738.26 10 57528.8 b'F.’—4D,’ 6 629.29 150 158909 a‘F,’ —‘F; 12 
1736.68 20 57581.1 bF;’—‘*D.,’ 6 628.52 60 159104 a‘F;' —‘*F, 12 
1734.07 20 57667.8 b'F,’—‘D;' 6 627.76 45 159296 a‘F,' —‘F; 12 
1729.95 3 57805.1 bd'F;’—4D, 6 620.69 100 161111 a‘F;’—*D, = 13 
1728.76 3 57845.0 b'F.’/—4D,.’ 6 ‘ 
1722.94 30 58040.0 bF;’—4D;'’ 6 619. 17} 60 161507 a‘F,;—‘D,’ 13 
1346.60 2 74260.6 ‘4G,’—‘H;’ 7 619.17 161507 a‘F,’—*D;'’ 13 
1339.65 10 74645.8 ‘G,.’—‘H,’ 7 618.81 60 161600 a‘F;’—‘D,’ 13 
1338.20 2 74726.7 ‘G,;’—‘H,’ 7 618.27 60 161742 a‘F,’—‘D,’ 13 
1332.51 50 75046.3 ‘G,.'—*H,' 7 617.92 6? 161833 a‘F,’—‘D,'’ 13 
1331.94 10 75077.9 ‘G,’—‘H,;’ 7 617.04 30 162064 a‘F;’—*D,’ 13 
1325.83 10 75423.9 ‘G,’—‘H,’ 7 











Quadruply ionized manganese. Quadruply ionized manganese, Mn V, 
is the fifth element in the sequence of iso-electronic systems starting with 
Sc I. The process of extrapolating by use of the irregular doublet law and the 
Moseley law becomes quite accurate when extended from the radiated fre- 
quencies and energy levels of the four preceding elements to the correspond- 
ing radiated lines and energy levels of Mn V. As predicted, the transitions be- 
tween ‘4D’, ‘F, 4G’, *?F, ?G’(3d*4p) and b‘F’, ?F’(3d*4s) are found about 12,000 
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cm~ higher than the corresponding transitions in Cr IV, in the region of 
v=66,000 cm, or about \=1500A. The doublet and quartet terms thus 
identified for 3d?4p combine with the lowest terms in the spectrum a‘F’, 
*G, *H’(3d*) giving lines in the region »=250,000 cm-! or about \ =400A. 

Fortunately the high voltage vacuum spark of manganese gives the sharp- 
est lines that have been obtained from any of the elements in the iron-group. 
Unfortunately, however, long exposures have failed to bring out Mn V lines 
very strongly, especially in the short wave-length region of 400 to 500A. For 
this reason only those lines on the diagonals of the multiplets are readily 
measured at these short wave-lengths while the lines off the diagonals as well 
as intercombinations between doublets and quartets in many cases are missing 
or are very faint and uncertain. 


TABLE XI. Term values of quadruply ionized manganese, Mn V 








Config. Term Value Combi- (v)'/ | Config. Term Value Combi- —_(v)!/2 











(limit) nations (limit) nations 
a‘F,’ 000 4D,'4*F 4G,’ 241898 a‘F’ 
333 869 
a‘F;’ 333 4G’ 1G,’ 242767 btF’ 
497 1040 
a‘F,! 830 | 1G,’ 243807 
572 1244 
33 a‘F;! 1402 783 | ‘Ge =: 245051 608 
(3d?) 2G, 17852 2F 2G’ ‘Fy 243112 a‘F’ 
556 568 
2G5 18408 772 3d°4p = * Fs 243680 bAF’ 


















°H;! 24935 ‘Fy 
426 756 


*H’ 25361 767 ‘F, 245141 608 











176938 ‘p’, ‘F °F 245418 3F" °G 
390 911 
°F, 246329 b'F’ 606 








‘D,’ 247713 a‘F’, b‘F’ 606 








178579 





2G 250893 2F’,°G 
815 

°F,’ 183466 2F, °C’ °G5" 251708 °H’ 601 
1159 

2F,’ 184625 656 

















The two quartet multiplets a*F’ —‘F, and a‘F’ —4G’, lie within an interval 
of 5 A which on the photographic plates cover a little less than 0.5 mm. 
Manganese in the vacuum spark, however, gives such sharp lines that even 
the three strongest lines in these two multiplets \A410.27, 410.42, and 410.58 
A are definitely resolved in spite of their closeness. The outside separation 
of these three lines on the plates is only 0.028 mm and yet at this short 

. wave-length is equivalent to about 184 wave-numbers. Since small differ- 
ences in wave-length cause such large differences in radiated frequencies 
in this region of the spectrum the accuracy of term values and term separa- 

tions must be greatly impaired. 
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The term values of Mn V are given in Table XI with the a‘F,’ term 
taken as zero. The values of (v)'/? given in the fifth and tenth columns are 


TABLE XII. Quadruply ionized manganese, Mn V 











\ vac. Int. v Designation Mult. \ vac. Int. y Designation Mult. 
No. No. 
1620.65 160 61703.6 *F,’—*F, 1 442.56 120 225958 *H;' —*G,! 7e 
1614.16 120 61951.7 ?F;’—?F; 1 441.80 200 226347 *He' —*Gs' 7 
1548.70 tr 64570.4 b'F,’—‘G,;’ 2 439.43 20 227567 °G, —*Fs 8 
1541.08 60 64889.5 bF,’—*G, 2 438.75 40 227920 *Gs—*F 8 
1539.40 80 64960.4 b'F,’—*G,;' 2 429.11 100 233040 °G4—*G’ 9 
1533.07 40 65228.6 b'F;'—‘G,’ 2 428.63 100 233301 *G5—*G;s' 9 
1528.13 120 65439.5 b'F;’—‘G,’ 2 413.96 tr 241569 a‘F;’—‘G;’ 10 
1520.13 tr 65783.8 DF;'—‘F, 3 413.39) 60 241902 a‘F,’—‘G,' 10 
1519.83 40 65796.8 bF,’-—‘F; 3 413.33) 241937 a’F,;—‘G, 10 
1519.62 40 65805.9 Db'F;’-—‘F, 3 412.52) 80 242412 a‘F,’—G;’ 10 
1516.78 160 65929.1 bF,’—‘G,' 2 412.48) 242436 a‘F,’—‘G,’ 10 
1511.15 40? 66174.7 bF,'’-—‘*F, 3 411.89 tr 242783 a‘F,’—‘F, 11 
1509.02 4 66268.1 *F,’—*G, 4 411.77 tr 242854 a‘F,’—‘F,; il 
1507.11 40 66352.1 Db'F;’-—‘*F; 3 411.56) 199 242978 a‘F,’—*G,’ 10 
1504.38 200 66472.6 b'F;—*G,’ 2 411.56/ 242978 a‘F,’—*F, 11 
1503.59 80 66507.5 b'F,’—*F, 3 411.33 8 243114 a‘F,’—‘F, 11 
1502.36 120 66561.9 b'F;’—*F; 3 410.93 120 243350 a‘F,’—‘F,; 11 
1498.30 8 66742.3 bF,’—‘F,; 3 410.58 160 243558 a’F,’—‘F, 11 
1491.30 30 67055.6 bF;’—*F,) 3 410.42 160 243653 a‘F;’—4G,’ 10 
1490.68 160 67083.5 ?“?F,’-—°G,;' 4 410.37 ? 243682 a‘F,'—‘F, iil 
1486.74 30 67261.2 BF, -*F; 3 410.27 200 243742 a‘F;’—‘Fs 11 
1483.09 160 67426.8 ?F;'’—*G,' 4 409.74 30 244057 a‘F;'’—‘*F, 11 
1476.02 30 67749.7 BF;'-—*F, 5 409.31 40 244314 a‘F,’—‘F, 11 
1446.49 60 69132.9 Bb F;’—*D, 6 405.99 120 246311 a‘F,’—*D, 12 
1431.98 12 69833.4 DbF,’-—‘D, 6 405.05 60 246883 a‘F,’—*D, 12 

















taken with respect to the *F,'(3d?) term of the once more ionized atom in 
the same way as was done in the case of V III and Cr IV. Wave-lengths, 
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Fig. 5. Energy levels and the Moseley law. 


relative intensities, and frequencies of the lines thus far identified in Mn V 


are given in Table XII with their respective designations. 
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The Moseley diagram law. Combining the data now available for Sc I, 
and Ti II, and the data here given for V III, Cr IV and Mn V, the same type 
of energy-level Moseley diagram may be drawn for the doublet and quartet 
terms of these spectra as was drawn for the singlet and triplet terms of the 
sequence Ca I to Cr V, Fig. 45, and for the doublet terms of the sequence 
K I to V V, Fig. 15. From such a diagram, Fig. 5, two relations similar to 
those pointed out in Figs. 15 and 45 are at once recognized; first, the increased 
binding of a 3d electron over a 4p and a 4s electron and second, the parallelism 
between the lines 3d4s, 3d°4p, and 3d°4d. The singlet and triplet term limits 
of all the terms are the low 'S, *P’, 'D, *F’, 'G (3d?) terms of the once more 
ionized atoms as shown at the top of the figure. Although for each electron 





RELATIVE SHIFTING OF 
ENERGY LEVELS 





THE ELECTRON CONFIGURATION 


— 3/4p — 











Fig. 6. Relative shifting of energy levels. 


configuration, including that of the limit, a point has been plotted for the 
term involving the largest R, L, and J values the points for all the terms 
in each configuration would lie within the range covered by the circle. A 
single line has been drawn to represent each set of energy levels and a single 
arrow to represent all of the observed radiated frequencies resulting from 
jumps between two sets of energy levels. In order to show the relative 
shifting of the various terms of any one configuration in going from one 
iso-electronic system to the next, Fig. 6 has been plotted. Each set of energy 
levels has been plotted with reference to the horizontal dotted line through 
the center of the figure. This line of reference is chosen arbitrarily for each 
set of levels as a weighted mean, each term being weighted in proportion 
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to its J value. Since only the ‘D,’ term has been found for Mn V the other 
three terms ‘D’;2,3, may be predicted as shown in the figure by dotted lines. 
All of these levels in Fig. 6 are represented by but a single line, the line 
3d*4p, in Fig. 5. 


TABLE XIII. Irregular doublet law. 

















3d*4p to 3d*%4s 3d°4d to 3d°4p 
4F,’ —‘G,’ Ap °F,’ —°G;,’ Av 4G,’ —*H,’ Av 

Sc I 17626 18109 (15548) 

12221 11742 (19800) 
Ti Il 29847 29851 35348 

12316 12397 19834 
V ill 42163 42248 55182 

12219 12486 19864 
Cr IV 54342 54734 75046 

12131 12349 (19900) 
Mn V 66473 67083 (94946) 





The irregular doublet law. As has already been indicated two sets of 
radiated frequencies have been found which follow very closely the irregular 
doublet law first, the set of lines arising from the electron transition 3d*4p 
to 3d*4s and second, the set of lines arising from the electron transition 
3d*4d to 3d*4p. Examples of this linear relation are given in Table XIII for 
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Fig. 7. Regular displacement of frequencies. 


the lines ‘F;’—‘G,’ and *F,4’—°G,’ representing the first set of transitions and 
for the lines 4G,’ —‘H;,’ representing the second set of transitions. None of the 
terms arising from the electron configuration 3d*4d has as yet been determined 
for Sc I. An extrapolation by means of the last column of Table XIII, 
however, would locate the frequency of the ‘G.’—‘H;,’ transition not far 
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from y=15,548 cm. This same multiplet ‘G’/Z’, although quite accurately 
predicted for Mn V, has not been identified with certainty and is therefore 
not given in the other tables. It is even very weak in Cr IV. 

The relative shifting to higher and higher frequencies by very nearly a 
constant frequency interval of the two triads *F’D’, ?F’F, *F’G, and *F’D’, 
4F’ F, 4F’G’ (3d?4s—3d*dp) is shown in Fig. 7. Each frequency scale, although 
the same for all five elements, has been displaced to the left of the one just 
preceding it by 12,000 cm. A comparison of this figure with the corres- 
ponding figure for the two triads 'DP, 'DD’, 'DF, and *DP, *DD’, *DF 
(3d4s—3d4p), Fig. 35, of the once more ionized atoms reveals several interest- 
ing similarities. For example the more nearly exact linear relation for certain 
lines starts with the first element in the sequence while for other lines it 
starts with the second element. 

Term separation; The Landé interval rule; and Hund’s rule. The systematic 
increase in term separations in going from one element to the next for each 
of the four electron configurations 3d*, 3d*4s, 3d*4p, and 3d?4d is shown in 
Table XIV. In the lower half of the table it is seen that the Landé interval 


TABLE XIV. Quartet term separations and the Landé interval rule. 











| 
3d | 3d245 3d°4p 3d24d 
‘Fy ‘Fy 4Fgo 4Fs)|4Fy! 4Fy 4 4Fs'\4Gs' 4G Gs! 4Ge' |4H 4H! 4H! 4H’ 
Sc I 35 48 60| 38 52 67| #73 94 114 
Ti U 76 103 128| 94 131 168] 190 234 273| 123 138 143 


Vill 145 194 244 167 236 301 351 431 503 217 «247—Ss «258 
Cr IV 233 325 391 264 372 476} 572 696 = 821 350 389 400 



































Mn V 333 497 572; 390 551 700; 869 1040 1244 
Theor. 2.8 3.5 4€5/] 2.5 3.58 45] 3.8 45 $8] €5 S$.5 6.8 
Sc I 2.6 3.6 €@51 2.8 3.8 64.31 3.5 45 $5.3 
Ti Il 2.7 3.6 4.5] 2.5 3.5 45] 3.8 47 §.5] $.6 6.3 6.5 
V sill 2.3 86 431 2.8 3.3 6.51 3.8 6.7 £9) 3.5 €2 6.5 
cy iv i 2.8 3.7 €81 3.5 %$d.8 €351 3.8 €8 $.3) 5.7 63 6.5 
Mn V | 26 38.9 6.51 2.3 3.35 €81 3.8 €.6 3.3 
Doublet Term Separations 

3d 3d*4s 3d*4p 3d*4p 

2G, = *Gss °F °F! °F; #4 *G,' °G;' 
Sc I 116 125 95 
Ti Il 121 269 283 205 
V oill 221 478 448 343 
Cr IV 357 758 642 527 
Mn V 556 1159 911 815 




















rule for quartet terms is followed. This is especially true for the *F’s,3,4,: 
terms of (3d?4s) where the observed interval ratios for all five elements are in 
exact agreement with those predicted by theory. 

Hund’s theory gives a satisfactory account of the terms thus far identified. 
The prediction that from each electron configuration the terms with highest 
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multiplicity, R, and highest ZL values should lie deepest is verified in all three 
elements as can be seen from the tables of term values. All of the terms thus 
far determined for V III, Cr IV, and Mn V are given in Table XV. From 


TABLE XV. Predicted and observed terms. 








Electron Theoretical Observed Terms 
Config. Terms Vill Cr lV Mn V 


‘Pp, *F ‘Pp’, a'F’ a‘F’ a‘F’ 
3d’ *F, °%G, *H °G, *H’ 2G, *H’ 2G, *H’ 
2P, 2D, 2p 2p’ 2p 








‘P, 4F bAF’ bt F’ bt F’ 
3d%4s | 2S, 2P, 2D 
2F, 2G 2F 2 2F 


‘D, ‘F, 4G ‘D’, 4F, 4G’ ‘D',*F 4G’ ‘D’, *F, 4G’ 
2D, °F, °G 2D’, °F, °G’ 2F, 2G’ 2F, 2G! 
3d%4p | °F, °G, *H 
‘S, 4P, 4D 
25, 2P, 2D 








‘P, “D, ‘F, %G, *H ‘H’ ‘H’ 4H’ ? 


3d*4d 2D, *F, *G, *H, *I 
2S, 2P, 2D, *F, °G 
‘iP, 4D, 4F 
*P, *D, *F 














this table it is apparent that out of all the theoretically predicted terms com- 
paratively few have so far been identified. There is little doubt, however, 
that the rest of the terms exist in each of the spectra. By analogy with singly 
ionized titanium where nearly all the predicted terms have been identified, 
many of them from weak lines, combinations between the remaining terms 
for the rest of the elements of the sequence will in general be so weak that 
one could hope to observe these lines only by making extremely long expos- 
ures. The terms given in Table XV do involve nearly all of the strong lines 
in each spectrum and at the same time include the lowest terms arising from 
each of the four electron configurations 3d°, 3d4s, 3d*4p, and 3d*4d. 

The ionization potentials, that is the voltage necessary to remove one 
3d electron from the normal state a*F,’(3d*) of V III, Cr IV, and Mn V, to 
the normal state a*F,’(3d*) of the once more ionized atoms are determined at 
about 29.6 volts, 50.4 volts, and 75.7 volts respectively. 


CORNELL UNIVERSITY 
January 28, 1929. 
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THE MOLECULAR SPECTRUM OF AMMONIA 
Il. THE DOUBLE BAND AT 10 


By E, F. BARKER 


ABSTRACT 


Structure of the NH; absorption band at 10u.—The NH; absorption band 
extending from 8u to 14y has been sufficiently resolved by means of a grating to 
reveal the details of its structure. Two very narrow zero branches of nearly equal 
intensity appear at 10.34 and 10.7y, with each of which there is associated a positive 
and a negative branch consisting of ten or twelve lines spaced at nearly equal fre- 
quency intervals. The mean spacing for the higher frequency series is 18.7 cm, 
and for the lower frequency series 20.2 cm~'. Both of these bands must be associated 
with a single fundamental vibration parallel to the symmetry axis. 

Configuration of the molecule as revealed by intensities in the 1.94 band.—The 
band structure corresponding to a vibration normal to the symmetry axis is de- 
scribed for symmetrical rotators of the oblate and prolate forms. Line intensities are 
computed for each from known transition probabilities, and only the oblate form 
yields intensities in accord with those observed at 1.94. The distance of the N atom 
from the plane of the three H atoms apparently lies between 0.1 X 10-8 and 0.3 X 107° 
cm, which is approximately one fifth of the distance between H atoms. 

Interpretation of the double band.—The double character of the 10u band is 
shown to be a consequence of the close proximity of the two equilibrium positions 
for the N atom, one on either side of the plane formed by the H atoms. 


HE ammonia absorption band extending over the region from 8u to 

14u has been partially resolved with a prism spectrometer by Schierkolk! 
and by Robertson and Fox.? In both cases the curves reveal certain signifi- 
cant features but just fail to disclose the details of fine structure which are 
indispensable for an interpretation of the band. The following more com- 
plete analysis has resulted from the use of a grating ruled particularly for 
this purpose, and the rotation series may now be described with some con- 
fidence. 

The grating is of the echelette type, having 1440 lines per inch ruled 
upon a surface of tin. It is used with a rock salt fore prism and a collimating 
mirror of one meter focal length. With a Nernst glower as source and a 
vacuum thermopile, easily measureable deflections were obtained out to 
12u using 0.5 mm slits, while under the best conditions observations could 
be extended considerably farther. The spectrum interval included in the 
slit is about 0.9 cm-!. The absorption cell is a metal cylinder, adjustable 
in length, with rock-salt windows. A cell length of 2 cm was used for most 
of the observations, though the positions of stronger maxima were checked 
with a shorter cell, while the weak regions at the extremities of the band 
required more gas. 


1 Schierkolk, Zeits. f. Physik 29, 277 (1924). 
2 Robertson and Fox, Proc. Roy. Soc. A120, 161 (1928). 
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Figure 1 shows the absorption pattern with all observations reduced 
to approximately 2 cm of ammonia at atmospheric pressure. A striking 
feature of this curve is the pair of intense absorption maxima near its center, 
which now appear even narrower than in the prism curves. They lie at approxi- 
mately 10.34 and 10.7u, and are in fact the two zero branches belonging to 
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Fig. 1. Absorption pattern for the double band at 10,. 
------ Series I, with zero branch at 10.71,. 
— — — -Series II, with zero branch at 10.32,. 


a pair of bands for which the values of vp differ by about 4 percent. The lower 
frequency band appears to be slightly more intense, although the difference 
is not great. All of the prominent maxima on either side may be assigned 
to these two bands, forming series of the usual sort as indicated by the 
numbering in the figure, which designates the initial rotation states for each 
transition. 


TABLE I. Wave-numbers and wave-number differences in the 10u band. 








Band I. 10.74 or 933 cm™ Band II. 10.34 or 966 cm= 











| 
+ branch — branch | Initial + branch — branch 
v Av v Av j v Av v Av 
| 14 1250 19 
13 1231 18 726 20 
12 1213 15 746 16 
1176 18 711 18 11 1198 19 762 19 
1158 18 729 21 10 1179 18 781 18 
1140 21 750 20 9 1161 18 799 18 
1119 20 770 19 8 1143 18 817 22 
1099 - 22 789 19 7 1125 19 839 17 
1077 21 808 20 6 1106 19 856 * 18 
1056 20 828 21 5 1087 18 874 21 
1036 21 849 19 4 1069 20 895 14 
1015 20 868 21 3 1049 20 909 19 
995 20 889 22 2 1029 20 928 21 
--- 20 911 22 1 1009 18 949 17 
955 22 0 981 15 
Mean Av: 20.2 Mean Av: 18.7 














The frequencies assigned to each line, after an approximate correction 
for overlapping has been applied, are shown in Table I, and these numbers 
are plotted in Fig. 2 against ordinal numbers of the initial states. Neither 
series shows appreciable convergence. The difference in slope of the two 
lines indicates that they have not quite the same spacing, which accounts 
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for the apparent irregularities in the pattern. The mean wave-number 
differences for the two bands are 20.2 cm and 18.7 cm~, a variation in 
spacing of about 8 percent. This precludes the possibility of associating 
them with two independent fundamental vibrations, which should yield 
precisely the same moment of inertia. 

we 
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Fig. 2. Line frequencies in the 104 band as functions of j, for series I and series II. 


The simplest assumption regarding atomic configuration is an axially 
symmetrical triangular pyramid with the nitrogen atom at its vertex. (A 
special case in which the altitude is zero and all four atoms lie in a plane 
is not to be excluded a priori.) This system rotates with a simple precession. 
If jh/2m is the total angular momentum, and ih/27 the angular momentum 
about the symmetry axis, then the premissible angles of precession are 
given by the relation cos @ =i/j. The rotational energy is 


9 


~~) § oe oe 
WW = ($1 ++(5-— + const. ) 


where C and A are respectively the moments of inertia about the symmetry 
axis and any other axis perpendicular to it. Hence the changes in energy 
of rotation for changes Aj and Ai in quantum numbers are 





 wfl 1 
AW =< (lai+naj+an'l+( 


- -—)(2iai+ (ai). (1) 


4 


Such transitions, accompanied by changes in energy of vibration, yield the 
various infra-red bands according to the following selection rules: 


I. At=0, Aj=0 or+/ for a symmetrical vibration in which the changes 
in electric moment are parallel to the symmetry axis. 


* Cf. Nat. Res. Counc. Bull. No. 57, Molecular Spectra of Gases, p. 60 sq. 
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II. At=+/1, Aj=0 ort] when the change in electric moment is normal 
to the symmetry axis. 


Two fundamental frequencies of each sort are to be expected.‘ 

The bands observed near 10u (Fig. 1) obviously follow the first rule. 
Each of the prominent zero branches corresponding to Ai=0, Aj=0 is 
really a composite of lines of very nearly the same frequency absorbed by 
different molecules having various values of i and j. It is apparent from the 
sharpness of the absorption maxima that the energy of coupling between 
vibration and rotation is almost negligible, a fact also indicated by the small 
convergence in positive and negative branches. For the latter Ai =0, Aj = +1, 
and Eq. (1) becomes 


ww" (Fa(j4)e2 , 
” Aa (1 =z) (2) 


The corresponding lines form a series spaced 4/4m*cA cm~ apart. For 
integral values of j there will be one absent member at the center, which 
position, however, is occupied by the zero branch. 

A second band of this type, which, however, does not exhibit the same 
double character, is found at 3u, and has already been described.’ It has a 
line interval of approximately 19.7 cm~, which agrees well with the mean 
for the two series at 10u. The envelope of the 6u absorption region as ob- 
served with a prism spectrograph very strongly suggests a third band of 
the same kind. However our observations here, although as yet only in a 
preliminary stage, seem to indicate that this may be a composite band of a 
different sort. 

For vibrations normal to the symmetry axis the bands are no longer 
single, but appear in groups. When Ai=+/ and Aj=0, Eq. (1) becomes 


h? 1 1 1 
AW =— ((—-—)(+ i+—)), (3) 
4n?\\C A 2 


while At = +1, AJ=+1 yields 


je? 1 1 1 1 1 1 
AW =—- ((=| #+5)+5 }H>-+\(+ i+-)). * (4) 
4x? \\A 2 2 Sc & 2 


Eq. (3) represents a set of zero branches and Eq. (4) the corresponding 
positive and negative branches for a family of superposed bands, whose 
positions depend upon the values of 7 and the sign of Az. The line spacing 
in each band (constant i and Az) is h/4mr*cA cm as in Eq. (2), but the 
zero branches, which may constitute the most noticeable absorption peaks, 
are separated by (1/C—1/A)h/4m’c cm~. This yields a sequence of maxima 
with no missing members, of which the two most intense ones correspond 
to the transitions 0@1. The envelope of these maxima would not exhibit 


* Dennison, Phil. Mag. 1, 195 (1926). 
5 Stinchcomb and Barker, Phys. Rev. 33, 305 (1929). 
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the doublet appearance characteristic of many unresolved infra-red bands. 
Should it happen that the ratio of the quantities 1/A and (1/C—1/A) is 
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Fig. 3. Structure of vibration-rotation band for vibrations normal to symmetry axis and 
spacing ratio 2:1. 

Diagonals indicate initial i values for zero branches with Aj =0. 

Associated initial 7 values are shown for + and — branches. 

* indicates levels occupied by molecules having complete three-fold symmetry. 

Higher frequencies to the right. 





nearly integral, and also that the convergence of the series is small, then 
the lines represented by Eq. (4) would be superposed upon those of Eq. 
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(3), and the observed intensity distribution would not be that characteristic 
of Eq. (3) alone. 

The ammonia band near 2y, previously reported,’ is of exactly this 
type. Some twenty lines appear, with spacing and intensity very nearly 
uniform, and with no obvious feature to indicate the band center. The 
frequency interval is almost exactly half of that observed in the other bands. 
This suggests either an arrangement of the four atoms approximately in a 
plane, C=2A, (1/A—1/C)=1/2A, or in a pyramid such that C=2/3A, 
(1/C—1/A)=1/2A. The rotations of these two structures would cor- 
respond respectively to those of an oblate and a prolate ellipsoid. Figure 3 
shows the composition of such a band on the assumption of no convergence, 
and a spacing ratio of exactly 2:1. The numbers in bold type along the 
diagonals represent initial 7 values for the zero branches (Aj=0), the tran- 
sitions Ai=+1 and Ai=—1 lying respectively in the upper and lower 
halves of each figure. With each 7 transition there is associated a series of 
j transitions, with positive and negative branches on the sides of higher 
and lower frequencies. These are arranged in horizontal rows, the numbers 
representing initial 7 values. The similarity in arrangement for the oblate 
and prolate cases makes it apparent that the two cannot be distinguished 
by a superficial examination. 

Because of the nuclear spin of the H atoms two different sorts of NH; 
molecules are to be expected, those which exhibit a three-fold symmetry 
having all three spins oriented in the same direction, and those which do 
not because one of the H nuclei is reversed. Those of the former type are 
distributed only upon the energy levels marked*, which, as a consequence, 
have their populations doubled. 

The relative intensites for all of the lines indicated in this figure may 
be estimated with the aid of transition probabilities computed by Dennison,® 
and by summing those in each column a result is obtained which may be 
compared with the observed band. Slightly different intensity distributions 
are to be expected for the oblate and prolate models, and this apparently 
offers the only hope of distinguishing between the two possibilities. Table 
II summarizes the results, showing separately the contributions due to 
transit.ons 4j=0 and A4j=+1 when the symmetry in nuclear spins is 
neglected, and the additional effect resulting from this symmetry. In com- 
paring the totals with line intensities as observed it must be remembered 
(a) that the actual spacing ratio is probably not exactly 2:1, (6) that there 
is probably a slight convergence with consequent change in spacing across 
each component band, and (c) that the computed total intensities should 
not be directly proportional to the maximum absorption percentages as 
observed, but more nearly to the logarithms of the squares of these numbers.’ 
Thus an exact quantitative agreement is hardly to be expected. However 
it is at once obvious that the oblate form yields results very closely resembling 


6 Dennison, Phys. Rev. 28, 318 (1926). 
7 Dennison, Phys. Rev. 31, 503 (1928). 
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the observed curve while those for the prolate form are quite inconsistent.* 
This is true both as to variations in intensity from line to line across the 
band, and as to the shape of the envelope which, for the prolate case, drops 
off much too rapidly on each side of the center. If C is slightly less than 24, 
and the finer spacing therefore slightly less than half the coarser, the effects 
(a) and (6) combined would tend to throw the various components together 
on the low frequency side and separate them on the high frequency side. 
This may account for the lack of contrast between lines and background 
on the left edge of the observed pattern. 


TABLE II. Total intensities for band indicated in Figure 3. 











Oblate configuration v for Prolate configuration 
4j=0 Aj=+1 sym. total band at Aj=0 A4j=+1 sym. total 
1.9% 
0.01 1.65 0.48 2.14 5168.8 

-02 2.07 .83 2.92 5158.7 — 1.39 0.84 2.23 
.05 2.45 . 83 3.33 5148.6 — 1.07 .29 1.36 
.10 2.72 - 66 3.48 5137.7 — 76 .05 .81 
-18 2.94 1.39 4.51 5126.0 — 1.33 -35 §=1.68 
- 30 2.78 . 86 3.94 5117.1 01 .87 .05 .93 
-47 2.46 84 3.77 5107.8 04 48 41 .93 
ode 1.97 1.22 3.92 5098.0 12 . 88 03 1.03 
1.08 1.37 .34 2.79 5088.7 27 .40 34 1.01 
1.53 .69 1.52 3.74 5079.1 .59 11 59 1.29 
2.06 .25 25 2.56 5069.4 1.12 25 25 1.62 
2.59 — — cas 5058.7 1.83 — rr — 
center (2.53 — 2.5 5.06 

7 2.51 5.02) w.t | center 
LL |. — 2.14 5040.2 2.47 _— _ .47 
1.34 .62 — 1.96 5029.1 1.70 — — 1.70 
91 1.16 1.78 3.85 5019.4 .99 .22 99 2.21 
.58 1.60 .09 2.27 5009.4 51 .09 .09 . 69 
. 36 1.89 . 63 2.88 4999.6 .22 — — .54 
.22 2.04 1.24 3.50 4989.7 .08 .67 .22 .98 
.12 2.01 .42 2.55 4980.1 .03 35 01 .39 
.07 1.81 . 60 2.48 4970.1 01 61 .14 . 76 
.03 1.56 . 69 2.28 4959.6 — . 89 . 59 1.48 
.02 1.25 .34 1.61 4950.6 — .49 .12 -61 
01 -94 .29 1.24 4940.2 — . 66 42 1.08 
4930.6 — 81 .08 . 89 














It thus appears that the N atom must lie very close to the plane of the 
three H atoms, forming a pyramid of very small altitude. A lower limit 
for this altitude 4 may be obtained from the electric moment, the value of 
which is 1.44X10-"8.° The extreme case where the N is assigned a charge 
—3 and each H a charge +1 requires for / the value 0.1X10-* cm. The 
upper limit to be assigned for this dimension depends upon the accuracy 
with which the ratio C/A can be determined. The value of A computed 
from the mean Ap for the 3u and 10y bands is 2.8 X10-*°. An equally precise 
value of C cannot as yet be determined, because in the first place the lines 
in the band at 1.984 are all composite and the zero branches cannot be 


8 Cf. Fig. 2, Reference 5. 
® Zahn, Phys. Rev. 27, 455 (1926). 
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located with great accuracy, and secondly, the dependence upon C of line 
spacing in this band is represented only in first approximation by Eq. (3) 
and (4), the system being considered as rigid. That perturbations may be of 
considerable importance in the case of vibrations normal to the symmetry 
axis appears from the fact that the spacing is often appreciably different 
in two such bands absorbed by the same molecule. Nevertheless it would 
seem quite safe to consider that our value of (1/A —1/C) is not in error by 
more than 10 percent. The maximum value of h estimated thus is slightly 
less than 0.3X10-* cm which is about one fifth of the distance between 
H atoms. 

This conclusion that the four atoms in NH; lie nearly but not quite in 
a plane is of especial interest in that it provides an explanation for the 
doubling of the band at 10yu.'° In the vibration here concerned the three 
H atoms move symmetrically, the distances between them increasing as h 
decreases. The potential energy function plotted in terms of h decreases in 
either direction from the plane of the H atoms to a minimum corresponding 
to the equilibrium position, and then rises again. A maximum at 4=0 thus 
separates two adjacent minima corresponding to two possible positions for 
the N atom. As a consequence each vibrational energy level is divided into 
a pair of levels of different symmetry character, the antisymmetric lying 
above the synimetric. Transitions occur only between states of unlike 
character, e.g. 1,0, or 1,—0., of which the former corresponds to the 
larger energy difference and higher frequency. The separation between 
pairs of levels is a function of the height of the potential energy maximum 
for h=0, and diminishes rapidly as this maximum increases. For this reason 
it is observable only when the two minima lie close together. A similar 

_ doubling ought to occur in the 3u band, which also corresponds to a vibration 
-along the symmetry axis. However in this case the distance between H 
atoms decreases as h decreases, so that the potential energy rises much more 
rapidly as h approaches zero. The consequent reduction in the separation 
of pairs of levels apparently renders them indistinguishable. 

Double bands apparently corresponding to that of NH; at 10u have been 
observed in about the same region for PH; and AsH; by Robertson and 
Fox. In each of these the separation of zero branches is considerably greater 
than for NH3, which suggests a still more oblate configuration. 


UNIVERSITY OF MICHIGAN, 
DEPARTMENT OF PuysIcs, 
February 15, 1929. 


10 T am indebted to Professor Dennison for suggesting this explanation. 
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THE PURE ROTATION SPECTRUM OF AMMONIA 


By RicHArD M. BADGER AND C. HAWLEY CARTWRIGHT 


ABSTRACT 


New experimental means for the study of absorption spectra in the extreme 
infra-red are described. These have been used in extending our knowledge of the pure 
rotation spectra to the case of a polyatomic molecule. The absorption spectrum of 
ammonia has been investigated in the region between 55u and 130u, and a very 
simple structure was found. Six lines were observed which belong toa pure ro- 
tation spectrum and are apparently due to changes in the energy of rotation of 
the ammonia molecule about an axis normal to the line of symmetry, that is, to 
transitions in which the quantum number j increases by unity. Other lines due to 
transitions with a change also of r, the quantum number connected with rotations 
about the axis of symmetry, are absent. These facts are briefly discussed in connection 
with the predictions of the wave mechanics with which they are shown to be in 
accord. The moment of inertia of the ammonia molecule about an axis normal to the 
line of symmetry is estimated to be 2.77 X10~*° gm cm?. 


a 


I. INTRODUCTION 


HE far infra-red absorption spectra of several diatomic gases have 

recently been studied by Czerny! who has found a very simple structure 
which has been satisfactorily explained, and indeed had been long predicted. 
This is the so-called “pure rotation spectrum” which has its origin in changes 
in the rotational energy of the molecule in questi-n. So far as concerns 
polyatomic molecules, only one rotation spectrum has been observed, that 
of water vapor,” and on account of great complexity and incomplete resolu- 
tion has not as yet been satisfactorily interpreted. 

The present investigation was undertaken with the object of extending 
our knowledge of rotation spectra to the polyatomic molecules by the study 
of a case capable of relatively simple interpretation. Ammonia gas seemed 
especially suitable for this purpose since the theoretical treatment of a 
molecule of this type is already at hand. It is further interesting since the 
ammonia vibration rotation bands have recently received considerable 
attention.® 

In the course of the investigation, as well as for some time previous we 
have been occupied in the development of a technique for the more easy 
and accurate study of absorption spectra in the region between about 30yu 
and 150u. As a consequence the final apparatus differs considerably from 
that which has been used by other investigators in this region, and embodies 


1M. Czerny, Zeits. f. Physik 44, 235 (1927). ay 
2H. Rubens, Berlin Ber. 1921, p. 8; H. Witt, Zeits. f. Physik 28, 236 (1924). 
3 Spence, J. O. S. A. 10, 127 (1925); W. F. Colby and E. F. Barker, Phys. Rev. 29, 923 
(1927); E. F. Barker, Phys. Rev. 31, 1131 (1928); R. Robertson and J. J. Fox, Proc. Roy. 
Soc. A120, 128 (1928). 
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several radical improvements. The particularly new features will first of 
all be described. 


II. THE EXPERIMENTAL ARRANGEMENT 


1. The Source of Radiation. Previously the Wellsbach incandescent gas 
mantle has been the favorite source employed on account of its obvious 
advantages: a black-body radiation in the extreme infra-red, and a very 
poor emissive power in the near infra-red rays which are always a disturbing 
influence. On the other hand the inconveniences, namely the more or less 
inconstant temperature due to fluctuations in gas pressure and composition, 
and the evolution of a great quantity of useless heat in the neighborhood of 
the sensitive heat measuring device, are not inconsiderable. The very 
simple device of a flat electrically heated platinum strip, to which a strip 
cut from a Wellsbach mantle has been cemented with a trace of water glass, 
provides a source which is but little less advantageous than the flame heated 
gas mantle in respect to far infra-red emission and small intensity in the 
near infra-red. The temperature is readily kept constant and the filament 
is conveniently housed in a water jacketed case which is kept at constant 
temperature. 


platinum chrom gelatine 


a 
we FLL 


Fig. 1. Portion of a section of the laminary grating. 








2. The grating. In a previous investigation of hydrogen chloride one of 
us used an echelette grating of novel construction. This has the advantage 
of great light economy, which is of great importance in the far infra-red, but 
it has the drawbacks of giving higher order spectra with great intensity, and 
is quite unsuitable for making absolute wave-length measurements owing 
to the lack of a zero order spectrum or other reference. After considerable 
experimenting we were led to a type of reflection grating which has been 
described as “laminary,” the construction of which may be readily under- 
stood by reference to Fig. 1. The principle is not new, and transmission 
gratings of a similar sort have been exhibited as curiosities, but perhaps due 
to the difficulties of construction for use in the optical region, seem not to 
have met with practical application. 

Although the laminary grating has not received a complete theoretical 
treatment, certain interesting properties are evident from qualitative con- 


‘R. M, Badger, J. O. S. A. 15, 370 (1927). 
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siderations. First of all, for a wave-length such that 2d=)/2, 3d/2, 5/2, 
etc., where d is the thickness of the laminae, light will not be reflected in the 
zero order but will appear principally in the two first order spectra. Where 
2d =X, 2X, 3A, etc., the light will appear almost entirely in the zero order. 
Consequently if such a grating be illuminated by white light the first order 
spectrum will appear as a series of bright bands. The intensity maximum 
of the last band on the long wave-length side will appear at \=4d, and 
beyond this the intensity slowly diminishes. The absence of second order 
spectra may be arranged by making the laminae and spaces between them 
of equal width, but in the regions of the intensity maxima of the first order 
spectra, is doubly assured by the fact that the wave-lengths which would 
here appear in the second order are principally reflected in the zero order. 
Third order spectra can usually be eliminated by the use of filters. It is 
readily seen that in the regions of the intensity maxima the laminary grating 
is about half as economical of light as the echelette. 

The construction of a grating of this type at first offered some practical 
difficulties, but very satisfactory results have been obtained by means of 
a bichromated gelatine photographic process, as follows. A suitable plate 
of thick glass, having one surface plane, is first coated with a uniformly thick 
film of gelatine containing potassium bichromate. This may be accomplished 
in several ways but following simple method will serve. The glass plate 
is warmed and carefully placed in a horizontal position in a dessicator, 
a measured quantity of a warm 5 percent solution of gelatine containing 
enough potassium bichromate to give it a pale yellow color, is then poured 
upon the surface of the glass. The liquid should be as well distributed over 
the surface as possible, and in the interval before the gelatine sets will flow 
into a film of nearly uniform thickness. The dessicator is closed at once, 
partially evacuated, and protected from light until the film has dried, which 
should take place in a few hours. 

The plate so prepared is backed with black paper and is exposed to sun- 
light with the film covered by a negative in the form of a transmission grating 
having opaque strips slightly narrower than the transparent ones. This 
transmission grating is best prepared by ruling on a silvered glass plate. 
The exposure time is about three minutes in bright sunlight, but must be 
determined by trial. The gelatine strips exposed to light become insolubilized, 
while the unexposed portions are readily removed by treatment with hot 
water of about 40—-45°C. The action is facilitated by pouring onto the surface 
from a height of about 15 cm, though too violent treatment is to be avoided 
as the insolubilized gelatine may also be removed. After a rapid and uniform 
drying the grating is completed by the addition of a sputtered platinum 
film. 

The grating space is of course determined by the negative used in print- 
ing, but the thickness of the laminae depends upon several factors and 
several attempts with varying quantities of gelatine solution may be re- 
quired before a satisfactory grating results. 
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3. The thermocouple. The radiation sensitive device used was a vacuum 
thermoelement of very small mass, with wires of bismuth and of bismuth-tin 
alloy drawn by the Taylor process.’ The method of construction was similar 
to that described by Pettit. The thermocouple arrangement has been 
previously described‘ but the essential features are as follows. The couple 
is built symmetrically with respect to its two junctions, on each of which 
one half of the emergence slit of the spectrometer is focussed, greatly reduced 
in size, by means of a concave mirror. The rays from the upper slit half 
fall on one junction, and those from the lower half on the other. With a 


radiation source as described, and filters in the optical path consisting of a ~ 


smoked quartz plate, radiations from two different portions of the spectrum 
reach the thermocouple. In the first place the desired radiations between 
about 304 and 1604 which are spread into a spectrum by the grating, and 
secondly, though much weaker, radiations in the near infra-red out to about 
3u, which due to their great intensity in the black-body radiation pass even 
a thick soot filter in appreciable intensity and due to imperfections in the 
grating fall on the thermocouple at any grating setting. But since the thermo- 
couple is symmetrical no galvanometer deflection is produced when equal 
amounts of radiation fall on each junction. Now if a shutter is used which 
is transparent to the near infra-red but opaque to the long waves, such as 
thin glass or rock salt, and this alternately covers lower and upper slit halves, 
the galvanometer deflections produced are a measure of the intensity of the 
far infra-red rays, as the effect of the shorter rays cancels out. 
4. The spectrometer and absorption cell and auxiliaryapparatus. The vacuum 
spectrometer, absorption cell, and auxiliary apparatus are shown in plan 
and elevation in Fig. 2. The enclosing case is constructed of heavy seamless 
brass tubing, soldered at the joints with care to avoid pin holes. The re- 
movable end plates and cover to the grating chamber are sealed by rubber 
gaskets. 

The absorption chamber has an optical path of 77 cm, which begins at 
a slit in the wall’ separating it from the chamber containing the radiation 
source, and ends at the initial slit of the spectrometer. These slits are covered 
with plates of crystal quartz, which form the windows of the absorption cell, 
and the arrangement has the advantage that the windows are of very small 
area and may be made very thin if necessary and yet stand considerable 
pressure differences. The path contains two mirrors, the first a concave one 
which focusses an image of the hot filament on the spectrometer slit. The 
other is plane and merely deviates the beam through about 90°. It fits in a 
frame so designed that an exchange of mirrors may be made without disturb- 
ing the optical adjustment. The system is focussed using an ordinary optical 
mirror which is then replaced by a steel plate having a slightly rough surface. 
This scatters the short waves in all directions but still reflects the long waves 
perfectly, and serves to supplement the soot filter which is deposited on one 
window of the absorption cell. 


5G. F. Taylor, Phys. Rev. 23, 655 (1924). 
6 E. Pettit, Publications of the Mount Wilson Observatory. 
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The absorption cell is provided with an independent evacuation system, 
a manometer, and a McLeod gauge designed for reading pressures up to 
several millimeters of mercury. In the investigations the ammonia gas was 
admitted directly from a small pressure tank containing a pure preparation 
obtained from the Fixed Nitrogen Research Laboratory in Washington, 
i 0d 

The spectrometer is similar to several which have been used in infra-red 
work and the essential features are evident in the figure. The focussing and 
collimating mirror is of 50 cm focal length and 10 cm diameter. The plane 
reflecting grating used in the investigation has a1 mm spacing. The initial 












































Fig. 2. The vacuum spectrometer and absorption cell in plan and elevation. 


and emergence slits are fixed and of 1.25 mm width. The spectrometer is 
enclosed in a vacuum tight case which also houses the thermocouple. The 
grating is mounted on a vertical spindle which passes through the base of 
the grating chamber in a vacuum tight cone. During observations a vacuum 
of considerably better than 0.001 mm was maintained to secure the maximum 
thermocouple sensitivity. 

The galvanometer employed with the thermoelement was of the moving 
coil type and had a resistance of about 15 ohms and a sensitivity of about. 
1 mm deflection, at a scale distance of one meter, per 2.4X10~-® ampere. 
The galvanometer was enclosed in an air tight case with a metal sheath, and 
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the leads to the thermoelement passed through a copper tube shield. 
A thermoelement of the type used is very sensitive in detecting short electro- 
magnetic waves which originate from various devices in use in the laboratory, 
but the above precautions entirely eliminated disturbances. The gal- 
vanometer was read by a device which is not new but the merits of which 
do not seem to have met general appreciation. A galvanometer lamp with 
vertical filament was used, but instead of focussing the light reflected from 
the galvanometer mirror on a scale, the image of the lamp was observed in 
a magnifying eyepiece which could be moved horizontally across the path 
of the beam by means of a micrometer screw. Lamp and table carrying the 
eyepiece were mounted on a solid pedestal three meters from the galvan- 
ometer, and a simple lens over a window in the galvanometer house caused 
a life sized image of the lamp to be focussed in the plane of the eyepiece. 
This image may be very diffuse due to the small size and imperfections of 
the galvanometer mirror, but may be centered on a cross hair in the eyepiece 
with surprising accuracy. Galvanometer deflections are thus read by 
measurement of the displacements of the eyepiece, using a scale with which 
the micrometer screw is provided. 

When some care was taken to keep the temperature of the room constant 
the drift of the galvanometer during readings was very inconsiderable, 
amounting usually to less than 1 cm per hour. The sensitivity of the thermo- 
couple galvanometer system together is rather difficult to estimate. When 
the grating was set at about 85y the deflection produced by the continuous 
background of the source (with evacuated absorption cell) was of the order 
of 1.5 mm. Readings could be reproduced within an error of about 0.05 mm. 
The principal limit on the accuracy of reading was slight mechanical dis- 
turbances of the galvanometer. 

5. The experimental procedure. It does not seem necessary to describe in 
detail the experimental procedure. The absorption lines were first roughly 
located, and then each was studied separately. The intensity distribution 
in the background radiation in the neighborhood of the line was first in- 
vestigated with evacuated cell. Ammonia gas was then admitted and the 
measurements repeated. Observations were made in both of the first order 
spectra. 


III. THE EXPERIMENTAL RESULTS 


The results of the investigation are shown in Fig. 3, which is a plot of 
the apparent percentage absorption of ammonia against wave-length. The 
absorption spectrum consists of one series of lines separated by approxi- 
mately equal frequency intervals. A careful search between these lines failed 
to discover others in appreciable intensity. The absorption lines seem to be 
quite narrow and the apparent width as seen in the plot would seem to be 
accounted for by the limited resolving power of the spectrometer. 

The absorption curves plotted were made with a pressure of 3 cm am- 
monia in the absorption chamber except in the case of the line numbered 6 
which was observed at pressures of 1.9 and 3.9cm. The line numbered 7, as 




















































{ 


| 
\4 
i 
} 
t 
t 
| 
; 








698 R. M. BADGER AND C. H. CARTWRIGHT 


indicated by the dotted curve, was not experimentally located as it fell near 
one of the minima of reflection of the grating and also near a disturbance 
in the continuous background. This was observed by one of us in a previous 
investigation of hydrogen chloride, and since it is independent of the source 
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Fig. 3. The absorption spectrum of ammonia. The absorption measurements were made 
with a path length of 77 cm and an ammonia pressure of 3 cm except line number 6 which was 
measured at pressures of 1.9 and 2.9 cm respectively. 


of radiation used, and of the blackening material on the thermocouple, seems 
to be due to an absorption in the quartz windows.’ 

Within experimental error the wave numbers of the absorption lines may 
be expressed by means of the following formula: 


v=19.957m—0.0050826m'. (1) 
The accuracy of the fit may be judged from the following table: 


TABLE I. Observed and calculated values of the frequencies. 


—— 
og 











\m vy obs. vy calc. A 

4 79.79 79.504 —0.286 
5 99.06 99.150 0.090 
6 118.60 118.645 0.045 
7 — 137.960 —_ 
8 156.80 157.054 0.254 
i) 176.10 175.908 —0.192 








V. DISCUSSION OF THE RESULTS 


The case of the symmetrical rotator has been treated on the basis of 
the wave mechanics by Reiche and Rademacher,’ who have found that the 


7 Czerny has communicated to us that he has found a strong absorption of quartz in this 


region. 
* F, Reiche and H. Rademacher, Zeits. f. Physik 39, 444 (1928). 
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rotational energy or “eigenwert” may have the values given by the following 
equation: 


w=—|—iu+0+(<-—) 2] (2) 
BrLaA C A 
Here C is the moment of inertia about the axis of symmetry, A the moment 
of inertia about an axis perpendicular to the first, and j and 7 are integers. 
The particular case of a rotating molecule having three similar atoms 
and a fourth dissimilar has been considered by Hund.*® Considering rotations 
and vibrations separately he finds for the lowest vibrational state two possi- 
bilities, one in which the eigenfunction is symmetric in the three similar 
particles, the other in which it is antisymmetric. For the eigenfunctions 
describing the rotations alone the following possibilities are found. All 
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Fig. 4. Symmetry character of the rotation terms of the ammonia molecule when the 
vibrational state is (2) symmetric, (6) antisymmetric. 
symmetric term 
-------- antisymmetric term 
—-—-—- term of degenerate symmetry 


functions where 7 is not divisible by three have degenerate symmetry charac- 
ter. Where 7>0, but is divisible by three, there are an equal number of 
symmetric and antisymmetric eigenfunctions. And where r =0 the function 
might be either symmetric or antisymmetric depending on whether it is 
even or odd in the coordinate h, which is the distance of the plane of the 
three similar atoms to the fourth. Considering together rotations and vibra- 
tions in the lowest oscillatory state the symmetry possibilities are given in 
Fig. 4, which is adapted from Hund. 


* F. Hund, Zeits. f. Physik 43, 805 (1927). 







































700 R. M. BADGER AND C. H. CARTWRIGHT 


As to the possible energy transitions, only terms having the same sym- 
metry. should combine. Hund derives further that Ar=0 occurs when a 
vibrational state combines with another of reciprocal character, and Ar = +1 
occurs when one degenerate vibrational state combines with another sym- 
metric, antisymmetric, or degenerate state. Evidently then, any transition 
where Ar <0 is excluded in the pure rotation spectrum on account of the 
limitation on the nature of the oscillational eigenfunctions in the lowest 
energy state. The change in j is restricted as usual to +1. 

These considerations are in. agreement with experiment as far as one 
can see. The ammonia rotation spectrum consists of a single set of lines 
which is apparently due to transitions with constant rt and j increasing 
by unity. Each of these lines, however, should be a multiplet with a number 
of components corresponding to the possible number of values of r. These 
components should be appreciably separated due to the stretching of the 
molecule with increasing speed of rotation about the symmetry axis. Since 
Tj, one should expect the unresolved lines to broaden with increasing 7. 
This is, however, not evident in Fig. 3 although the stretching of the molecule 
as it rotates about the other axis is evident from the rather large correction 
term in Eg. (1). 

As to the existence and relative prevalence of the various types of eigen- 
function it is not possible to draw any certain conclusion without resolving 
the multiplets. A further complication is suggested by Barker* who mentions 
that in interpreting the rotation oscillation bands one must consider also 
the possibility of dissimilarity of the three hydrogen atoms due to a difference 
in the orientation of a spin. In this case the possibility of eigenfunctions of 
degenerate symmetry will be further increased. 

With the use of the constants of Eq. (1) it is possible to calculate a 
moment of inertia for the ammonia in its lowest rotational state. One finds 
that A =2.77 X10-*° gm cm’. Barker? states that from the structure of the 
ammonia band at 2y he concludes that the distance h from the nitrogen atoms 
to the plane of the hydrogen atoms is equal to from 1/10 to 1/16 d, the 
distance between hydrogen atoms. Assuming the former relation one may 
obtain for d the value 1.78 X 10-8 cm. 


NORMAN BRIDGE LABORATORY OF PuHysIcs, AND GATES CHEMICAL LABORATORY, 
PASADENA, CALIFORNIA, 
January, 1929. 
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QUANTUM ANALYSIS OF THE BLUE-GREEN BANDS OF 
TITANIUM OXIDE 


By ANDREW CHRISTY 


ABSTRACT 

Occurrence of the titanium oxide bands.—These bands form the most prom- 
inent characteristic of the M type stars, reaching their maximum intensity at the 
M8 type. They have been found by Fowler and others to be due to titanium oxide, 
and are usually referred to in the literature as TiO, bands. The spectrum of the 
titanium bands is made up of at least two systems, one in the blue-green region, with 
which this paper deals, and one in the yellow-red. As yet no quantum relations have 
been found between the heads in the latter region. The bands of both systems de- 
grade to the red. 

Frequency of heads and lines in the blue-green region of titanium oxide.—The 
spectrograms were taken by A. S. King of Mount Wilson Observatory. A table of 
frequencies is given for all the heads in this region, most of which have been re- 
measured by the writer, and also the quantum equation connecting these heads. 
The frequency of vibration for infinitesimal amplitude is found to be 833.31 and 
1003.60 cm for the upper (initial) and lower (final) states respectively. The heat 
of dissociation for the lower level, assuming a linear extrapolation, is 6.88 volts. This 
value is a very rough approximation. The vibrational analysis indicates that the 
molecule in question is titanium monoxide. Tables of frequencies of the lines and 
samples of their combination differences are given for the (0, 0), (0, 1) and (1, 0) 
bands. No perturbations have been observed. All these bands have triple heads 
designated a, b, and c, respectively. 

Quantum analysis of the band spectrum of TiO.—Each band is composed of 
three R and three P branches. The combination principle is verified for the above 
three bands over a region of about 90 lines. Quantum numbers have been assigned 
to the lines of the various branches. No Q branches have been observed, indicating 
that we are dealing with transitions between two similar electronic levels. The 
necessary relations between the rotational and vibrational energy states are found 
to hold for the R, and P, branches only. Empirical formulas are given in the form 
of fifth degree equations for the branches of the three bands investigated. 

Molecular constants of the TiO molecule.—The moments of inertia of the 
TiO molecule for infinitesimal rate of rotation are found to be 56.72 X10-* and 
51.89 X 10~° g. cm? for the initial and final states respectively. The nuclear separation 
for the initial (upper) state is 1.693 X10~* cm and for the final state 1.619 X 10~* cm. 
The constants in the assumed law of force of the molecule in the form F = K,(r —ro) 
+K.(r—ro)?+K3(r—ro)?+ +--+, are evaluated. 

Multiplicity of lines.—Although the triplet separation of the lines of the various 
branches is irregular, the relative values of the combination differences is that to be 
expected from a transition between two triplet electronic levels. The total quantum 
number j is found to be a half integer. This and the fact that we are dealing with 
triplets indicates that the emitter is neutral TiO. The transitions involved are as- 
sumed to be *P —'P, although the analysis is not sufficient to distinguish these from 
3D —8D etc. The application of the Hill and Van Vleck formulas published recently, 
shows that these bands represent Hund’s case a. The magnetic interaction con- 
stant A is found to be about 70 cm™ for both the initial and final states, assuming 
P levels. If the levels are D or F, then A will be one half or one third as great. 
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ANDREW CHRISTY 


INTRODUCTION 


HE dominant characteristic of the spectra of the M type stars is the 

so-called Antarian group of bands, which has been shown by Fowler! 
to be due to an oxide of titanium. Most of the low temperature stars* show 
these bands,‘ faint in type K5 but steadily increasing through M0 to M8, in 
which they are exceedingly strong. They appear in some of the S type stars, 
but in none of the R or N type. They have been found also in sunspots.® 
According to King,® the temperature of the furnace at which the Antarian 
bands are most intense is about 2500°C, a value which checks very roughly 
with the stellar temperature of the M type stars. The first visual observa- 
tions on these bands were made as early as 1884 by Vogel’ and Duner.* Both 
gave the wave-lengths of ten heads from the spectrum of @ Herculis. The 
most complete measurements, up to 1903, had been made by Stebbins® from 
stellar photographs of five stars, a Herculis, p Persei, 8 Pegasi, a Orionis 
and a Ceti, and by Sidgreaves'® from the spectrum of o Ceti. 

In 1904, A. Fowler’ noted the similarity of the Antarian bands, both in 
structure and relative intensity, to those appearing in the spark spectrum 
of titanium oxychloride and in the arc spectrum of titanium oxide. Using 
either of these two sources, he was able to get all the bands listed by the above 
four investigators. He could not determine, however, whether those obtained 
in the laboratory were due to the chloride or the oxide of the metal. In 1906, 
Fowler passed a discharge through a vacuum tube filled with TiCl, vapor 
and found, at different portions of the tube, the line spectrum of the metal, 
and a group of bands due presumably to a chloride of titanium. These bands 
are composed of a complicated cluster of flutings, fading toward the violet, 
and are never found among the Antarian bands. When the tube was partially 
filled with dry N. or dry He, similar results were obtained. The same bands 
came out strongly in the arc spectrum of TiCl,, burning in an atmosphere 
of dry N2. In this last case, the Antarian bands also appeared, but since 
Oz was presumably present as impurity, this cannot be taken as evidence 
against their oxide origin. It was found that the Antarian bands were quite 
intense in both the arc spectrum of metallic titanium in air, and in that of 
titanium oxide. 


1 A, Fowler, Proc. Roy. Soc. A73, 219 (1904). 

2 A. Fowler, Proc. Roy. Soc. A79, 509 (1907). 

3 The stellar sequence splits at the K type into three branches, viz., K-M, K-S, and K-R-N. 
The first contains the titanium bands, the second both titanium and zirconium bands, the 
third the Swan bands. 

4H. N. Russell, etc. “Astronomy” 2, 520, 605, 771, 861. 

5 Hale and Adams, Astrophys. J. 25, 75 (1907). 

* A. S. King, Astrophys. J. 43, 341 (1916). 

7 Vogel, “Beabachtungen zu Bothkamp” 1, 20, etc. 

® Duner, “Sur les Etoiles a Spectres de la Troisieme Classe.” K. Sven. Vet.-Akad. Hand. 
21, No. 2 (1884). 
® J. Stebbins, Lick Observatory Bull., No. 41 (1904). 
10 Sidgreaves, Monthly Notices, R. A. S. 58, 344 (1898); 59, 509 (1899). 
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The necessity for the presence of O2 in the production of these bands is 
shown by King’s® photographs, as well as by the plates he furnished to the 
writer. The line spectrum of the metal appeared, but no bands, when the 
electric furnace containing titanium was operated either in vacuo or with 
air at atmospheric pressure. When, however, oxygen was passed through 
the furnace, the Antarian bands appeared with intensity directly dependent 
upon the amount of O, present. The spectrum could be changed at will 
from a complete line to a strong band spectrum by regulating the amount 
of O2 going through the furnace. 

There is, moreover, astrophysical evidence which indicates that the 
Antarian bands are due to a chemical compound of titanium and oxygen. 
The Swan bands, as already noted, are characteristic of the K-R-N stellar 
sequence. The concensus of opinion at present is that the Swan bands are 
due to some unoxidized carbon molecule such as Ce. Hence the Swan bands 
should appear in a reducing atmosphere, and the Antarian bands, assuming 
they are due to an oxide, in an oxidizing atmosphere. This would account 
for the remarkable fact that the two groups of bands never appear together 
in the same stellar spectrum. 

In his later paper, Fowler? published photographs, obtained with a prism 
spectrograph, covering the region from 4353 to 47198. He measured 99 
heads, subheads and maxima, maxima being regions of high intensity 
within a band, possibly the superposition of a number of lines. Measure- 
ments of heads obtained either in the laboratory or in stars and sunspots 
have been published by Fiebig, Hale, Evans, Eder and Valenta, Exner and 
Hascheck, and Hagenbach and Konen." An inspection of the previously 
published spectrograms containing the titanium oxide bands, indicates 
immediately that these include probably at least two different systems, one 
lying in the blue-green and the other in the yellow-red, with a small over- 
lapping region. The quantum analysis to be presented later confirms this, 
the blue-green bands forming a definite system showing all the regularities 
to be expected on the basis of the present theory of molecular structure. No 
quantum relations among the yellow-red bands have as yet been found. 
The bands of both systems degrade to the red. 

When the present work was started, no relations, either empirical or 
theoretical, had been found among the various heads of the titanium oxide 
bands. The only work on the structure of individual bands was that of 
Fiebig,’? who photographed portions of the band system in the first order 
of a large Rowland grating. The dispersion was sufficient to bring out the in- 
dividual lines composing the bands and Fiebig accordingly attempted a fine 
structure analysis of the two bands A5167 and 46149. He separated a large 
number of lines of the former band into six series and of the latter into four 
series. He found that the second differences did not remain constant for 
any series of either band and so concluded that Deslandres’ law was not 
satisfied. 


11H. Kayser, Handbuch der Spectroscopie 6, p. 706. 
2 P, Fiebig, Z. wiss. Phot. 8, 73 (1910). 
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This paper“ has two objects. The first is to obtain the vibrational 
quantum analysis of the bands composing the blue-green system. In order 
to do this more accurately, new measurements have been made of the in- 
dividual band heads. The second is to use the bands 5166.8, \5448.2, and 
4954.6 in obtaining the fine structure analysis of this system. These three 
bands, as will be shown later, have the n’—n"’ values (0,0), (0,1), and (1,0). 
The more important constants of the molecule have thus been evaluated 
with a high degree of accuracy, and certain theoretical relations have been 


deduced. 
MEASUREMENTS OF PLATES 


Spectrograms in this work were taken by A. S. King at Mount Wilson 
Observatory in the first and second order of a 15 foot concave grating. The 
dispersion of the first order is 3.722A per mm. As a source of emission King 
used the electric furnace, the iron arc and the carbon arc. The best results 
were obtained by all these methods when a good supply of oxygen was 
present. The atomic spectrum of titanium, which has numerous lines in the 
region of the three bands investigated, is very weak in the furnace spectro- 
grams. Unfortunately, second order furnace plates with good intensity could 
not be obtained, since the furnace burned out when it ran for a considerable 
period. The measurements for the fine structure analysis, therefore, had to 
be made from second order arc plates containing numerous intense atomic 
titanium lines, and these proved to be troublesome. The heads of bands for 
the vibrational structure analysis have been measured from first order furnace 
plates. All measurements were made on a 200 mm Gaertner comparator, 
were converted to wave-numbers (cm~') and corrected to vacuum. For 
standards, Fe and Ti lines have been used, the latter taken from Behner’s" 
work. Sixty-five heads and about 1930 lines have been measured, the latter 
lying between 45539 and 44955. It is estimated that for the most part the 
measured wave-numbers of the clear lines are accurate to within 0.02 cm~. 

The plates just described were taken especially for this work, and the 
writer wishes to extend his sincere thanks to Dr. A. S. King for this material, 
and for the continued interest which he has shown in the investigation. 


EMPIRICAL ANALYSIS OF BANDS 


Fiebig” concluded that Deslandres’ law, i.e., constant second differences, 
did not hold for his series. This is not surprising, for the present theory 
indicates that rather complex expressions are needed for the accurate repre- 
sentation of the individual series in a band. The main objection, however, 


13 Preliminary results of this work are given by R. T. Birge and A. Christy, Phys. Rev. 
29, 212 (1927); A. Christy and R. T. Birge, Nature 122, 205 (1928). 

4 The nomenclature used in this paper is that of the National Research Council Bulletin 
“Molecular Spectra in Gases” Vol. 11, part 3, 1926. Henceforth, this will be referred to as 
“Report.” 

4% This comparator was purchased with a grant made to R. T. Birge from the Rumford 
Committee of the American Academy of Arts and Sciences. 

1% K. Behner, Zeits. wiss. Phot. 23, 326 (1925). 
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to Fiebig’s analysis is that the extrapolated values of the heads of his series 
do not agree with the observed heads. Moreover, within a given series, the 
second differences change abruptly in value. Hence, in this work, a com- 
pletely new empirical analysis of the bands has been made. An examination 
of the spectrograms show that these bands seemingly have none of the dis- 
tinguishing characteristics which may serve as an opening for an attempt at 
an empirical analysis. The origins of the bands are not at all evident. It is 
not even apparent whether the bands have double or triple heads. Most 
of the separate lines in the neighborhood of each head are themselves blends, 
as can be seen clearly from their structure. Moreover, numerous intense 
atomic titanium lines overlap not only band lines but also certain heads. 

It was found, however, that at a considerable distance from the real 
head of a band, and before the next band of the sequence became per- 
ceptible, there are forty or fifty lines which seem to be fairly well separated. 
Eight or ten of these lines appeared to belong to one series. Accordingly 
their first differences were plotted on a large scale, and if found to vary 
linearly, this group of lines was taken as the working basis for a series, which 
was then extended in both directions. After a considerable number of lines 
had thus been placed in one series, there was obtained a least squares repre- 
sentation of the series in the form of a third degree polynomial.'? The ob- 
served minus calculated values were plotted and were then examined to find 
whether any sharp break occurred which would indicate that there had been 
a jump from one real series to another. If no such break was evident the 
equation was extrapolated in an endeavor to get new observed lines. A new 
equation was then obtained, based upon both the old and the new lines, and 
the process was repeated, working mainly toward the head. The operation 
was continued until the various series composing one band were found to 
be so badly interlaced that it was thought inadvisable to proceed further. 
By such methods six series were separated in each of the three bands already 
mentioned. It was necessary in the case of certain series to pass as many as 
five least squares solutions. Usually third degree equations were sufficient 
to account for all the lines in a series, with an average observed minus cal- 
culated value of 0.05 cm~. In spite of this rigorous analysis, the results were 
not entirely correct, as was discovered when the combination principle was 
finally found. Owing to the close parallelism of all series in a band, and to 
the presence of numerous blends, it was possible to jump from one series to 
another without the least squares solution showing a noticeable break. 

On extrapolation, the heads of the six series fell, within the experimental 
error, on the three apparently real heads of each band, here designated 
a, b, c, two series falling on each. The difference between the real heads 
a and 0 is about 2 cm, that between a and c 10 cm. The extrapolated 
heads of four of the six series were uncertain, due to the proximity of a and 
b, and to the great extent of the extrapolation. 


7 R. T. Birge and J. D. Shea, “A Rapid Method for Calculating the Least Squares Solu- 
tion of a Polynomial of any Degree” Univ. Calif. Pub. Math. 2, 67 (1927). 
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The identification of the several series as R, P, or Q branches presented 
another difficulty. The bands of titanium are strikingly similar to the bands 
of the a group of BO,'* and to Baldet’s'® photographs of the Comet Tail 
bands, both of which have been interpreted as due to a ?S—?*P electronic 
transition. Such bands, according to present theory, should contain at least 
six strong branches, two R, two P and two Q. The relative distribution of 
intensity in the series of the titanium bands did not, however, conform to 
the expected theoretical distribution. As far as could be determined visually, 
there was no appreciable difference in the appearance of the various series 
within a band. Since the relative intensity of an R to a P branch or an R 
to a Q, is a function of the temperature as well as of 7, one would anticipate 
that in a furnace, where the temperature is supposedly different from that 
of the arc, the strength of these two branches would be altered. When two 
such plates were compared, the intensity of the branches was found to be 
apparently the same in both plates. Thus the correct allocation of the series 
as R, P or Q branches was not possible until after the combination principle 
had been established. 


VERIFICATION OF THE COMBINATION PRINCIPLE?° 


a. Vibrational energy levels. In 1926 King*! extended the titanium bands 
from \4353, where Fowler’s spectrograms end, to \4085. In this region the 
heads are not sharply defined, but using a registering microphotometer, he 
determined ten maxima, and gave their wave-lengths. On the basis of 
measurements by Fowler, Fiebig and King, Birge and Christy found 
combinations between the bands of the blue-green region which satisfied the 
expected quantum equation,” 


vo = Vet (wo'n’ — wo’ x’n'2+ Aa’ )— (a9 0” — wo! x! n"2 + in al ) (1) 


where vp is the frequency of the origin of the band; », the frequency of the 
origin of the (0,0) band of the system; w the frequency of vibration of the 
molecule for zero rotation and infinitesimal amplitude of vibration, accord- 
ing to the interpretation of the older quantum theory; m the vibrational 
quantum number; and x=(3/2+15b/2+3c/2+15b?/4)h/4m*Iowo, b and c 
are constants of the assumed law of force of the molecule. Jp is the moment of 
inertia of the molecule for no vibration and infinitesimal rate of rotation. 
Using only data previously published, Eq. (1) was evaluated and published 
as 


19350.0 
* 19340.0 


| + (833.tn'—4. Sn’) — (1003. 5n”—4.50) (2) 


18 F, Jenkins, Proc. Nat. Acad. Sci. 13, 496 (1927). 

19 F, Baldet, Comp. rend. 180, 821 (1925). 

20 Equations used in this and the following sections are taken from the Report. 

#1 A. S. King, Publ. Astron. Soc. Pacific, 38, no. 223, 1 (1926). 

#2 All these equations are based on the older form of the quantum theory. In the new 
mechanics the energy levels necessarily remain the same, but their interpretation is slightly 
different. 
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Since then, 49 heads belonging to 26 bands have been re-measured by 
the writer, from King’s plates, and the following equation has been obtained 
from these new measurements, 


19349. 34 
v=19347.44 > +(833.31n’—4.546n’*) — (1003. 60n’’—4.519n’’?) (3) 
19338 .61 


TABLE I. Blue-green system of the titanium bands. 








O-—C | n’'—n" = air Vyac 
(1.A.) (cm) 


Vvac 
(cm~) (cm™) 





a 4584.06 21808.61 
b 84.43 806 . 87 
Ff +4.50 > = 86.91 795 .05 —2.58 


16231.7 F,f —0.50| 3-0 
16085. 


9 
15949 .7 F,f +0.20 . 4626.11 31610.38 —0.39 
26.40 609 .04 +0.17 
0 


15660. F —0.80 
- 4668.64 21413.54 +0.41 
17360 .67 -46 69.01 411.84 +0.61 

71.11 402.23 —0.17 
17206 .95 .26 


4713.92 21207.84 +0.98 


4756.09 21019.73 +2.12 
18349. 13 56.65 017.36 +1.58 
347 .37 .99 58.76 008 .02 +1.08 
339. 34 


17055.11 62 


.58  22610.03 +0.19 
18186.46 62 23.88 598.26 —0.86 


17859 .4 .80 . 22402 .52 —0.64 


19348. .60 : 22186.93 +1.23 
346. .60 
339. .00 ‘ 21981 .00 +2.09 


18835. -08 | 84 ‘ 21783 .32 +0.52 
18655. -65 | 5-0 23412 .6 .40 


20177. .28 | 6-1 23168.5 —7.20 
176. 45 
168. -11 | 7-2 . 22962 .59 +2.68 


19996. —2.16 | 8-3 : 22745 .40 “+1.37 
995. .96 
984. .70 | 9-4 . 22534. +0.77 


20997 . .38 | 6-0 24177. +3.80 
995. -65 
983. 3.64 | 7-1 23951. +1.40 


20809 . -43 | 8-2 23723. —1.20 
807. .27 
795. .58 | 9-3 4254 23500. +0.60 


20623. .84 | 9-2 4085 .3 24471. —10.00 
611. .14 

Notes: 

20432. .60 | F =Fowler’s measurements (converted to I.A.) 
430. .58 | f=Fiebig’s measurements (converted to I.A.) 
422. K = King's measurements in I.A. 
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This differs from the preceding mainly in assuming a triple, instead of a 
double head for each band. The former equation omitted the middle head. 
Columns 1, 2 and 3 of Table I give the quantum assignations, the wave- 
length and the frequency of the heads of all bands which have been measured 
up to the present time. Those measured by Fowler, Fiebig or King, and 
not by the writer, are followed by the letters F, f or K respectively. The 
measurements given by the first two investigators are in Rowland units and 
have been converted to I.A. Column 4 gives the observed minus calculated 
values obtained from Eq. (3). The average O-C of the bands measured by 
the writer is 1.00 cm~'. The large deviations shown by some bands are due 
primarily to two causes. First, because of the proximity of the heads in a 
band, the measurements could not be made very accurately. Second, the 
above equation refers to the heads of bands, while, theoretically, the origins 
should be used; this alone would introduce certain discrepancies. The wave- 
lengths of the heads, or rather, of the maxima in the photometric curve given 
by King, are expected to be only approximate. An excellent low dispersion 
photograph of practically the entire spectrum of the titanium oxide molecule 
has been published by A. Fowler.’ 

Since the bands of this system thus show the usual relations for a diatomic 
molecule, and since we have already seen that the emitter must be some 
oxide of titanium, it follows that the molecule must be TiO or TiOt. To de- 
cide between these two alternatives, we need the fine structure analysis of 
individual bands. 

The titanium monoxide system of the blue- 
green region consists of eleven sequences, con- 









































5 : pies at taining 39 bands, the intensity of which follows 
ifel stahol | roughly Condon’s® theoretical distribution, 
re 513] | [ale _|| shown in Fig. 1. The intensities given therein 
(373/5| [Shor | 4 are estimated from visual observations made by 
r4{i-[4[3] [7] | | the writer from the plates measured, and from a 
3) i152) __|3| comparison with those given by Fowler. The 
2 os : —T-7 | prime (’) indicates that the estimate is based upon 
5 Pitt | Fowler’s observations alone.* 

rot oa’ T One of the most interesting deductions that 
Re aS 




















can be made from a set of vibrational energy data 
: - concerns the heat of dissociation of the molecule. 
Fig. 1. Intensities of bands . , " 

of the blue-green eyetem of In the present case the coefficients of n” and n’”, 
titanium oxide. Theintensity in Eq. (3), are quite uncertain. Hence the extra- 
of (3,4) band isdoubtfulasit polation of the w,:” curve, by the method of 
is overlapped by a band head Birge and Sponer,” is very doubtful. It cannot 
of the yellow-red system. even be said definitely that this curve is linear 
over the region covered by the data. If, however, 

we assume Eq. (3) the linear extrapolation for the lower level gives 6.88 


23 FE. Condon, Phys. Rev. 28, 1182 (1926). 
** King does not give the intensity of the heads he has measured. 
*% Birge and Sponer, Phys. Rev. 28, 259 (1926). 
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volts as the heat of dissociation. We do not wish to place any emphasis on 
this result. 

There is a marked difference in appearance between the bands of the 
above system and those of the yellow-red region. The former have three 
heads, all apparently of the same intensity, when the overlapping of series 
is considered. Those of the yellow-red region appear to have double heads, 
the outermost head having the greater intensity. The separation of the 
heads is about 19 cm~. As has been remarked before, we have been unable 
to find any quantum relations among these latter bands. 

b. Rotational energy levels. When the combination principle was sought, 
the main obstacle encountered was that it was not possible, at first, to 
identify with any certainty the several series of each band as R, P, or Q 
branches. Moreover, the validity of assignation of the lines into their 
respective series was questionable, especially in the region toward the heads. 
It became necessary, therefore, to form all possible combinations of two 
series from the six of the (0,0) band, and compare the frequency differences 
thus obtained with those gotten from all possible combinations of some two 
series in the (1,0) band. Only such lines were used as were thought to belong 
unquestionably to the particular series assigned. This condition made the 
working portion of the series fairly short. No perturbations were found in 
any of the series as far as could be ascertained from the observed minus 
calculated values of their least squares equations. The spacing, as well as 
the overlapping of lines, is such that even if a perturbation existed its ob- 
servation would be doubtful. 

The lines of the R and P branches are given theoretically by 


RG) = vot F'G+1)—-F'"G) (4) 
P(j) =vot+-F'(j—1) —F’(j). (S) 
From Eggs. (4) and (5), it follows 
Rj) — PG) =F’ G+1) -F’G—1) = 24F’(j) (6) 
Rj —1)—PG+1) =F"(G+1) —F"(G—1) = 24F"’(y). (7) 


Eqs. (6) and (7) may be taken as definitions of 2AF’(j) and 2AF’’(j). Since 
2A F’(j) is a function of the initial state only, two bands having the same 
initial vibrational energy level should have identical values of 2AF’. Two 
bands having the same final level should have identical values of 2AF”. 
The molecular energy due to vibration and rotation of a simple molecule is 
assumed to be 


E/he=(En+Em)/he=E,/hc+B,m?+D,m'+F ,m'+H,m'+ --- (8) 
For a non-vibrating molecule, one may write 


F.,=E,,/hc= Bom?+Dom*+F ym*+Hom®+ -- - (9) 
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Hence it follows that 
2dF /dm =4Byom+ 8Dom'+12F om'+ 16H gm’. (10) 


Because of the necessary relations between the vibrational and rotational 
energy, it is known that” 


Dy = —4By3/w>?.. (11) 


Each of the two pairs of series used in a given attempt to satisfy the com- 
bination principle were assumed to consist of an R and a P branch.?’ The 
following criterion was assumed in connection with the probable values of 
the expected 2AF. Mecke** has plotted the nuclear separation (ro) of all 
known hydrides of various elements against the respective atomic number 
of the element. He found that the *» of the hydrides of the elements lying 
between He and Ne, Ne and A, A and Kr, fell respectively on three widely 
spaced lines, the lines of each group having somewhat different slopes. The 
nuclear separation for titanium hydride, according to this graph, should 
be 1.92X10-* cm. The value of 79 for titanium monoxide was estimated by 
comparing the value of the nuclear separation of the hydrides with that of 
the oxides. It was estimated to lie between 1.90 and 2.50X10-* cm. Since 
By =27.70X10-*°/r2u, where uw is the reduced mass of the molecule, Bo 
could be calculated, and thus finally the expected values of 2AF. 

With these values in mind, the frequency differences obtained from any 
two series of the (0,0) band were compared with those from any two series 
of the (1,0) band. When two sets of values of 2AF were obtained, one from 
each band, which were at least approximately equal, they were plotted on 
a large scale and from each graph By and Dp were evaluated. As has been 
remarked above, the working portions of the series were short, consequently 
many different frequency differences of the (0,0) band seemed to be the 
same as those of the (1,0) band. If, in addition, the Do obtained from the 
plot of any of the above sets agreed in sign and roughly in magnitude with 
the theoretical Do calculated from Eq. (11), then such a set of values was 
deemed a possibly correct 2AF. A number of the above frequency differences 
satisfied this additional condition. The pairs of series from which these sets 
of 2AF were obtained were composed evidently of an R and a P branch and 
were in apparent agreement with Eq. (7). Such a pair of series of the (0,0) 
band were then shifted by two units with respect to each other in order to 
give the relation shown in Eq. (6), and were compared with an arbitrary 
pair of series of the (0,1) band. Here, however, no combination relations 
could be obtained. This failure indicated either that the above frequency 
differences were not the true 24F or that the lines of the (0,1) band had been 
incorrectly assigned to their respective series.*® All attempts, however, to 


26 Report p. 172. 

27 R—Q and Q—P combinations also were tried, but without any success. 

28 R. Mecke, Zeits. f. Physik 42, 390 (1927). 

** It was shown afterward that the original assignment of the lines in the (0, 1) band was 
correct. 
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TABLE II. Frequencies of the lines of the (0, 0) band. 














k—1/2 Ralk) P.(k) Ri(k+1) P(k+1) RAR —1) PAk—1) 
14. 19320 .39” 
15. 19348 .43” 318.01” 19313 .95 
16. 347 .36” 315.56” 311.49 19338.83"  19308.32 
17. 347.11” 312.99”  19344.63” 308 .93 338.83” 305 .89 
18. 346.34” 310.28” 343.78” 306.24 338.01 303.42” 
19. 345.50” 307 .69” 343.00” 303.42” 337.42” 300.63’ 
20. 344.63” 304.78” 342.14” 300 .63”’ 335 .96”" 298 .05 
21. 343.78” 301.90” 341.04” 297 .66” 335 .96"" 295 .68”’ 
ae. 342.58” 298 .89”’ 339.85” 294.65 334.65” 292.45” 
23. 341.49” 295 .68” 338.83” 291.48 333.67 289.24” 
24. 340.13” 292.45” 337.42” 288.29 332.58 286.26 
2. 338.83” 289.24” 335.96” 284.87” 331.38” 283 .05 
26. 337.42” 285.84” 334.65” 281.54” 330.08” 279.85 
27. 335.96” 281.41” 333.02 278.14” 328.87” 276.46 
28. 334.26” 278.88” 331.38” 274.66” 326.99” 273 .06 
29. 332.58” 275.26” 329.59 270.84 325.76” 269.52 
30. 330.78” 271.52” 327.76 267 .00’ 324.00’ 265 .89 
31. 328.87” 267 .62’ 325.76” 263 .20 322.26’ 262.17 
32. 326.99” 263 .69”’ 323.77’ 259.30 320.39” 258.35 
33. 324.79” 259.63” 321.71 255.44” 318.51” 254.46 
34. 322.67’ 255.44” 319.50 251.04’ 316.41” 250.45’ 
35. 320.39” 251.36’ 317.19” 246.95” 314.30” 246.36’ 
36. 318.01” 246.95” 314.80 242.55” 312.26” 242.55” 
37. 315.56” 242.55” 312.26” 238.11” 309.74” 238.11” 
38. 312.99” 238.11” 309.74” 233.60” 307 .40 233 .60” 
39. 310.28” 233.60” 307.12 299 .08”’ 304.78” 229.08” 
40. 307 .69”’ 229 .08”’ 304.32 224.38’ 302.18 224.61’ 
41. 304.78” 224.23’ 301.48 219.66 299 .59 219.96” 
42. 301.90” 219.33 298 .53 214.79” 296.80 215.28” 
43. 298.89” 214.41 295 .68” 209.94” 293 .94 210.43 
44. 295 .68” 209 .38 292.45” 204.87” 290 .96 205 .53 
45. 292.45” 204 .27 289.24” 199.66” 287 .88 200.54 
46. 289.24” 199 .07 285 .84” 194.42” 284.87” 195.44 
47. 285.84” 193.73 282.41” 189 .06”’ 281.54” 190.20 
48. 282.41” 188 .36 278.88” 183.54” 278.14” 185.01 
49. 278.88” 182.88 275.26” 178.25 274.66” 179.64 
50. 275 . 26” 177.39 271.52” 172.68 271.52” 174.26” 
as. 271.52” 171.64 267 .79" 166.98 267 .54’ 168 .65 
52. 267 .60’ 165 .86 263.91’ 161.21 263 .82’ 163 .00 
53. 263.69” 160.00 260.01” 155.32 260.01” 157.26 
54. 259.63” 154.04 256.03” 149.33 256.03” 151.46 
55. 255.44” 148 .03 251.71’ 143.44 252.11’ 145.51 
56. 251.23’ 141.88’ 247 .46” 137.19 248 .03 139.51 
a. 246.95"’ 135.63’ 243.11 130.98 243 .86 133.43’ 
58. 242.55” 129.33 238.66 124.63 239.56 127.20 
39. 238.11” 122.91 234.14 118.20” 235.17 121.00” 
60. 233.60” 116.40 229.48 111.63 230.67 14.51” 
61. 228 .66 109.80 224.76’ 105 .06 226.10 107.95” 
62. 223.85 103.11 219.96” 098 .44 221.46’ 101.47 
63. 218.95 096.46” 215.28” 091.66 216.68 094.81 
64. 213.95 089.52” 209.94” 084.69 211.84 088 .04 
65. 208 . 86 082.53” 204.87” 077.70 206 . 86 081.20 
66. 203 .67 075.42” 199.66” 070.61 201.82 074.27 
67. 198 43 068 . 26” 194.42” 063.51 196.70’ 067.25” 
68. 193 .04 060.95” 189 .06’’ 056. 26’ 191.44 060 .08 
69. 187.59’ 053.67 183.54” 048.79 186.12’ 052.85 
70. 182.02 046.23 177.93 041.44 180.65 045 .55 
71. 176.36 038.72 172.27 033.89 175.15 038.15” 
72. 170.63 031.06 166.50 026.22 169.53 030.55” 
73. 164.76 023.35 160.62 018.51 163.77 022.99 
74. 158.80 015.43” 154.66 010.68 158.00 015.43” 
75. 152.79’ 007.57” 148.60 002.74 152.10 007.57” 
76. 146.66 18999 .65”’ 142.42 18994 .76 146.03 18999 .65”’ 


77. 140.41 991.61” 136.12’ 986.79” 139.94 991.61” 
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TABLE II (Continued) 

k—1/2 Rak) P.(k) Ri(k+1) Pi(k+1) RAR —1) P.(k—1) 
78. 19134.08’ 18983.49” 19129.80 18978.45” 19133.74’ 18983 .49”’ 
79. 127.65’ 975.05 123 .33 970.09” 127.43’ 975.39 
80. 121.00” 966.68 116.78 961.73” 121.00” 967.15 
81. 114.51” 958.27 110.14 953.48” 114.51” 958.83 
82. 107.95” 949 .62 103 .37 944.70 107.95” 950.37 
83. 101.23” 941.00 096.46” 936.06 101.23” 941.79 
84. 094 .03 932.26 089.52” 927.22 094.40 933.15 
85. 087 .04 923.35 082.53” 918.36’ 087 .54 924.40 
86. 079.91 914.46 075.42” 909 .33 080.54 915.55 
87. 072.70 905 .40 068 . 26’ 900 .33 073.50 906 . 64 
88. 065 .37 896.29 060.95” 891.17 066.22 897.61 
89. 057.95 887 .06 053.42 881.92 059.12 888 .47 
90. 050.49 877.73’ 045.85 872.56’ 051.58 879.29” 
91. 042.89 868.31’ 038.15” 863.11 044.10 869.91” 
92. 035 .08 858.80 030.55” 853.74” 036.47 860.56 j 
93. 027.29 849.15 022.65 843 .99”” 028.93” 851.05 
94. 019.46 839 .46 014.81 834.18” 021.04’ 841.36 
95. 011.45 829.68” 006.69 824.38 013.28 831.70 
96. 003 .44 819.72 18998 .49 814.65” 005.22 821.90 
97. 18995 .12 809.73” 804.44” 18997.10 812.00” 
98. 986.79” 799.77” 982.10 794.31” 988 .88 802.00 
99. 978.45” 789.41” 784.08 980.54 791.93 

100. 970.09” 779.16 965.01 773.76 972.17 781.73 
101. 768 .69 965 .50 763 .30’ 963 .68 771.42 
102. 952.78 758.21 947.72 752.85 995.10 761.01 
103. 943 .93 747.61 938.88 742.15 946.40 750.55 
104. 935.00 737 .00 929.91 731.50 937 .66 740.03 
105. 926.01’ 726.17 920.95 720.84 928.71 729.26 
106. 916.84 715.31 911.81 709.77 919.74 718.52 
107. 907 .68 704 .36 902.53’ 698.78 910.65 707 .69 
108. 898.38 693.31 893.21 687.73 901.43 696.70 
109. 888 .96 883.73 892.10 685 .64 
110. 879.29” 874.11 882.83 

111. 869.91” 864.54 

112. 860.10 854.70 

113. 850.34 844.95 

114. 840.50 834.93 Notes. 

115. 824.85 (’) Calculated value; real line is over- 
116. 820.26 814.65” lapped by atomic titanium line. 
$87. 809 .73”’ 804.44” (’’) Blended line. 

118. 799.77” 794.31” 

119. 789.41” 783.60 

120. 778.67 772.98 

121. 768.08 

122. 757.26 751.48 

123. 746.38 

124. 735.49 








reassign the lines of this band in order to get combinations proved futile. 
It was thus found impossible to obtain within the limits of the assumed values 
of 2AF any pair of series in the (0,0) band which simultaneously gave the 
proper combinations with both the (1,0) and (0,1) bands. 

It was thought advisable, then, to drop the above criterion, and to deter- 
mine whether it was at all possible to get any combination between the 
three bands, irrespective of the values of 2AF obtained. Such combinations 
were finally found, after many trials and repeated correction of the series. 
It was now comparatively easy to extend the series almost up to the head. 


After the first two pairs of R and P branches in each band had been identi- 
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TABLE III. Frequencies of the lines of the (0, 1) band. 











k—1/2 R.(k) P,(k) R(k+1) P(k+1) RA(k—1) PA(k—1) 
8. 18332 .60 
9. 330.81” 
10. 328.98” 
11. 327.15” 18319.40 
12. 325.15” 317.51” 
13. 323.14” 315.53 
14. 320.81 313.80” 
15. 18348 .78 318.53 311.26” 
16. 348 . 36” 316.18 309 .00 
17. 348 .36”’ 313.80”  18345.56 18310.02”  18339.50” 306.56” 
18. 347.22” 311.26” 345 .00” 307 .39” 338.75 304.18” 
19. 346.46’ 308 .59 344.22” 304 .65”’ 338.17 301.82” 
20. 345 .85 305 .92 343.41 302.07” 337 .60 299.13” 
21. 345 .00” 303.15 342.54 299.13” 336.88’ 296.44 
. 22. 344.22” 300 . 26 341.53 296.24 336.11 293.71 
23. 343 .09 297 .28 340.50 293 .23 335.31” 290.54” 
24. 342.02 294.28 339.50” 290.19 334.25” 288.02” 
25. 340.79” 291.12” 338.17” 287 .03 333.26 285.16” 
26. 339.50” 288.02” 336.81’ 283.79 331.98” 281.96” 
27. 338.17”" 284.62” 335.31” 280.43 330.81” 278.69” 
28. 336.74’ 281.27 333 .95 277 .08 329.56 275.43” 
oe 335.31” 277.81 332.40” 273.53 328.17” 272.00” 
30. 333.59 274.18 330.81” 269 .99 326.66 268.55’ 
31. 331.98” 270.58 328.98” 266.32 325.15” 265 .02’ 
32. 330.10 266 .87 327.15” 262.57’ 323.55” 261.33” 
33. 328.17” 263 .00 325.15” 258.76 321.67 257.66” 
34. 326.25 259.14 323.14” 254.81 319.85” 253.83” 
35. 324.20 255.10 321.18 250 .83’ 317.92 250.11 
36. 322.11 251.08’ 318.97 246.82” 315.99 246.07 
37. 319.85” 246.82” 316.67 242.56” 313.80” 242.00 
38. 317.51” 242.56” 314.42 238.37’ 311.65 237 .93 
39. 315.10 238.35’ 311.93 233 .92’" 309 .42 235.92"’ 
40. 312.65 233 .92"" 309.42" 229.54’ 307 .08’’ 229.40’ 
41. 310.02” 229.43’ 306.56” 225 .02’ 304.65” 225.01’ 
42. 307 .39”” 224.84’ 304.18” 220.48” 302.07” 220.48” 
43. 304 .65”" 220.13 301.35 215.74’ 299 .50 216.00’ 
44. 301.82” 215.40 298 .48 210.94 296.77 211.32 
45. 298.91 210.44” 295 .56 206.10 294.02 206 .63 
46. 295 .87 205 .59” 292.53 201.17 291.12” 201 .83 
47. 292.78 200.61” 289 .66” 196.11 288 .02” 197.08” 
48. 289 .66”’ 195.54” 286.28” 191 01 285.16” 191.94’ 
49, 286.28” 190.30 282.93” 185 .82 281.96” 186.85 
50. 282 .93”" 185 .00 279.51” 180.53 278.69” 181.74 
51. 279.51” 179.65 276.00” 175.18 275.43” 176.51 
52. 276.00” 174.21 272.46’ 169.70 272.00” 171.17 
53. 272.37” 168 .66 268 .81 164.17’ 268 .58’ 165.74 
54. 268 .67’ 163 .09 265 .07’ 158.71” 265 .00’ 160 :46” 
55. 264 . 86’ 157.37” 261.33” 152.86” 261.33” 156.67” 
56. 260.97 151.76” 257 .33 146.97” 257 .66” 148.90” 
57. 257.01 145.71 253 .33 141.08” 253.83” 143.26 
58. 252.89 139.77 249.25 135.17’ 249 .82 137.41 
59. 248.77 137.71 245 .07 129.11’ 245.77 131.49 
60. 244.51 127.59” 240.76 123 .03 241.63 125.51 
61. 240.16 121.36 236.45 116.73’ 237 .46 119.39 
62. 235.75 115 .03 232 .00 110.43 233.19 113.22 
63. 231.26 108 .67 227.49 104 .07 228.78 106.91 
64. 226.67 102.22” 222.82 097 .56 224.32 100.55” 
65. 221.93 095 .61 218.10 090 .96 219.74 094.16 
66. 217.14 088 .88 213.35 084 .32 215.17 087 .62 
67. 212.31 082.17 208.51 077.51 210.44” 080 .88’’ 
68. 207 .39 075.29 203 .50 070.68 205 .59”’ 074.22 
69. 202.29 068 .39’ 198 .38 063.73 200.61” 067.48 
70. 197.08” 061.38 193.24 056.74 195.54” 
191.95’ 
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TABLE III (Continued) 











k—1/2 Ra(k) P,(k) R(k+1) Po(k+1) R-(k—1) P.(k—1) 
72. 18186 .66 18182 .68 18185 .31 
73. 181.23 177.29” 180.08 
74. 175.72 171.80 174.72 
75. 170.18 166.12 169.27 
76. 164.53 160.46” 163.70 
77. 158.71 -154.67” 158.10 
78. 152.86 148 .90 152.37 
79. 146.97 142.80 146.57 
80. 141.08 136.74 140.70 
81. 134.82 130.59 134.60 
82. 128.60 124.38 127.59 
83. 122.36” 118.04 122.36” 
84. 115.95” 111.62 115.95” 
85. 109.45 105 .09 109.73 
86. 102.85 098.48” 103.29 
87. 096.19 091.80 096.73 
88. 089 .35 085 .05 090.11 
89. 082.69” 078.09” 083 .37 
90. 075.60 071.13 076.51’ 
91. 068 .62’ 069.55 
92. 062.58 
93. 055 .46 








(’) Calculated value; real line is overlapped by atomic tiatnium line. 








(’’) Blended line. 


fied, the wave-lengths of lines composing two theoretical Q branches were 
calculated. No lines could be found, at least in the clear portion of the bands, 
at the calculated positions. The remaining lines were finally shown to form 
an additional R and P branch. It was thus established that each band is 
composed of three R and three P branches, and these will be designated 
Ra, Pa, Ro, Ps, Re, P-. The three heads, a, b, c, are formed respectively by 
the three R branches. From a total of about 1930 lines measured in the 
three bands, 1235 have been assigned to the above branches, many of them 
being allocated to more than one branch. Of the remaining lines, a large 
number are due to other overlapping bands, a smaller number to atomic 
titanium. In addition, there are 34 lines still unassigned. Many of the 
latter are of such low intensity as to make their presence questionable, and 
some are due to impurities as shown by a comparison with the furnace 
spectrograms. 

The values of 24 F thus obtained were plotted as a function of a parameter 
k, so chosen that it is essentially zero when 2AF is zero. In all cases k was 
found to be a half integer. The relation of k to the theoretical 7 is discussed 
in a later part of the paper. The frequency of the various lines of the (0,0), 
(0,1) and (1,0) bands is given in Tables II, III, and IV, Columns 2-7. The 
double prime (’) over the number indicates that this line is blended. The 
(’) indicates that it is overlapped by an atomic titanium line, the frequency 
listed being a calculated value. Column 1 gives the true k for the R, and 
P, branches. The true k for R, and P, is one unit greater, while that of 
R. and P, is one unit less. The reason for such numbering appears later. 
Fig. 2 shows enlargements of the (0,0) band made from one of the second 
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TABLE IV. Frequencies of the lines of the (1, 0) band. 

k—1/2 R.(k) P.(k) R(k+1) P.(k+1) R-(k—1) PA(k—1) 
14. 20176.85” 20148.90" 20174.17" 20144.41 20141 .00” 
15. 176.27” 146.53” 173.64” 141.90 138.90” 
16. 175.62” 144.11” 173.06” 139 .43 136.16’ 
if 175.03” 141.00” 172.20” 136.60’ 20165 .92” 133.02 
18. 174.17” 138.46” i $33.72" 165 .37’ 131.09” 
19. 173.06” 135.53 170.31 131.09” 164.49” 128.14” 
20. 172.20” 132.52 169.24” 128.14” 163.57 125.37” 
2. 171.22” 129.41 167.89” 124.89” 162.58” 122.49” 
22. 169.87” 126.42 166.89’ 121.61” 161.56 119.47” 
23. 168.55 123.08 165 .64’ 118.48 160.53” 116.29” 
24. 167.47” 119.73 164.06” 115.08 159.11” 113.06” 
25. 165.92” 116.29” 162.58” 111.63 157.77 109.72” 
26. 164.06” 112.82 160.82” 108 .08 156.30’ 106.29” 
fs 162.58” 109.11 159.11” 104.43 154.68” 102.82’ 
28. 160.53” 105.41 157.28” 100.69 153.21” 099.17” 
29. 158.67 101.58” 155.34 096.80 151.21” 095 .40”’ 
30. 156.68 097 .63 133.21" 092.91 149.40” 091.65” 
31. 154.68” 093.61’ S58..20°" 088 .85 147 .63” 087 .59”’ 
a. 152.37 089 .50 148 .90” 084 .67 145 .34” 083 . 80’ 
33. 150.06 085.25 146.53” 080.51 143.32” 079 .69 
34. 147.63” 080 .96 144.11” 076.13 141.00” 075.51 
iL. ¥ 145.34” 076.53 141.56 071.68 138.90” 071.16 
36. 142.56 071.98 138.90” 067.11’ 136.25’ 066.84’ 
37. 139.86 067 .38’ 136.23’ 062.54” 133.72” 062.54” 
38. 137.08 062.54” 133.44 057 .84”’ 131.09” 057.84” 
39. 134.17 057.84” 130.47 052.98” 128.14” 052.98” 
40. 131.09” 052.98” 127.47 048 .03”’ i a 048 .27 
41. 128.14” 048 .03” 124.32 042.93” 122.49” 043.45 
42. 124.89” 042 .93”’ 121.11’ 037 .90’ 119.47” 038.47’ 
43. 121.61” 037.61’ 117.87 032.66 116.29” 033 .37 
44. 118.13 032.27” 114.37 027.39 113.06” 028.23 
45. 114.68 026.96” 110.93” 021.97 109.72” 022.94 
46. 110.93” 021.53” 107 .33” 016.46 106.29” 017.55 
47. 107 .33” 015.90 103.55” 010.90 102.66’ 012.25” 
48. 103.55” 010.11 099 . 70” 005.21 099.17” 006.55” 
49. 099.70” 004 .32 095.74” 19999.35 095 .40”’ 000 .73’’ 
50. 095.74" 19998.39 091.65” 993.48 091.65" 19995.13’ 
St. 091.65” 992.43 087 .59”’ 987 .47 087 .59’’ 989 .32 
$2. 087.59” 986.41 083 .44’ 981.34” 083.55’ 983 .37 
53. 083.12 980.20 079.24” 975.22” 079.24” 977.23 
54. 078.73 973.93 074.69 968.85” 075.07 971.12 
$3. 074.22 967 .44 070.18 962.42” 070.68 964 . 84’ 
56. 069 .60 961 .06 065.59 956.02’ 066 . 26’ 958.52” 
> 064.93 954.47 060.84 949.57” 061.78” 951.99” 
58. 060.11 947 .73 056.01 942.75” 057 .08 945 .34” 
59. 055.23 940.96’ 051.13 935 .96’ 052.31 938.83 
60. 050.31 934.10 046.09 929.24” 047.44 932.04 
61. 045.10 927.08” 040 .97 922.06 042.50 925.23 
62. 039 .96 920.03 035.74 915.01’ 037 .43’ 918.22 
63. 034.61 912.83 030.42’ 907.81 032.27” 911.25 
64. 029.19’ 905 .48 024.99 900.55 026.96” 904 .03’ 
65. 023.68 898.17 019.44 893.14’ 021.53” 896.77 
66. 018.05 890 .69 013.87 885.65 016.13 889.45 
67. 012.25” 883.11 008 .08 878.04 010.54 882.01 
68. 006.55”’ 875.42 002.24 870.46” 004 .86 874.45 
69. 000.73” 867 .65 19996 . 33’ 862.61 19999 .11 866.78 
70. 19994 .59 859.82 990 .30’ 854.70 993.19 859.02 
71. 998 .46 851.78’ 984.14 846.77 987.25 851.13’ 
72. 982.32 843.65 977 .88 838.63” 981.34” 843.16 
eB 975 .94 835.50’ 971.55 830.46 975.22” 835.12’ 
74. 969.56” 827.23” 965.11’ 822.03 968 .85”’ 827.23” 
75. 963 .04”’ 818.82’ 958.52” 813.77 962.42” 818.69’ 
76. 956.42 818.40” 951.99” 805 .28 955.79’ 810.40” 
oe 949.57” 801.83” 945 .34” 796.70” 949.22 801.83” 
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TABLE IV (Continued) 


Ra(k) P.(k) Rik+1) Pale) RAk—1) P.(k—1) 











k—1/2 











78. 19942.75”" 19793.19"  19938.29’ 19787.94"  19942.75" 19793.19” 
79. 935.85’ 784.27 931.32 779.11” 935.65’ - 784 .60 
80. 928.75” 775 .38 924.27 770.22 928.75” 775 .82 
81. 921.67” 766.43 917.08 761.20” 921.67” 766.91 
82. 914.40’ 757.28” 909.78 752.14” 914.57’ 758.01 
83. 907.18” 748.19 902.46 742.89” 907.18” 748.92’ 
84. 899 .53 738 .86’ 894 .92’ 733.60’ 899.99 739.74’ 
85. 892 .00’ 729.54” 887 .43 724.23 892.54’ 730.45 
86. 884.21” 719.99 879.63 714.73 884 .89 721.08’ 
87. 876.54 710.36” 871.81 705 .07 877.28 711.58” 
88. 868 .63 700 .64 863.95” 695 .34 869.52 702 .06 
89. 860 .69 690.88” 855 .90 685.51 861.72 692.36 
90. 852.57’ 680 .99 847.81 675.62 853 .63 682.52 
91. 844.35 670.99 839.56 665 .44 845 .59 672.68 
92. 836.07’ 660 . 84 831.22 655 .46 837.46 662.73” 
93. 827.65 650.67 822.69 645 .27 829.14 652.52’ 
94. 819.14’ 640.40” 814.20’ 634.90 820.81 642.35 
95. 810.40” 629.92” 805 .52 624.46 812.27 632.06 
96. 801.83” 619.40” 796.70” 613.92 803.46” 621.64 
97. 793.19” 608 .69” 787.94" 603.27” 794.84 611.19 
98. 784 .00 598 .05 779.11” 592.52 785 .97 600.47 
99. 774.87 587.18 769 .&3 581.63 777.30 589.78” 
100. 765.75 576.27 760.68” 570.79 768 .02 578.94 
101. 756.57 565 .26 559.71” 758.90 567 .93 
102. 747.10 554.10 741.92’ 548.41” 749.64’ 556.93 
103. 737 .83 542.84 732.56 537.22” 740.27’ 545.81 
104. 727 .96 531.49 722.77 525 .82 730.79 534.53 
105. 718.38 520.00 713.04’ 514.32 721.20’ 523.21 
106. 708 .52 508 .46 703 .25 502.71 711.58” 511.71 
107. 698 .72 496.77 693.25 491.05’ 701.75 500.15 
108. 688 .61 485 .05 683.25 479.23 691.78 488 .53 
109. 678.53 473.11 673 .03 467 .30 681.75 476.74’ 
110. 668 .32 461.10 662.73” 671.66 464.83” 
111. 657 .90 448 .99 652.33’ 661.39 452.75 
112. 647 .43 436.86 641.98 651.01 440.76 
113. 636.90 631.22” 640.40” 

114. 626.15 620.53 629.92” 

115. 615 .39 609.72 619.40” 

116. 604 .46 598 .82 608 .69” 

117. 593.50 587.75 597.59 

118. 582.36 576.64” 586.56 

119. 571.09 575.49 

120. 559.71” 564.18 











(’) Calculated value; real line is overlapped by atomic titanium line. 
(’’) Blended line. 


order arc plates furnished by Dr. King. The measurements listed in the 
above tables were made from this plate. The heads of the band, as well as 
the lines of the various branches, are indicated. Every tenth line is numbered, 
the value given being equal to the value of k—} listed in Table JI The 
broken line in Fig. 3 is the plot of the difference between the two sets of 
2AF’ obtained from the (0,0) and (0,1) bands, and the solid line is a similar 
plot of the difference in 2AF’’. The rather large discrepancies shown by 
certain pairs of 2AF are due to the fact that the lines of the R and P branches 
from which they are taken are blended, as indicated in Tables 2 to 4. Aside 
from the above irregular discrepancies, the combination principle is com- 
pletely fulfilled. 
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MOLECULAR CONSTANTS AND THEORETICAL CONCLUSIONS 


Setting m=k—a in Eq. (10) and transferring from differentials into 
finite differences,*° we get 


2AF = (4By+8Do)(k — a) +8Dok* + 12F ok®+ 16H ok? (12) 


We can neglect all powers of a higher than the first, since its value is usually 
found to be very small. From Eq. (12) we have 


2AF /k =(4Bo+8Do)(1—a/k) +8Dok?+12F ok4+ 16H ok. (13) 


Plotting the value of 2AF/k against k, and extrapolating the curve to k == 
we get the value of (4B)+8D,). In doing this it is essential to start from a 
region where a/k is not effective. We can solve for Dy by taking two points 
on the curve and hence get By. This is method two, or the graphical method 
of the Report.*! 
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Fig. 3. Combination principle residuals for 2AF. Solid lines: 24F’’ (0,0) —2AF”’ (1, 0), broken 
lines: 2AF’(0, 0) —2AF’(0, 1), for each of the three components a, }, and c. 
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Substituting By, as found above, into Eq. (11), we can solve for Do and 
compare this value with that found from the graph of 2AF/k. If the two 
values of Dy agree, we can conclude that Eq. (13) and hence Eq. (12) will 
give us the true By and the true moment of inertia of the molecule. If there 
is no such agreement, we may assume that the Bo given by Eq. (12) involves, 
besides the true moment of inertia, other undetermined quantities. It was 
found in our case that of the six sets of 2AF only 2AF{, and 2AF’, gave such 
an agreement. For the 2AF,, the value of Dy as obtained from Eq. (13) was 
11 percent lower, and for the 2AF., 9 percent higher than that evaluated 


30 Report, pp. 174 and 124. 
3t Report, p. 172. 
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from Eq. (11). The moment of inertia published previously was calculated 
from the 2AF,/k curves. 

A more accurate way of obtaining the constants involved in Eq. (12) 
is the analytical, or method three of the Report.** A quantity 2A F* is defined 
as: 


2AF* = 2AF — 8Dok? — 12F ok®— 16H ok? = (4Bo+8Do)(k—a) (14) 


where 24F is the frequency difference as obtained from the actual R and P 
branches. This 2AF*, as shown by Eq. (14), should be a linear function of 
k, unless a happens itself to be a function of k. A tentative value of By can 
be obtained by the graphical method, and from Eq. (11), Do can be cal- 
culated. The value of Fp is 


Fo=Dy?(2 —&w/6.Bo?)/Bo (15) 
where @ is defined by 
a=(Bo—B,)/n (16) 


B, is necessary for the evaluation of &. However, Birge** has found, from a 
study of a large number of molecules, that 


2Box/a=1.4+0.2 


thus giving a means of evaluating & from other known constants. Substitut- 
ing this value of @ in Eq. (15), we can calculate Fo. Its order of magnitude 
is 10-, affecting the value of 2AF* only for very large values of k. Hy may 
be neglected. Performing the operations indicated in Eq. (14), values of 
2A F* were calculated. It was found in every case that the resulting 2A F* 
could be satisfactorily represented as a linear function of k, thus proving 
that a in Eq. (14) is constant. The situation is thus similar to that found by 
Pomeroy® in the case of AlO bands. Bo and a were then evaluated, using 
the method of least squares. The new Bo was inserted into Eq. (11) and a 
new Dy calculated. This value was found to differ from the older one by 
only 0.2 percent. Therefore, if the new value of Do, and hence Fo, were sub- 
stituted in Eq. (14) it would not appreciably alter the values of 2AF*. 

For 2AF;, an equation similar to (12) was assumed to hold. D, was 
evaluated from the expression given by Kemble,* 


D,=Do+Bn (18) 
the value of B in the form given by Pomeroy* being: 
B= (2 — 4H )B,?/Det 9BoF o?/2Do*)12Bot/wo8 (19) 


B, was initially calculated, as before, from the 2AF,/k curve. F; was assumed 
to be the same as Fy. The error involved in this assumption is considerably 


32 A, Christy and R. T. Birge, Nature 122, 205 (1928). 
33 Report, p. 173. 

% R. T. Birge, Phys. Rev. 31, 919 (1927). 

35 W. C. Pomeroy, Phys. Rev. 29, 59 (1927). 

% E, C. Kemble, J. Optical Soc. Am, 12, 1 (1926). 
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below the experimental error. B, differs from By by 0.7 percent and D, 
from Dy by 0.2 percent. F;, therefore, differs from Fo by an amount pre- 
sumably less than 0.2 percent but even if the difference were considerably 
larger, the error involved in 2AF* would be negligible. By the methods de- 
scribed in the above paragraphs, B,, a, and D, were calculated. 

The values of 2AF, from which all constants have been calculated were 
obtained from smoothed R, and P, branches. Generally fifth degree poly- 
nomials were required to represent all the lines of these branches from about 
k=20.5 to 108.5. The average observed minus calculated value is 0.04 cm™. 
Therefore, the uncertainty in the values of 2AF should be 0.04,/2 =0.06 
cm~'!, The equations are: 


(0,0) Rav=19,344.052—96.998 x 10-*k — 459.292 K 10-*k? 
+4.499x 10-®k3—0.481 XK 10-8k4+2.528X10- "Rk? = (20) 
P,v=19,345.628+113.314X 10-*k — 404.574 10~*k? 


+93.675 X 10-%k3+- 77.254 X 10-8k*+ 26.993 X 10-1°k® (21) 
(1,0) R,v=20,172.066—107.414X 10~-*k — 532.950 X 10-*k? 
— 65.141 X 10-&k? — 53.572 K 10-8k*— 12.257 K 107 '°R?® (22) 
P,v=20,174.380+ 108.560 X 10-*k — 455.647 X 10~*k? 
— 56.100 X 10-®k?+ 43.980 X 10-8k*+- 16.287 X 107 '°R? (23) 
(0,1) Rav=18,345.337—79.862 XK 10-*k — 435.242 K 107 4k? 
+3.729X 10-*k? (24) 
P,v=18,342.771+85.916X 10-*k — 469. 246 X 10~*k? 
— 45.565 X 10-k? +4. 600 X 10-8k4+ 25.660 XK 10-'°R?. (25) 


These equations are purely empirical and no theoretical significance should 
be attached to them. They are not expected to hold, and undoubtedly do 
not hold, for values of & less than 20.5. The final values of the constants 
follow: 


By’ = 0.488361 cm! Bo’ =0.533775 cm=! 

Dy’ = —6.7092 10-7 cm=! Dy” = —6.0397 X 10-7 cm~ 

Fo’ =8.612X10-" cm"! Fo’ =2.575X10- cm! 

Ho’ = —1.512X10-"8 cm=! Ho" = —4.624X10-"8 cm7! 

ao’ = +0.0225 ao” = —0.0220 

By’ =0.485088 cm~! B,"” =0.531020 cm! 

D,’ = —6.7126X 10-7 cm=! D," = —6.1636X 10-7 cm= 

a,’= +0.0209 a;"’= +0.0070 

&' = By’ — B’; = + 0.003723 cm! &1" = Bo’ — By” = +0.002755 cm“ 
B’ = —0.0034X 10-7 cm™! B”’ = —0.1239X 10-7 cm™! 


Io’ =(56.72+0.03) X10-* g.cm? Io’ =(51.89+0.03) KX 10-* g.cm? 
ro’ = 1.693 10-8 cm ro’ = 1.619 10-8 cm. 
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It is estimated that the values of B and hence J are correct to 0.06 per- 
cent, and D to 0.30 percent. The values of a, however, are questionable, and 
it is quite possible that the true value of a’ and a” is zero. In fact this 
assumption may be made without altering the resulting values of B and D. 

In the development of the quantum theory it has been assumed that 
the law of force of a molecule may be represented by: 


F=K,(r—ro)+Ko(r—1o)?+K3(r—10)?+ - -- (26) 


where K,, Ke, and K; are known functions of wo, x, By, and @. These functions 
may be found in the Report.*7 The values of K resulting from the use of 
these equations are 


K,’=4.877X10' dyne.cm—! K,’’=7.074X 105 dyne.cm=! 
Ke’ = —1.256X 10" dyne.cm~? K,’’=—1.719X 10" dyne.cm-? 
K;’=1.480X 10? dyne.cm~? K;’’=1.596X 107? dyne.cm-*. 


The values of 2AF obtained from both the initial and final levels make it 
evident that we are dealing with triple electronic levels in both the initial 
and final states. These, in turn, according to the views of Mulliken,** Birge,*® 
Hund,“ and others, indicate that the molecule has an even number of elec- 
trons. If these bands had been found to have double electronic levels, it 
would have indicated TiO* as the probable emitter. Under the circumstances 
the only possible conclusion is that the actual emitter is neutral TiO. 

It should be noted that the nuclear separation of TiO (7” =1.619 X 107° 
cm) is surprisingly small,*' and is in fact much less than the minimum pre- 
dicted value, 1.90 10-*cm. The value of 7) for titanium hydride as obtained 
from Mecke’s graph is 1.92. Thus 7’ for TiO is 11 percent less than that 
of the hydride, a difference much greater than that shown by the few ele- 
ments whose oxides and hydrides have been investigated. We may conclude, 
therefore, that TiO is a firmly bound molecule, and we shall expect it to have 
a comparatively high heat of dissociation. 


MULTIPLICITY OF LINES 


A band which corresponds to an electronic transition from a single to a 
triple electronic level will have three R and three P branches. The- lines 
of these three R or P branches normally occur in such a way as to give 
clearly defined triplets. These are called natural triplets.“ Such triplets 
also normally occur as a result of transitions between two triple electronic 
levels, the second positive group of nitrogen being a well-known example 
of such a band system. In this case, however, certain complications may 


37 Report p. 235. 

38 R. S. Mulliken, Phys. Rev. 26, 561 (1925), and subsequent papers. 

39 R. T. Birge, Nature 117, 300 (1926). 

40 F, Hund, Zeits. f. Physik 36, 657 (1926), and subsequent papers. 

41 Compare HO, 0.979; BO, 1.207; CO, 1.15; NO, 1.15; AlO, 1.618. These values are taken 
from Birge, Int. Crit. Tables, Vol. V, pp. 409-. 

@ Report, Chap. IV, Sect. 5D. 
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enter, due to the complexity of both levels. According to the theory of 
complex diatomic molecules advanced by Hund,*:*: 4 and developed by 
Mulliken,*: 47.48.49 Kemble,®° and others, the total spin vector s may be quan- 
tized either with respect to o;, Hund’s case a, or with respect to jx, case b. 
g, is the component of the electronic orbital momentum K, along the inter- 
nuclear axis about which K precesses, while 7, is the vector sum of the 
rotational momentum of the nuclei m, and of o,. In case a, the quantized 
component of s along o, is designated o,, while in case b, the quantized 
component of s along jx is simply s. Such a type of multiplicity of the 
electronic levels arises from the fact that s can set itself in various ways with 
respect to a; or to jx. In atoms, it will be recalled, the multiple character of 
the level is due to the quantization of a vector s, representing the resulting 
spin of all the electrons with respect to a vector /, representing the resultant 
orbital momentum of the atom. The vector sum of s and /, denoted by j, 
represents the total momentum of the atom (all quantities being in Bohr 
units of momentum, /27). For a doublet level, 7 has two possible values, 
for a triplet, three, etc. The character of alevel, S, P, D, -- +--+, depends 
upon the value of /, being 0 for S, 1 for P, 2 for D, etc. In molecules the 
character of the level depends upon the value of o;, ¢, =0 for S, 1 for P, 2 for 
D, etc. For a triplet level such as *P, we have s=1, and o, or s= +1 or 0. 
The various levels therefore are given by j,+1, jx—1, jx +0, or ox +1, 0-1, 
o.+0. Kemble®® has shown that case a corresponds to a small B/A and 
small m, while case } corresponds to a large B/A or large m, or both where 
B has its usual meaning h/87°J, and A is the magnetic interaction constant 
defined as follows. If the angle between s and o;, is 6, then the magnetic 
energy of s and oa; is given by U(@)=Ahcos@. It is clear therefore that 
for any given molecule, whether we are dealing with case a or case 0 will 
depend upon the moment of inertia of the molecule and also upon its mag- 
netic interaction constant. 

Heretofore the custom has been to plot the natural triplet separation 
of the R and P branches as a function of k. However, since the separation 
between the three R or P branches is a function of both the initial and final 
levels, if both are triplets a more or less complicated graph may result. This 
is the situation in TiO, the bands showing no clear-cut triplets, and when an 
attempt is made to plot this separation a very irregular graph is obtained. 
In fact, Ra, which is the central R branch for moderate and high values of 
k, becomes the violet branch as it nears the origin and thus forms the outer- 
most head. On the other hand, an examination of the 2AF values, samples 
of which are given in Tables V and VI, shows that for both initial and final 


® F, Hund, Zeit. f. Physik 40, 742 (1927). 

“ F, Hund, Zeits. f. Physik 42, 93 (1927). 

“ F,. Hund, Zeits. f. Physik 43, 805 (1927). 
 R. S. Mulliken, Phys. Rev. 29, 637 (1927). 
‘7 R. S. Mulliken, Phys. Rev. 30, 138 (1927). 
48 R. S. Mulliken, Phys. Rev. 30, 785 (1927). 
49 R. S. Mulliken, Phys. Rev. 32, 388 (1928). 
50 EF, C, Kemble, Phys. Rev. 30, 387 (1927). 
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states 2AF,(k+1), 2A4F.(k), and 24F.(k—1) form close regular triplets. 
The Swan bands and those of the second positive group of nitrogen show 


TABLE V. Combination differences of the (0, 0) and (0, 1) bands, for small, medium and large 











values of k. 
(0, 0) (0, 1) (0, 0) (0, 1) (0, 0) A 
k—1/2 2AF,'(k) 2AF,'(k) 2AF,'(k+1) 2AF)(k+1) 2AF,’(k-—1) 2AF.'(k—1) 

17 34.12 34.56 35.70 35.54 32.94 32.94 
18 36.06 35.96 37.54 37.61 34.59 34.57 
19 37.81 37.87 39.58 39.57 36.79 36.35 
20 39.85 39.93 41.51 41.34 37.91 38.47 
21 41.88 41.85 43 .38 43.41 40.28 40.44 
44 86.30 86.42 87.58 87.54 85.43 85.45 
45 88.18 88.47 89.58 89.46 87.34 87.39 
46 90.17 90.28 91.42 91.36 89.42 89.29 
47 92.11 93.17 93.35 93.55 91.34 90.94 
48 94.05 94.12 95.34 95.27 93.13 93.22 
66 128.25 128.28 129.05 129.03 127.55 127.55 
67 130.17 130.14 130.91 131.00 129.44 129.56 
68 132.09 132.10 132.80 132.82 131.36 131.37 
69 133.92 133.90 134.75 134.65 133.27 133.13 
70 135.79 135.70 136.49 136.50 











TABLE VI. Combination difference of the (0, 0) and (1, 0) bands, for small, medium and large 
values of k. 











(0, 0) (1,0) (0, 0) (1,0) (0, 0) (1, 0) 
k—1/2 2A F,"’(k) 2AFo""(k) 2AF,’"(k+1) 2AF,""(k+1) 2AF,""(k-1) 2AF.’"(k—1) 

18 39.42 39.50 41.21 41.11 38.20 37.78 
19 41.56 41.65 43.15 43.08 39.96 40.00 
20 43.60 43.65 45.34 45.42 41.74 42.00 
21 45.74 45.78 47.49 47 .63 43.51 44.10 
22 48.10 48.14 49.56 49.41 46.72 46.29 
45 96.61 96.60 98 .03 97.91 95.52 95.51 
46 98.72 98.78 100.18 100 .03 97.68 97.47 
47 100.88 100.82 102.30 102.12 99.86 99.74 
48 102.96 103.01 104.16 104.20 101.90 101.93 
49 105 .02 105.16 106.20 106.22 103.88 104.04 
73 155.20 155.09 155.82 155.85 154.10 154.11 
74 157.19 157.12 157 .88 157.78 156.20 156.53 
75 159.15 159.16 159.90 159.83 158.35 158.45 
76 161.18 161.21 161.81 161.82 160.49 160.59 
77 163.17 163.23 163.97 164.05 162.54 162.60 
103 215.78 215.71 216.22 216.10 215.07 215.11 
104 217.76 217.83 218.04 218.24 217.14 217.06 
105 219.69 219.50 220.14 220.06 219.14 219.08 
106 221.65 221.61 222.17 221.99 221.02 221.05 


107 223.53 223.47 224.08 224.02 223.04 223.05 














the same regularities. This triplet separation is plotted for both the initial 
and final states of the (0,0) band of TiO, in Figs. 4 and 5. For comparison 
the same type of graph is given for the (0,0) band of the second positive 
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group of nitrogen, using the data of Hulthén and Johansson," and for the 
(0,0) Swan band (due probably to C2), using Johnson’s® data. These plots 
have the advantage of being functions of one state only, and as will be shown 
later certain theoretical relations can be deduced from them. The series of 
points labelled S, plotted near each vertical axis, are obtained from the 
expression S=2AF,(k)— {2AF,(k+1)+2A4F.(k—1)}/2, while the other 
series of points, 7, are obtained from T= {2AF,(k+1)—2AF.(k—1)}/2. 
For convenience these graphs will be referred to as S and 7, respectively. 
As will be observed from the above expressions, S represents the amount 
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Fig. 4. Initial states. Difference between the various components of 2A F’ 


for (A) TiO, (B) No, (C) Co. 


by which the central 2AF deviates from the mean of the two outer 2AF 
with which it forms a natural triplet, while 7 represents half the difference 
of the two outer 2AF. For the (0,0) band of TiO. the writer has attempted 
unsuccessfully to express JT as a function of 1,k or 1/k*. The resulting 
deviations are very large. Finally a least squares solution in the form of 
a polynomial was passed through 7, and the following empirical equations 
were obtained for the initial and final states, respectively, 


T’=2.10—0.0290k+0.000123k? (27) 
T’ =2.46—0.0282k+0.000110k?. (28) 


5! Hulthén and Johansson, Zeits. f. Physik 26, 308 (1924). 
82 R. C. Johnson, Trans. Roy. Soc. London, A226, 157 (1926). 
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In the bands of the three molecules, TiO, Ne, and Ce, 2AF, is the central 
2AF, while 2AF, and 2A4F, are the two outermost ones. 

The problem now is to determine what theoretical significance may be 
attached to the graphs designated S and JT. According to Kemble,®° the 
energy of any level is made up of two parts, a kinetic energy which is pro- 
portional to m?, and a magnetic energy, due to the orientation of s, which 
is proportional to A cos @. Mulliken*** in two recent papers discusses at 
some length the spacing of doublet electronic states for both case a and case 
b. Using F, and F, to represent the two members of each double level, he 
shows that in case b (A small) the energy of two corresponding levels F,(j +1) 
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Fig. 5. Final states. Difference between the various components of 2AF’’ 


for (A) TiO, (B) Ne, (C) C2. 


and F;(j) is the same. (The magnetic energy of two such levels is almost 
zero, and the kinetic energy is the same since both have the same value of 
jx, and hence m. See reference 48.) For low values of j, on the other hand, 
the energy difference of these two levels may be comparatively large. In 
case a (A large) even at high values of j the energy difference between the 
two corresponding levels just mentioned is considerable. The same results 
may be obtained for the corresponding cases of triplet electronic states, the 
three corresponding levels being Fi(j+1), Fe(j), and F;(j—1). The nomen- 
clature here adopted for triplets is analogous to that used by Mulliken** 
for doublets, in that F, refers to the parallel position of s and j; in case b, 
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while F; refers to the anti-parallel position. As one passes from case } to 
case a, the parallel position of s and j; changes to a parallel or anti-parallel 
position of s and ox, according to whether one has, in case a, inverted or 
normal triplets, but such a level will be called F,, whether one has case 3), 
case a, or an intermediate case. The relations found above for the energies 
will obviously apply also to the energy differences 2AF\(j+1), 2AF.(j), and 
2AF;(j—1). The rate of approach of 2AF;(j—1) to 2AFi(j+1) as 7 increases 
and one approaches case 0 will be fairly rapid for small A and, conversely, 
fairly slow for large A. From Figs. 4 and 5, we see that the slope, dk/dT, 
is inversely proportional to the rate of approach of 2AF, to 2AF,. Assuming 
for the moment that the empirically designated 2AF,(k+1) corresponds to 
2AFi(j7+1) and 2AF.(j—1) to 2AF;(j—1),® it follows that dk/dT should be 
large when A is large conversely. 

A comparison of the three plots shows that the value of 7, for the same 
k, is least for Ce, greater for No, and greatest for TiO. As Rk increases from 
zero, T becomes zero in both the former molecules for only moderate values 
of k, while in TiO, even at k=104.5, the separation is still 0.45 cm=, a 
quantity greater than the experimental uncertainty. The slope dk/dT is 
less for Ne and greater for TiO.** The fact that T= { 2A F,(k+1) —2AF, 
(k—1) \/2 =0, need not indicate that case b (defined by F,(k+1) = F.(k—1)) 
has been reached. The data obtained from the spectra give directly differences 
of terms and not the actual terms. It may well happen then that T=0, 
within experimental error, but F,(k+1)#F.(k—1). However, as already 
mentioned, dk/dT increases with A. With this as a criterion, we may con- 
clude that the TiO bands, having a relatively large dk/dT, represent a good 
case a, and the second positive group of Ne, with a small dk/dT, a good 
case 6 at least for large values of k. 

In a recent article, Hill and Van Vleck®® have derived, on the new quan- 
tum mechanics, formulas applicable to case a for triplet electronic levels. 
They also suggested a method by which case } can be derived. They found 
it impossible because of algebraic difficulties, to obtain formulas representing 
the gradual transition from case a to case b. Fortunately, the TiO bands 
represent a good case a, for which formulas have been derived. The equa- 
tions as given by the above writers corresponding to the levels for which 
o,=1, 0, —1, are as follows: 


o=—1, Fi(j)=—Aoxrt+B{j(j+1)—012+20;} 
—2B*{ j(j+1)—ox(ox—1)} /oxA (29) 
o.=0, Fe(j)=B{j(j+1)—0.2+2}+4B2/A (30) 


53 This statement anticipates the proof of the correspondence given in a later part of this 
section. 

Unfortunately the data on the Swan bands for low values of j are poor, hence the slope 
cannot be safely determined. It should also be noted that the scale of T for nitrogen is four 
times as small as for the other two molecules, so that the relations between the two values of 
dk/dT, as just stated, are not so evident from the graph. 

55 Hill and Van Vleck, Phys. Rev. 32, 261 (1928). 
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o.=1, F3(j)=+Aort+Blj(j+1)—012—20%} 
+2B?{ j(j+1)—ox(o.+1)} /orA. (31) 


By the definitions of F:, F2, F:, previously given, the nomenclature of the 
above equations refers to normal case a. For inverted case a, A is negative, 
and F; refers to ¢,= —1, while F, refers to o,=+1. All other symbols are 
the same as those used previously, except that j is the new quantum j, and 
is half a unit less than the old. We have seen that the natural triplets are 
given by F,(j+1), Fe(j), and F3(j—1). 

From the above equations, we get 


2dF \(j +1) /dj =2AF (j +1) =2B(2j+3) —4B%(2j+3)/orA (32) 
2dF 2(j)/dj=24F(j)  =2B(2j+1) (33) 
2dF (j—1)/dj =2AF3(j—1) =2B(2j—1)+4B%(2j—1)/o4A (34) 


and 
{ 2AF,\(j+1)—2AF;(j—1)} /2=7=4B(1—B/o,A)—(8B2/oxA)j (35) 
The slope of the curve is 
dj/dT = —o,A/8B? (36) 


If we are dealing with case a and normal triplets, A is a fairly large positive 
quantity. The term B/c,A is negligible in comparison with unity, and 
8B?/c.A must be very small, especially in our case where B?=0.2385. 
Eq. (35) thus shows that T should be a positive quantity, and the slope 
dj/dT a large negative quantity. 

A comparison of Eq. (35) with our graphs of { 2A F,(k +1) —2AF(k— 1)} 
/2 for TiO shows that {AF,'(i+1)—AF;'(j—1)} corresponds to {AF,’(k+1) 
—AF.'(k—1)} and {AF,(j+1)—AF;"(j—1)} corresponds to {AF,’’(k+1) 
—AF.""(k—1)}. It follows then, that irrespective of the relation of k to j, 


o; =o,'=—1 for AF, 
o, =0,'=+1 for AF, 
co, =c,’= 0 for AF, 


and the triplet levels in TzO repre- 
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somewhat less. A schematic repre- Fig. 6. Schematic representation of the energy 
sentation of the energy levels, levels of TiO, for a *P—*P transition. 
assuming *P—‘*P transitions, and 

of the first lines of the R and P branches, is given in Fig. 6. Each rota- 
tional level, as will be shown later,should be an unresolved doublet. 
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Equations (32), (33) and (34) may be rewritten as 


2AF (j+1) =4B(1—2B/o.A)j+6B—12B?2/o.4 =4B,j+const. (37) 
2AF,(j) =4Bj+2B =4B2j+const. (38) 
2AF;(j—1) =4B(1+2B/0.A)j—2B—4B2/o,A =4B3j+const. (39) 


defining B,, B,, and B;. The value of B as found from Eq. (39), for the 
TiO bands, should be about 1.5 percent greater than the true B (=B,) 
calculated from Eq. (38); that of Eq. (37) should be 1.5 percent less. It is 
found that the calculated value of B from the 2AF, curves is 1.0 percent 
too high, that from the 2A F, curves is 1.2 percent too low. This seems to be 
additional evidence that the interpretation given above is correct.™ 

The only apparently contradictory feature in these results develops 
when we consider the graph of S=2AF,(k) — {2AF,(k+1)+2A4F.(k—1)}/2 
which should correspond to 2AF2(j)— {2AF,(j+1)+24F;(j—1)}/2. This 
quantity as calculated from the formulas of Hill and Van Vleck is 

S =8B?/o,A. (40) 

Substituting the values of B? and Ao,, we get 8X0.2385/70 =0.03 cm=, a 
value well within the experimental error of the work. S’ and S” as shown 
by the graph are not constant. This may be explained by the fact that for 
high values of 7 we do not have a strict case a, to which the theoretical 
formulas apply. Nevertheless, S’ is definitely negative and considerably less 
than S” which in turn is definitely positive, apparently a rather serious dis- 
crepancy. In the derivation of their formulas, however, Hill and Van Vleck 
did not consider any powers of j greater than the second. The omission of 
higher terms of 7 and the fact that we are dealing with a slow transition 
from case a to case 6, may explain the differences between the observed and 
the calculated S. 


CHARACTERISTICS OF THE LEVELS 


On the basis of Hund’s theory, the normal state of TiO may be any 
of the following,*” °S, *P,*D,*F,%G. In order to identify the character of the 
electronic level associated with a band system, it is necessary to determine 
just what lines are missing, in the vicinity of the origin. In the case of the 
TiO bands, as well as in the case of the Swan and N; bands already discussed, 
it is quite impossible to do this, due to the blending of all lines in the vicinity 
of the origin. In the previous section, the value of the product of ¢,A was 
found and not the value of either a, of A singly. However, if we cannot deter- 
mine o,, we can determing Ao,. 

It has been shown definitely that no long Q branches exist. If there are 
any so near the origin as not to be separable, they must be extremely short. 
Mulliken®* has shown that for case a and Ao; =0, the relative intensity of an 
R to a Q branch is proportional to j?. In our case, considering the intensities 
of the R branches, those of the Q should be practically zero. This seems to 


56 It has been remarked previously that D. was found to be greater than, and D, less than, 
D,. However, the theoretical equations are not sufficiently developed to make possible com- 
parisons between the various values of D. 

57 The writer is indebted to Prof. R. S. Mulliken for information on this point. 

58 R. S. Mulliken, Phys. Rev. 29, 391 (1927). 








QUANTUM ANALYSIS OF TiO BANDS 729 


indicate that for the TiO bands Ao,=0. Furthermore, for S states case 
occurs even for low values of 7, regardless of the magnitude of A. Since we 
are dealing obviously with case a, at least when j is small, ¢, must be greater 
than zero, and the possible transitions are *P—*P, *3D—*D, etc. The same 
situation holds in the case of the Swan and N, bands, which are commonly 
designated as *P—‘*P transitions. In a previous publication® the bands of 
TiO were tentatively designated as *P—*P. Until other data are found 
proving that this is incorrect the designation may be retained. Eq. (12) 
which, as has been shown before, holds for both the initial and final 2AF,, 
may be written as 


2AF =4Bok+8Dok+8Dok?+ - - - —4Boa—8Doa. (61) 


We have found that a may be put equal to zero without affecting the results 
obtained, and at any rate, a is a very small quantity, about 0.02. Comparing 
Eq. (41) with Eq. (33) and recalling that k was found to be a half integer, 
we see that k=j+1/2, or j=k—1/2. j is in terms of the new quantum 
mechanics. For TiO, the new j should be an integer, and half a unit less than 
the 7 (or k) of the old quantum mechanics. The above relation, j7=k—1/2, 
is in harmony with these conclusions. 

The previous analysis thus shows that the bands of TiO are made up of 
branches involving transitions *P)»—*Po, *P,—*P,, *P,—*P,. This is in 
complete agreement with Hund’s* prediction that the strong branches should 
be those for which Ao, =0. We would expect, however, six additional branches 
in each band, due to o-type doubling. This doubling occurs whenever 
a, >0, and is caused by the splitting of each rotational level into two. 
Hund,“ Hulthén,*® and Kronig*®® have shown that two such levels have for 
“eigenfunktionen” two V’s, one of which is symmetrical and the other anti- 
symmetrical, and that they alternate in relative position in each pair of 
levels. Both Hund and Kronig have found that for Ac, =0, we may have 
transitions only between a symmetrical (s) and an antisymmetrical (a) level. 
Therefore the lines of each of the R and of the P branches should be close 
doublets, the components of each doublet corresponding to s—a and a—s 
transitions, respectively. The value of R,a(j) — Ras(j) would be the difference 
between the rotational doublets in the initial and final states. If these doub- 
lets are approximately the same the two components will coincide. This may 
explain the apparent lack of doubling in the six strong branches found in the 
TiO bands. 

In conclusion, I desire to express to Prof. R. T. Birge, under whose guid- 
ance this work has been done, my deep appreciation of his ready cooperation 
and many helpful suggestions.j Also, I wish to thank Dr. F. Lowater for 
photographs of the spectrum of TiO, and Dr. King for the plates without 
which this investigation would have been impossible. 

UNIVERSITY OF CALIFORNIA, 


BERKELEY, CALIFORNIA, 
February 14, 1929. 


5° Hulthen, Zeits. Physik 46, 349 (1927). 
6° Kronig, Zeits. f. Physik 46, 814 (1927). 
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THE ASSIGNMENT OF QUANTUM NUMBERS FOR ELECTRONS 
IN MOLECULES. III. DIATOMIC HYDRIDES* 


By Ropert S. MULLIKEN 


ABSTRACT 


The known electronic states of diatomic hydride molecules (MH) are derivable 
from unexcited H plus familiar low-energy states of M atoms (Hund, Hulthén, 
Mecke, Mulliken: cf. Table I). Observed states, and especially observed Ay intervals 
in *II or *II states of such MH molecules (cf. Table III), indicate that the effects of 
the H on the M atom are confined essentially to the following: (1) the couplings, 
when present, between /, vectors of M atom outer electrons to give a resultant / are 
completely broken down by the field of the H nucleus; the M atom orbits are other- 
wise scarcely changed, except for slight shielding or similar effects produced by the 
H electron and nucleus; the usual /, selection rules are, however, abolished; (2) the 
uncoupled vectors /, are separately space-quantized with reference to the electric axis, 
giving component quantum numbers 7;,; (3) the electron of the H atom (z;,=0) is 
promoted and takes its place with the M electrons, sometimes becoming equivalent 
to one of them giving a new closed shell (of two electrons); the H nucleus, however, 
stays on the outside edge of the M electron cloud, so that the hydrides should in 
general be strongly polar, in agreement with Mecke’s conclusions: (4) the original 
couplings of s; vectors are often broken down by the advent of the H electron spin; 
always, the latter alters the original multiplicity by one unit. In Table II and the 
related discussion, data are presented as evidence that molecular stability is pri- 
marily a matter of promotion energy, rather than of valence bonds in the sense of 
Lewis or London. In connection with Table III, a simple explanation is given of 
observed multiplet widths Av in *II and *II states of MH molecules in terms of Av 
values of corresponding M atoms in states resulting from dissociation of MH. 
Usually AymH/Av is a little under 2/3; the factor 2/3 is that expected, according 
to theory, from the space-quantization of /,’s to give 7:,’s. 


INTRODUCTION 


INCE the publication of the first two papers! of this series, Hund has - 

published a paper*® dealing with similar subject matter, and has arrived 
at, for the most part, similar conclusions. In addition to the molecules 
already dealt with by the present writer, Hund has discussed others, in- 
cluding diatomic hydrides and polyatomic molecules. 

In his discussion of diatomic hydride molecules, Hund has shown that the 
observed lowest states and transitions are in excellent agreement with those 


* Paper presented at 1928 Annual meeting of American Physical Society (cf. Phys. Rev. 
33, 285 (1929)). 

1R.S. Mulliken, Phys. Rev. 32, 186-222 (1928): I. 

2 R. S. Mulliken, Phys. Rev. 32, 761-772 (1928): II. Cf. also W. Heitler and G. Herz- 
berg, Zeits. f. Physik 53, 52 (1929). 

3 F, Hund, Zeits. f. Physik 51, 759 (1928). Cf. also, E. Wigner and E. E. Witmer, Zeits. f. 
Physik 51, 859 (1928). Hund gives theoretical justification for several relations (e.g., selection 
rules) which were assumed by the writer. Hund discusses some topics (e.g., hydride molecules) 
which the writer had expected to treat in later papers of this series; these will therefore be some- 
what differently treated than was originally intended. 
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which can be predicted on the simple assumption that the hydride molecule 
(e.g., CH) is equivalent to the corresponding united atom (e.g., N) in a 
strong electric field.‘ 

In the present paper, a systematic survey is made of existing band spec- 
trum data on energy levels of diatomic hydrides, and these data are inter- 
preted in terms of theory. Especial attention is given to the relation between 
multiplet separations in atoms (M) and their hydrides (MH). 


NOTATION 


In his recent paper, Hund has proposed a new notation for molecular 
electron configurations and states;’ Wigner and Witmer have also used a 
similar notation.* The advantages of this notation over that hitherto used 
are so great that it seems best to adopt it at once. Hund uses the symbols 
Ss, p, d,f,--- and S, P, D, F,-- +, to denote /, and / values, respectively, 
as is customary for atoms. He uses symbolsa, 7, 6,¢,---,2, 1,4, ®,---, 
to denote 7;, values and 7; values respectively. (Hund’s 7, 7), 7:,, i., are here 
adopted in place of the writer’s a, ¢; or o%, o1, OF Gx,, 7s, because of Hund’s 
use of the symbol o to denote 7;,=0.) For the complete specification of a 
molecular state, Hund uses formulas such as 1so?2so?2po2pm? *A. The cor- 
responding formula in the writer’s notation’ is (1s*)?(2s*)?(2s?)(2p”)?, *D. 

As an example of the use of the new notation, Table II of I (p. 201) 
would now read in part (for the O atom) as follows: 


O, *Pio0%x? 3% ; abn? 3] 
1D: 0%x? SF 5 o°r? UI ; o'er? tA 
‘Sse‘e* *Z. 


Corresponding changes, e.g. of such symbols as s*p* to o5r*, would be made 
under the heading “Dissociation, Probable Products” in Table III of I. 


FORMATION OF MH MOLEcULEs FROM M+H; QuaNntuM NUMBERS, 
PROMOTION, AND CLOSED SHELLS; ENERGY RELATIONS; VALENCE 


General principles. As Hund has pointed out, the effect of one atom on 
the electrons of another is essentially a Stark effect, plus certain other 
effects,—in particular, promotion of electrons. Since we are now interested 
in MH molecules, let us consider specifically the effects of an H atom on 
an M atom.® These may in thought be divided into, (a) effects of the electric 
field of the H nucleus, modified by that of its electron; (b) the effect of the 
H electron and its spin, taking into account the Pauli exclusion principle. 

In the intensity of effects (a), four stages are conceivable.’ (1) The M 
atom electron orbits, and the various couplings of M atom electrons with 


* This is Hund’s “Case 3):” cf. his Tables 26 and 3 (his Case 3a corresponds to the united- 
atom in a weak electric field). The writer’s Table II in ref. 1 (p. 201 and discussion, foot of p. 
200) embodies the same results. 

5’ F, Hund, Zeits. f. Physik 36, 659-60 (1926). 

* For all the molecules and molecular states treated in the present paper, we may safely 
assume that the H atom before union is in its normal state. 
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one another, might remain unchanged, so that we should have merely a 
space-quantization of j of the M atom with reference to the electric axis, 
giving a new quantum number 7 for the atom as a whole. (2) The coupling 
between / and s of the M atom might be broken down, and / and s be sep- 
arately space-quantized to give quantum numbers 7, and 7,. Different values 
of z,, for fixed /, s, and i,, give a multiplet. For example, suppose 7;=1, 
iz= +1/2. This, in the molecular notation which is obviously appropriate 
for an atom ina strong electric field, is a 7II state (2II,;2, with 7=1/2, and °II3/2, 
with 7=3/2). (3) The coupling, if present, between individual /,’s to give 
1 might be broken down, so that each /, would be individually quantized to 
give an 7;, whose value could be indicated by the molecular notation (¢, 7 
6,---, for 7,=0, 1, 2,---), while 27, =7,; s would give z,, and i =7;+4%,, 
as before. In this stage, the individual /,’s still retain a good meaning, and 
the corresponding “orbits” are essentially the same as in the original M 
atom. (4) The field of the H nucleus might act so strongly as to destroy the 
l, quantization completely, as in the linear Stark effect for the hydrogen 
atom. Quantum numbers 7;,, 7;, 7, and 7 would still exist—The couplings 
of the s,’s of the M atom, giving a resultant s, should not at any stage be 
broken down by the electric field of the H atom; but they are often broken 
down by the incidence of an interaction with the s, of the H electron. 

Although the actuality can hardly correspond exactly to any one of the 
above stages,''* it appears that stage 3 is approximated in practice, for the 
outer electrons. Even where this is not true, the state of any molecule can 
be described in terms of quantum numbers appropriate to stage 3.' (Inner 
electrons probably are in a condition nearer stage 1 or 2, but since they 
are in closed shells, each such shell giving 7;=i,=i=0 for all stages, this 
does not matter.) 

Let us now consider the part which the electron of the H atom plays, 
aside from the effects of its electric field, in the MH molecule. In the free 
H atom before union, this electron is in a 1s orbit® or, if we think of it as 
under the influence of the field of the M atom, in a 1soe orbit. Since in most 
atoms there is a closed shell of two 1s electrons, this H electron must be 
promoted,’ and must go to some @ orbit® belonging to an electron shell 
which is not yet closed in the M atom. We shall in the following assume as 
a promotion rule that the H electron is promoted in every instance to the 
lowest available o orbit. In case one M electron is already present in such 
an orbit, it and the H electron now form a closed shell-of-two, the spin of 
the H electron becoming coupled with that of the M electron to give a zero 
resultant spin. This process often involves the breaking up of a previously 
existing coupling of the s,’s of the outer M electrons.® In any case, the 


7 One might instead conceivably suppose that one of the 1s electrons of the M atom is 
promoted, but such an attempted distinction would in the end be meaningless (cf. also ref. 9). 

8 The promotion process probably usually if not always leaves i, unchanged for both the 
M and the H electrons (7;, conservation rule, cf. 1, p. 200): e.g., a o5¢ carbon atom in all proba- 
bility becomes a o* CH molecule (cf. I, p. 200-1). 

® It seems probable, however, that s, couplings of M electrons which already exist in closed 
shells cannot be broken up by the H electron. Further, it would seem from Heitler and Lon- 
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addition of the H electron spin changes the multiplicity by +1, e.g., a *I 
state of an M atom gives a 'II and a ‘II state of the MH molecule.—There 
appears to be as yet no definite theoretical basis for the above promotion 
rule, but it finds no contradiction in the empirical data.®:"! 

A pplication to CH molecule as an example. The general principles just 
reviewed will be made clearer by application to an example. Let us consider 
what may be expected to happen to the electron distribution of a carbon 
atom, in its 1s?2s?2p?*P normal state, when an H atom approaches. If 
we at first neglect the effects of the hydrogen electron and its spin, we have 
merely the effects of the electric field of the H nucleus. On sufficiently close 
approach of the H atom, the coupling between the /, vectors of the two 2p 
electrons to give the resultant /=1 should be broken down and the /, vectors 
should be separately space-quantized, each giving an 7;,. Two strong-field 
states should result, which may be symbolized as follows (cf. pp. 200-201 
and Table II of I)': 1s0°2so?2po2pm *II and 1s0°2so?2pr? *D. 

We have now to consider the fact that the H nucleus was accompanied 
by a 1s electron, which must be promoted to some a orbit, of which the lowest 
available is the 2po0 orbit. For this orbit, the promotion energy should be 
comparatively small, or even negative, since the binding energy for a 2p 
orbit in a carbon atom is approximately the same as for the 1s orbit in a 
hydrogen atom.” If the H electron does go into a 2poa orbit, we obtain 
from the *2 state of the atom both a? and a ‘> state of the molecule, each 
with the configuration 1s¢?2se?2pa02p7m’. Similarly from the *II state of the 
atom we obtain a 1so°2so*2po*2pzx “II state of CH. Corresponding to the 
small promotion energy for 1sa—2p0, these three states of CH (?2, ‘2, *II) 
should have comparatively large energies of dissociation, i.e., they should 
be relatively stable states. 

In addition to a *II state, the *II state of the atom must yield also a ‘II 
state of CH. Such a state is not possible with the same electron configura- 
tion as the corresponding II state, because of the closed shell 20? in the 





don’s work'® that if two M electrons are coupled so as to give s=0, even if they do not form 
a closed shell, the H electron spin cannot enter into interaction with either of them; such a 
case would constitute an exception to the above promotion rule. For example, in the case of 
a 1s0*2so?2po2pr ‘Il state of a C atom, the H electron could not, according to this principle, be 
promoted to a 2p0 orbit, but would have to go to 3se. But this promotion to 3se would in this 
instance be necessary anyway, since the 1se*2se?2po2px *II state of the C atom lies below the 
JI state and thus uses up the possibility of promotion of the H electron to a 2e orbit to give 
a-+:-+ 2po*2px II state. 

1 W. Heitler and F. London, Zeits. f. Physik 44, 455 (1927); F. London, Zeits. f. Physik 
46, 455 and 50, 24, 437 (1928); W. Heitler, Zeits. f. Physik 46, 47 (1927); 47, 835 and 51, 805, 
(1928). 

1 For homopolar molecules, including He, such a rule is not true,’ but it may still be essen- 
tially true for heteropolar molecules such as MH. 

2 Cf, discussion of binding energies and promotion energies in I, pp. 194-8. 

138 The lowest ionization potential of a *P carbon atom (removal of a 2 electron to give a 
*P ion of C*) is 11.3 volts (cf. I. S. Bowen, Phys. Rev. 29, 240 (1927)), as compared with 
13.54 volts for the 1s hydrogen orbit. For the normal states of the N and O atoms, the lowest 
ionization potentials are respectively 14.49 and 13.56 volts. 
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latter. The hydrogen electron must therefore be promoted to a higher orbit, 
most likely a 3so orbit, giving a state such as 1s0°2so*2po2p73so ‘II. Since 
the binding energy for a 3-quantum orbit in a carbon or nitrogen atom is 
only about 4 volts," as compared with 13.54 volts for a 1s electron in a H 
atom, it is evident that for this ‘II state the promotion energy for the H 
electron is large. Hence we may expect this state of CH to be much less 
stable than the three states above mentioned. 

This example illustrates how one may expect to make deductions in 
regard to the stability of molecular states by a consideration of promotion 
energies.» Large promotion energy means low stability. Although no 
sharp division between stable and unstable molecular states is to be expected 
in general, a rough classification on this basis should often be feasible. 

Not far above the 1s*2s?2p?*P normal state of the carbon atom there 
exist a 'D and a 1S state with the same electron configuration. The 'D 
state should give three strong-field states, and the 'S state one such state, 
as follows: A2po? 'X, A2pa2pa ‘Il, A2pm? !A, and A2pm? !Z, where A 
means 1so*2so?. The most likely configurations for the four resulting 
states of CH are: A2po°3so 22; A2po2pr3se *I1; A2pa2pr? "A; A2pa2pr?*z, 
the last two being presumably stable and the first two unstable. 

Of the five stable low-energy states *II, *Y, ?Z, *A, 22 of the CH molecule 
just shown to be derivable from the three low-energy states *P, 'D, and 'S 
of the carbon atom, three (*II, 2A, 2) can be definitely identified with known 
states as observed in band spectra." 

Other stable states of CH, but on the whole of higher energy, are de- 
rivable (together with additional unstable states) from the various 1s?2s2p* 
states (5S, °D, *P, *S, 1D, 1P) of the carbon atom. Likewise from other ex- 
cited states of the carbon atom, e.g., the 15s?2s?2p3s states (#P and 'P), 
excited states of CH, of both the stable and the unstable type, are derivable. 

Atoms, hydrides, and united-atoms. The same set of five stable states of 
the CH molecule which is derived by considering the addition of an H elec- 
tron to the various s*p? states of the carbon atom can be derived by consider- 
ing the converse process of splitting the nucleus of the corresponding united- 
atom (nitrogen), starting from the s*p* states of the latter (4S, 2D, ?P): cf. 
Fig. 1 of Hund’s paper.* (The various ways of splitting the s*p* N atom 
give, however, one additional state of CH, a *II; state which would go over 
into H plus the sp* *P state of carbon.) Similar relations hold for other 
atoms. In general, the stable low-energy states of any MH molecule are all 
derivable from the low-energy states of the M atom and go over into the low-energy 
states of the corresponding united-atom. 

In Table I tentative quantum number assignments, based on the methods 
discussed above, are given for all the recorded states of diatomic hydrides 
(except hydrogen halides”), together with 79, wo, and energy data, and in each 
case the most likely state of the M atom on dissociation. Perhaps the most 
striking fact brought out by the table is the incompleteness of the data, 


“ Cf. L. A. Turner, Phys. Rev. 32, 728 (1928). 
1% R.S. Mulliken, Phys. Rev. 30, 785 (1927). 
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especially in respect to D* and D values. Some conclusions of interest can, 
however, be reached. These can best be discussed after and in connection 
with a consideration of individual molecules. 

Copper, silver, gold, hydrides. The--- 4s *S normal state of the Cu 
atom would be expected, on union with a normal H atom, to give a stable 
4so? 12 and a less stable or unstable 4sc4po *> molecular state. The fact 
that the observed normal state of CuH is '2 is good evidence that the pro- 
motion of the H electron is to the lowest available o orbit (4sc); if it were 
to any other (xo) orbit, we should expect (4sc)(mxa), *> and 'Y, with the 
83> below the '2. Corresponding statements hold for AgH and AuH. 

Assuming that the lowest '> state of CuH is derived from the normal ?2 
atom, the first excited 1 state may reasonably be correlated with the low 
2D’ state of the atom—which should give rise to one ‘2 state of CuH. The 
empirical D— Dp, (1.75 volts) for the observed excited '2 state agrees within 
reasonable limits of error, as is necessary if this explanation is correct, with 
the energy (1.38 or 1.64 volts for ?D5/2. or ?D3;2)"* of the 27D’ atom. In AuH, 
the first excited '2 state shows characteristics (cf. the 7> and wo values) 
resembling those of the corresponding state of CuH, and it seems probable — 
that this state of AuH should be correlated with the low *D’ state of the Au 
atom. The empirical D— Dy, value, however (—0.18), agrees badly with the 
energies (1.13) and 2.17)"* of the 2D’ levels. This probably means that the 
extrapolated D values (method of Birge and Sponer), used in getting D— Dp, 
are unreliable to this extent, since there seems to be no other more reasonable 
correlation of the atomic and molecular levels.‘7 In AgH, the excited !2 
state has different characteristics than the just-discussed states of CuH and 
AuH (cf. e.g., the ro values); also, the *D’ state of Ag is not yet known, and 
is generally believed to be of high energy; the derived ! state of AgH is then 
probably still undiscovered.. 

Aside from the 2D’ levels of Cu and Au, the first excited state of Cu, Ag, 
and Au is a ?P level, which should give rise to a stable hydride level of each of 
the types '2, "II, *2, *II. The 'II level of CuH, and the highest observed '2 
level of AgH and of AuH, appear to correspond reasonably well, so far as 
data are available, to members of this group. 

Hydrides of bivalent metals. The normal 'S state of the Hg atom should 
give rise to a *Z state of HgH, the first excited group of states of Hg (*Poie 
and 'P) to two *2, two 7II, and a ‘= and a ‘II state. The lowest known, 
doubtless normal, state of HgH is a very unstable *2 state (D* =0.369 volts, 
known with unusual accuracy). About 3 volts above this is a *II state of 
rather high stability (D°~3 volts); above this is a ?2 state of large ro, larger 
even than for the lower ?2. The lower *2 state is almost certainly to be 


1° There appears to be as yet no good theoretical basis for deciding how, in the case of 
doublet or triplet atomic levels, the corresponding molecular levels should be correlated with 
the different sub-levels of the atomic multiple level. 

17 A slightly better agreement in respect to D — Dy results if the lowest '= level is assumed 
derived from the *Dsg, atom, the second != from the normal 2S atom; but this does not seem 
very reasonable, especially in view of the analogy to CuH, 
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correlated with the normal 'S state of Hg.'"® The “II state is probably to be 
correlated with the just-mentioned *P (or perhaps 'P) state of the atom’*-'8; 
the D—Dy values are in reasonable agreement with this. The upper ?2 
state is perhaps derived like the *II state from the *P (or perhaps 'P) atom; 
if from the *P, it must have D’~1 volt. 

In the formation of the normal ?= state of HgH as above, the H electron 
has to be promoted probably to a 6p0 orbit, since the 6s¢ shell is closed in 
Hg 'S. In the formation HgH II, however, there is available a vacancy in 
the 6so shell, because of the previous excitation of one 6s electron to 6 in 
the *P state of Hg, and into this vacancy the H electron can drop. The 
lesser promotion energy of the H electron in the *II state then accounts for 
the greater stability of the molecule in this as compared with the normal 
*> state.—If the higher *> level is derived from Hg *P, we have again pro- 
motion of the H electron to a 6po orbit, with resulting low stability. 

The CdH, ZnH, MgH, and probably the BeH states are analogous to 
those of HgH, but the data are less complete,'™* except for MgH. If, however, 
the ry values may be taken as an indication, there is a steady increase in the 
‘relative stability of the 7 normal state as compared with the II excited 
state as the atomic weight decreases. This indication is confirmed in the 
case of MgH, where D” has practically the same value for the low *?2 and 
the first “II state.'** 

The two lowest states of CaH are analogous to those of MgH and HgH, 
while (as first suggested by Hund) the second *2 state is probably derived 
from the lowest *D level, which is especially low in Ca and its homologues 
as contrasted with the metals just discussed. 

Electron sharing, polarization, and ro values in MH molecules. A com- 
parison of the various bivalent metals, in respect to 7») values of the ?2 normal 
and °II states of their hydrides on the one hand, and in respect to the energy- 
scale of the M atom on the other hand (e.g., size of the interval 1'S—2°P, 
or of the 11S term itself: [=ionization potential]), shows that the larger the 
atomic energy scale, the smaller are the ro values, and also the greater is the 
difference in ro between the = and the “II states. At two extremes in both 
respects are Ca (79 =2.01 for *2, 2.04 for *I1) and Hg (79 =1.76 for *2, 1.59 
for *II). These relations are even more striking if allowance is made for the 
observed tendency, other things being equal, for 7) to increase with increasing 
atomic number (cf. e.g., ZnH and CdH). The observed variation of ro with 
the ionization potential and atomic number closely corresponds to, and is 
presumably determined by, the variation in atomic radius with these two 
factors as given by the quantum theory. A precisely analogous parallelism 
between 7) and atomic radius occurs in the series CuH, AgH, AuH (cf. 
Table I) and in other cases.'® 

#8 Since the minimum (i.e., 7 =70) of the E(r) curve for the *II state lies about 3 volts above 
the maximum (i.e., y= © ,—dissociation) of the E(r) curve of the ?= state, the 2= state must 
unquestionably derive from a considerably lower atomic level than does the “II state. This level 
can hardly be other than the normal 'S level. 

18° Added in proof. But new data of Hulthén (forthcoming letter to Nature) give D® values 
as follows for the 2 normal states of MgH, ZnH, CdH, CaH respectfully: 0.5, 0.8, 0.7, 0.4 volts. 


%” Cf. R. Mecke (Zeits. f. Physik 42, 393-5, 1927) for a further discussion of the paral- 
lelism of ro values and atomic radii. 
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The comparatively high stability'** of the normal *2 state in MgH and 
CaH as compared with its very low stability in HgH probably means that, 
although the H electron has undergone an analogous promotion in all cases, 
it penetrates, in Mg and Ca, the relatively diffuse outer region of the atom 
and thus gains in binding energy enough to make up for the energy of 
promotion, while in the case of the more compact Hg atom it hardly pene- 
trates at all.2° In the case of the *II states, however, the difference between, 
say, MgH and HgH, is much less marked (cf. the D® values in Table I), 
because in both cases the promoted electron penetrates the M atom by 
going into a vacancy in the outer shell of the metal atom. 

From what has preceded it appears that, in the union of an M and an 
H atom, the H nucleus always stops just short of seriously penetrating the 
region occupied by the M atom electrons,—doubtless because if it did pene- 
trate it would be strongly repelled. But its electron, being attracted by the 
M nucleus, may to a considerable extent penetrate the region of the M outer 
electrons, especially if their orbits are large or if the H electron is promoted 
to a type of orbit already present in the M atom. When the H electron does 
so penetrate, as, e.g., in CaH or *II excited HgH, it must more or less leave 
the H nucleus behind, making the molecule strongly polar. (Nevertheless 
the H electron tends to drag the H nucleus after it to some extent, so that 
with increasing penetration of the H electron, 7p tends to decrease.) When the 
H electron does not penetrate, it should remain rather closely attached to 
the H nucleus, and the molecule should be almost lacking in polarity (normal 
HgH). Evidence that most diatomic hydrides are polar (exception, normal 
HgH) has been given by Mecke.”° 

Aluminum hydride. In AlH we have the interesting case of two molecular 
states both in all probability derived from the normal ?P state of the Al 
atom. These molecular states differ in that the 3p electron of the atom be- 
comes a 3pm electron in the upper (‘II) molecular state, but a 3po electron 
in the lower (‘2). The energy difference between these levels (2.9 volts) 
gives a good idea of the considerable intensity of the effect of the H atom 
on the Al atom, and shows the importance of 7,,. It is of interest that these 
two states are observed even at hydrogen pressures of one atmosphere, while 
the upper '2 state is found only at low pressures. A reasonable explanation 
is that the latter state can be formed only from excited Al atoms (cf. Table I), 
which, when the pressure is too high, are deactivated by collisions before 
they have time to form AlH; while the two former states require only un- 
excited atoms. 

CH, NH, and OH. The CH levels, and their correlation with the levels 
of the C and N atoms, have already been discussed. For NH the following 
stable low levels are derivable from the three low s*p* states (4S, *D, *P)of 


* In the paper just cited,“ Mecke concludes from a study of potential energy curves 
based on fo, wo, and similar data, that most of the hydrides (exception, HgH) are of a polar 
character and that the H atom “gives up its electron to the binding.” This supports the 
present idea that the H electron is promoted to an orbit which is fairly well a part of the 
electron system of the M atom except in unstable states like the lower *= of HgH. 
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the N atom; all of these would go over into the s*p* 'D and *P; states of the 
O atom: o*r’ *> from 4S of nitrogen and going over into *P; of oxygen; 
o*r 'A and ' from *D and going into 'D; on* ‘II; from ?P (or 7D) and going 
into *P;; o7* 4II from ?P and going into 'D. Of these, *> and ‘II have been 
observed. 

For OH, only two stable low levels are predicted: oz *II; from *P;, 
going over into *P; of the F atom; and oz‘ ?Z from 'S and going over into 
*P;. (The only other possible éwo-quantum state of OH is 2sa2po*2pr ?Z, 
from sp* *P and going over into sp* 2S.) The two predicted levels are found 
in the familiar ultraviolet OH bands. The prediction that ?= of OH is derived 
from 'S (rather. than 'D) of the O atom is not very well confirmed, since 
D—D» ~ 1.6 volts, whereas the corresponding interval ((S—*P) in the O 
atom is estimated at 4.2 volts (.S—!D=2.21 volts, from the green aurora 
line, but 'D—*P is not yet known experimentally; it has, however, been 
estimated as about 2.0 volts.?®). D— Dy =1.6 agrees well with (the estimated) 
1D—8P =2.0 volts, so that it may be that ?= of OH is after all derived from 
'D of the O atom. This would be possible if there is a violation of the 7;, 
conservation rule.”! 

Selection Rules. A point which is perhaps worth mentioning in connection 
with Table I is the absence of any tendency toward a strict selection rule 
Al,=+1. In fact, a large proportion of the transitions there listed have 
Al, =0; many have Al, = +1; none have Al, >1. 

London's valence theory. According to London’s valence theory,” the 
possibility of the existence of any molecule in stable form depends on the 
possibility of the formation of one or more valence bonds when its atoms 
unite, where a valence bond is said to be formed when two electrons, one 
from each of two atoms, unite to form a closed shell-of-two. In the union 
of an M atom and an H atom, for example, two possibilities exist: either no 
valence bond is formed (N=0), or one such bond is formed (NV =1). Thus 
in Mg (--- 3s?1S)+H(is 2S) —-MgH( - - - 3sa°3po0 22), N=0, while in 
Mg(--- 3s3p *P)+H—-MgH(.--:- 3so°3pm *II), or in Cu(--- 4s 2S) 
+H-—-CuH( - - - 4s0?!2), N=1. According to London’s theory, the valency 
V of an atom is equal to the number of electrons not yet in closed pairs, and 
is equal to (m—1), where m is the multiplicity. Thus in the normal H or Cu 
atom, V=1, while in normal Mg, V=0. Only in excited Mg (triplet states) 
do we have V=2, corresponding to the usual chemical valence. Similar 
relations exist for nearly all atoms; the maximum V is usually obtained only 


*o Cf. J. Kaplan, Phys. Rev. 33, 638 (1929). 

*1 This might occur in the following way. For an s*p* O atom in a strong electric field, we 
have two '> states, namely, 2se?2p0?2px? from 'D and 2se*2px‘ from 'S. If the i:, conservation 
rule holds, the former must give with the H electron a 2se*2p0?2px*3so or similar unstable 
2 state, while only the latter can give the 2se?2po2px‘ state which is presumably the observed 
stable? state found in OH. But it may be that the 7;, conservation rule is broken here so that 
the = derived from 'D takes on the configuration expected for that from 4S (and vice versa). 
Such a breakdown of the i;, ule would be similar to that observed in F; (cf. R. S. Mulliken, 
Phys. Rev. 32, 772 (1928). 

2 F, London, ref. 10, especially Zeits. f. Physik 46, 455 (1928). 
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in (moderately) excited states. London’s theory involves a translation 
into quantum theory terms of Lewis’ theory of bonding electron pairs. 
One might suppose from the theories of Lewis and London that the 
formation of closed pairs of electrons is the essential or primary cause of 
stability in the formation of molecules. But it would appear to be more 
correct to say that the stability of molecular states depends largely on 
promotion energies,” and not at all intrinsically on the value of V. Low 
promotion energy probably means high stability, regardless of closed shells. 


Thus in the case of Oz, the normal state - - - 3pm? *D (cf. Table III of I), 
is evidently a state of lower energy (as one would expect from the multi- 
plicity) than the as yet undiscovered state - - - 3p7* 'A, in spite of the fact 


that in the latter the two 3pm electrons form a closed shell-of-two, while in 
the former they do not. For an O atom, we have V=2, but in normal O, 
only one valency bond is used (V=1). But usually it so happens that the 


TABLE II. Valence and stability in diatomic hydrides. (data from Table I). 



































Mol. 

Atom Atom state state V N ro(A.U.) D* (volts) H orbit 
11S 2> 0 0 (large) (~0) 2pe 

He 2 3P 211 2 1 (Stable) lso 
21S 2> 0 0 1.35 — 2peo 

Be 2 3P 211 2 1 1.34 —- 2se 
318 yO 0 1.74 0.5 3pe 

Mg 3 5P 211 2 1 1.70 2.2 3so 
61S 2> 0 0 1.76 0.37 6pe 

Hg 6 3P 211 2 1 1.59 2.9 6se 
p? 3p 1 «(2 1 1.13 Do 2pe 

i p? 'D 2A 0 0 1.28 Dy-1.66 2pe 
p 4S 3p 3 1 1.08 Do 2pe 

N ~ *P(or?D) Il 1 0 1.08+  Dy-O.11 (or-1.28) 2pe 
pt *P 211 2 1 0.98 5.4 2pe 

O p* 1S (or'D) 2y 0 0 1.02 3.0 2pe 








Note. Cf. Table I for data on CuH, AgH, AuH, AIH, for the recorded states of all of which V =1. 


lowest stage of promotion for any given pair or set of atoms,—and this stage 
corresponds ordinarily to the chemically most important lowest state™ of 
the molecule,—results incidentally in the formation of a molecule containing 
a maximum of closed shells (cf., e.g., CO or Ne in Table III of I). This is 
simply because the orbit of lowest energy to which any promoted atomic 
electron can go is very likely to be the same as that of an electron already 


23 Hund discusses this question in a somewhat different way, reaching similar conclusions 
(ref. 3, p. 789; also, Zeits. f. Elektrochemie 34, 441, 1928). 

* In regard to the excited states of H2 derived from H(1s*S)+H(2s*S), cf. E.A.Hylleras, 
Zeits. f. Physik 51, 150 (1928). Of the resulting states, one *E and one '& are stable, one *= 
and one! unstable. Similar results are found for H (1s*2S)+H(2p?P): cf. E. C. Kemble and 
C. Zener, Phys. Rev. 33, 286 (1929). 
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present, or formed by promotion, in the other atom. In such cases, the num- 
ber of electrons in closed shells can be lessened, or the multiplicity increased, 
only by increased promotion, with resulting decreased stability. 

That molecular stability is not essentially determined by the possibility 
of the formation of new closed electron-pairs is well illustrated by data on 
the diatomic hydrides (cf. Table II). For the two lowest known states of each 
of these molecules (but HeH is not yet known experimentally), we find, 
judging by 7) and D” data, that there is no sharp contrast in stability between 
states with N=0 and those with N=1. For the molecules with two outer 
electrons, the state with NV =1 is, it is true, the more stable, but this is to be 
expected because the H electron is here less strongly promoted for N =1 
than for N=0 (cf. Table I). Where the contrast in stability between NV =1 
and N =0 is greatest (Hg, He), the difference in promotion energy is greatest 
(judging by the energy interval *P—'S in the atom,—cf. Table I); where the 
contrast is least'** (Mg, or Be), the difference in promotion energy is least. 
For the molecules CH, NH, OH, the states with N=1 are again the more 
stable, even though there is here no difference in respect to promotion of 
the H electron; but the difference in stability can be reasonably explained 
by the fact that in each case the state with VN =1 has one more 2a, one less 
2pm, electron than the state with N=0 (cf. Table *™ ce binding energy 
is expected to be considerably greater for npo than tor npzm electrons (cf. 
Hund,’ p. 766-7, also cf. AIH above). 


RELATIONS BETWEEN MULTIPLET SEPARATIONS IN M Atoms 
AND MH MOoLeEcuLes 


General.» Although the data of Table I are entirely in harmony with a 
stage 3 Stark effect, they give no good evidence for this as against at 
least an approach to stage 2 or stage 4. As will now be shown, a study of 
multiplet separations gives evidence that stage 3 is not passed (toward 
stage 4), but that on the other hand, in cases where it differs from stage 2, it 
is actually reached. Stages 2 and 3 are, of course, identical unless more than 
one outer electron with /, >0 is present. 

For atoms, multiplet separations depend on quantities of the form 
a~Ro?Z2Z,7/n21,(l,-+%)(1,-+1), where eZ; is an effective nuclear charge 
applicable to the innermost part of a penetrating electron orbit (ordinarily 
Z; is not much less than Z), Z,=1 for a neutral atom, m, is the effective princi- 
pal quantum number of the orbit in question, and R and a@ are familiar 
constants; a as given by the above expression is in cm™!. For atomic *P, 
3P, and ‘P states resulting from one or more (equivalent) p electrons, Av 
(i.e., 2P3/2—*P1/2, etc.) is proportional to a, with a proportionality constant 
which is a simple fraction (cf. Appendix, Table IV). For the most common 


2° The relation between the Av values for “II and other states of diatomic hydride and 
other molecules and the Av values of corresponding *P and other states of atoms has been 
discussed previously by E. Hulthén, Nature, Oct. 31, 1925; R. S. Mulliken, Proc. Nat. Acad. 
Sci. 12, 151 (1926), and especially by R. Mecke, Zeits. f. Physik 36, 796 (1926); 42, 419-20 
(1927); also R. S. Mulliken, Phys. Rev. 30, 785 (1927) (II and 2A states of CH). 








QUANTUM NUMBERS IN MOLECULES 743 


cases (p*P; sp*P; p’ °P; sp? *P), Av=(3/2)a, or (p' *P, p* *P, etc.), Av= 
—(3/2)a; for p> ?P or 2D etc., Av~0. 

For molecules, assuming a stage 3 Stark effect, the corresponding relations 
are, Avy=a for 7 II and ow *II, Avy=—a for 7° 7II and on 'II; for 2? 2A, 
Av=0. Av here means *II3;2—*IIi2 or *II2—*IIo. These relations apply to 
rotationless molecules; in making use of data from actual molecules, certain 
corrections must be applied (cf. Appendix, p. 747). 

Before using these relations for MH molecules, we should consider how 
the form and value of the function a for the MH molecule are related to the 
corresponding quantities for the M atom. The a expression for the atom 
is based on the assumption of an orbit in a central force field. If, as is true for 
the stage 3 Stark effect, the effect of the H nucleus may be regarded as no 
greater than a perturbation of this orbit, then the form of the atomic a ex- 
pression should still hold in the MH molecule, the effect of the perturbation 
being merely a change in the numercial value of a resulting from changes 
in Z; and n,.**° Accordingly we should consider the effects of an H atom on 
the values of Z; and m, for an outer electron of the M atom. In the cases 
we are interested in, this is an mp electron for which 7;,=1 in the molecule 
(npr). The partial addition of the H electron to the M electron system 
(cf. p. 737) must 4tuce for the electrons of the latter a shielding effect 
which should cause a small or moderate increase in ma, partly offset, how- 
ever,—especially if 79 is small,—by the attractive force of the H nucleus. Since 
Z; depends essentially on the part of the orbit which is close to the M nucleus 
and where the force exerted by the H nucleus is relatively small, it should 
probably be affected by the H atom mainly only indirectly, through n,; 
a small decrease in Z; would be expected to result from an increase in mq. 
Other modifying effects of the H atom on the a expression are probably of 
small importance. 

Thus for a pz electron in an MH molecule, assuming a stage 3 Stark 
effect, we may reasonably expect the quantity a to have a value not far 
different from, but, because of a small increase in m,, somewhat less than, its 
value in the M atom. Under these circumstances we expect, for a 7° or 
x *II state of MH derived from a #*‘ or p* or sp *P state of M, Avyy/Avy 
=(2/3)(amu/am). If m2 is nearly the same for MH as for M, we have ¢yy/am 
~1 and Avyyyy/Avyy~~2/3. It should be noted that, because of the form of 
the a expression, the value of a is very sensitive to changes in mq. 

Discussion of examples. In Table III, Av and a values are given for all 
hydrides for which data are available. For the present leaving NH out of 
the discussion, the table is arranged as follows: for each atom (all *P), Av 
and ay =(2/3)Av are given; for each molecule (*II) derived from the given 
3P atom (cf. Table 1), a is given, assuming a= \Avarn|, where Ayyn has been 
corrected to the case of a rotationless molecule. Avy and Avyu are both 
positive in all cases except OH (and NH, which is, however, exceptional in 


26 In stage 4, /,, and the representation of the orbit as a perturbed central orbit, would lose 
their meaning. 
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other respects,—see below); in OH they are both negative, as expected. The 
ratio @mu/dm is remarkably near unity in all cases, usually somewhat less 
as predicted, indicating that m, has been slightly, but only slightly, increased 
for the outer pz electron or electrons in the formation of MH. For CH, NH, 
and OH, where fp is especially small (1.0-1.1 A.U.) the ratio is largest; for 
CaH, where fp is especially large (2.0 A.U.), the ratio is smallest. This may 
perhaps be explained as suggested above, as depending on a balance between 
a shielding effect of the H electron causing increase in m, and so decrease 
in a, and a compensatory anti-shielding effect of the H nucleus, the latter 
least for large ro (CaH). 


TaBLe III. Multiplet separations for M atoms and MH molecules. 











Atom | Molecule 
M State Av(cm—) ay (cm) | State Oyq (cm) Oy /ty 
Be 2s2p *P 3.02 2.01 2so? 2px 21 very small 
Mg 3s3p 3P 60.6 40.4 3so? 3pm "I 35 0.86 
Zn 4s4p *P 578.9 385.9 4so0° 4pm 211 341.1 0.885 
Cd SsSp *P 1713 1142 Sso? Spx "II 1013 0.887 
3696 (m =0) 0.866 
Hg 6s6p 8P 6398 4265 6so? 6px *II 3741 (n=1) 0.876 
Ca 4s4p 8P 158.1 105.5 4so2 4px *I 79.6 0.755 
Cc 2s? 2p238P 42.3 28.2 2se? 2po* 2px *I1 28.4 1.01 
2s2pe4P; 62 46.5 
2p; —30 30 
N 2s? 2p? 35 4P 80.5 60.3 2so? 2po 2px I; ~61 ~!1 
4s 118 88 
6s 117 88 
3s2P 83.1 83.1 
4s 83 83 
5s 76 76 
oO 2s? 2p*3P; —224 149 2se2 2po® 2px? 2; 137.9 0.93 














Notes: Sources of Av data for atoms: Mg, Zn, Cd, Hg, Ca, cf. A. Fowler, Report on Series in Line Spectra; Be, cf. 
W. Grotrian, Graphische Darstellung der Spektren, J, p. 182 (J. Springer, 1928); C, Fowler and Selwyn, P. R.S. 118 A, 34; 
N, K. T. Compton and J. C. Boyce, Phys. Rev. 33, 145 (1929); O, cf. I. S. Bowen and R. A. Millikan, Phys. Rev. 26, 
318 (1925). For a/Ay» ratios used in calculation of a values from Av values, cf. Table IV in the Appendix. The a values 
fe = ‘> all cases, cf. Table IV) for MgH, ZnH, CdH, HgH, and OH have been calculated from data of Hulthén and others 
cf. . Mulliken, Phys. Rev. 32, 388 (1928) and references there cited) by the use of Eqs. (17) and (18). For CH, the 
value of a (=A) was obtained by noting that the observed term form corresponds to \ = +2.00 in Eq. (14) of the Appendix 
(cf. note 7 of Table I of Mulliken, Phys. Rev. 32, 388). In regard to BeH, cf. W. W. Watson, Phys. Rev. 32, 600 (1928) 
and M. Petersen, Phys. Rev. 31, 1130A (1928). In the case of NH, the value given is an colepeiation (R. Mecke, Zeits. 
f. Physik, 42, 420, 1927) which is probably somewhat less than the true value of a. 


The interesting case of NH requires special discussion. Here an 
so*po pr’ *II molecule with |Av| ~602" is derived from an s*p* *D (or ?P) atom 
with Ay=—5 (or —1).%% The great increase in |Av| here, which is quite 
unlike the uniform 2/3 ratio Avwu/Av™ for the cases previously considered, 
is exactly what one expects theoretically if the coupling of three equivalent 
p electrons to give a *D or *P atom is completely broken down (stage 3 Stark 
effect) to give three equivalent pz electrons. For according to theory, 
Av/a~0 for the 2D or ?P atom, while for pz? *II, we expect Av/a = —1. That 
|Av| ~60 for NH is in agreement with a for an s*p° N atom, as expected if 
there is complete uncoupling of /,’s in NH, cannot be shown directly, because 

27 Presumably Av~—60, but the available experimental data give only the magnitude 


of Av. 
*% Cf. K. T. Compton and J. C. Boyce, Phys. Rev. 33, 145 (1929). 
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Av/a~0 for all states derived from the s*p* configuration. But a study of 
data for various nearly related configurations (sp* and s*p*ns) gives a values 
in the neighborhood of 60 (cf. Table III), indicating that this is about the 
right value of a for the p electrons in s*p* in an N atom. Hence we have good 
evidence that stage 3 is reached in NH, since it is clear that if the /,’s had 
to any important degree remained coupled as in the N atom, corresponding 
to stage 2, Avy in NH would have been nearer zero. 

In the CH and OH molecules, the observed Avyyy/Av_~2/3 is probably 
no evidence for stage 3 rather than stage 2, since in these cases the uncoupling 
of the /,’s has no effect on Av, beyond the factor 2/3. Nevertheless we may 
reasonably assume, in analogy with NH, that the uncoupling is complete. 
For the other molecules in Table I, there is no distinction between stages 
2 and 3. 

In the above we have no strict proof that stage 4 is not reached, since 
we do not know that a would be changed much in the passage from stage 3 
to stage 4. It seems unlikely, however, that stage 4 could explain the ob- 
served @mu/dm™ ratios. 

2A state of CH. In the *A state of CH (cf. Table I) the observed very 
narrow inverted Av" is exactly what one would expect, as the writer pointed 
out in an earlier paper, if the coupling of the two 2p electrons in s*p? 1D 
of carbon is undisturbed in the formation of CH (stage 2). But it is equally 
compatible with the present formulation 2se?2p7? 2A, in which the original 
coupling has been broken down (stage 3).2° The observed Av should result 
mainly from the small energy of interaction of the spin of the 2p0 electron 
with the /,’s of the 2p electrons (cf. ref. 15). 


APPENDIX I. MULTIPLET WIDTHS IN P AND II STATES 


Atomic multiplets. For a *P atom containing, aside from closed shells, only a single p 
electron (J=1) in a penetrating orbit, the energy of magnetic interaction between the / and s 
vectors is given theoretically by the Landé formula:” 


v= (1/2)a[j(j+1) —U+1) —s(s+1)] (1) 
where (in cm=) 
anRa*Z*Z4*/ngl(l+-1/2)(1+1). (2) 
The doublet separation Av(?P3;.—*Pi/2), according to Eq. (1), is 
Av=3/2a. . & 


For any atomic multiplet, if the usual coupling relations exist, the magnetic energy of 
(i, s) interaction™ is given by 


r=(1/2)A [j(f+1) -10+1)—s(s+1)]. (4) 
For *P, *P, *P states, the total multiplet widths are then as follows: 
*P, Av=(3/2)A; *P, Av=3A; *P, Av=4A (5) 


Goudsmit® has recently discussed the determination of A values for various cases of atoms 
with more than one outer electron. The results which are of interest for our purposes are given 





*® The distinction here between stages 2 and 3 is not meaningless in the new quantum 
mechanics. 

*® A. Landé, Zeits. f. Physik 25, 46 (1925). 

31 Only the interaction of each /, with its own s, is here considered. Other coupling energies 
here neglected, such as that of the /, of one electron and the s, of another, are comparatively 
small, although not always negligible. 
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below in table IV,* the A values for various electron configurations being expressed in terms 
of the a value for the p electron or electrons which are present. By the use of Eq. (5), Av values 
are then obtainable for each case in terms of a values. 


TABLE IV. A and Ap values for P and I states. 











State A Ap State A Ap State A Ap 

. (nuclei 

fixed) 

pb *P a (3/2)a pt *P —(1/2)a —(3/2)a| mw 21 aa 
sp *P (1/2)a (3/2)a sp'?P —(2/3)a —a| or ‘Il (1/2) a a 
p *P (1/2)a (3/2)a sp’*P —-(1/3)a —(4/3)a| w 2 —- aa 
sp? *P (2/3)a a Pp *P —a —(3/2)a| on II —(1/2)a a 
sp? *P (1/3)a (4/3)a 














Notes: (1) For any atomic multiplet level, the magnetic energy is given by Eq. (4), for 
any molecular multiplet level (for fixed nuclei), by Eq. (13). (2) The symbols p*, p*, and p® 
stand for two, four, and five equivalent electrons, respectively. (3) The results for the atomic 
states are, with some exceptions,” strictly applicable only if the Russell-Saunders coupling 
{ (di, de, +++) (Si, Se, +*+)}={2, 5} holds. (4) The results for *II and *II states are strictly 
applicable only (a), for fixed (non-rotating) nuclei, (6), if there is no coupling of the /,’s; the 
spins s are ordinarily assumed to give a resultant s, as in the Russell-Saunders coupling 
for atoms, but the results would be unaffected if each s, gave a separate %,,. 


Molecular multiplets. For *Il and “II states in which each /, is independently space- 
quantized with reference to the molecular axis (stage 3 Stark effect), the and Av relations, for 
a molecule with nuclei held fixed, can readily be obtained in analogy to the theory of the 
Paschen-Back effect for atoms. Let us think first of a single p electron in an atom, in a strong 
magnetic field. Here / and s are separately quantized, giving magnetic quantum numbers m; 
and m,, and the relation y=amm, holds for the interaction energy of / and s (cf. Goudsmit, 
1. c.,® p. 952). Now the electrical quantum numbers i; and 7; in a molecule (strong electric 
field) are precisely analogous to m; and m, of a strong magnetic field.** Hence for this case: 


wx Ml: P=Aiji,=y=<aiji,. (6) 

Putting i;=1, 7,= +1/2 in Eq. (6) and subtracting, one gets 
w "II: Av=a. (7) 
For the case of a *II state resulting from the presence of a o and a = electron, we make 

use of the general relation (cf. Goudsmit, |. c., Eq. (2)) 

T' =Ly,=azl_s,C08 (ly, Sz) (8) 
For a a electron, a, =0, or cos (/,,s,) =0, or both. Hence I =als; cos (J, s:), where a and / refer 
to the x electron. The spins s; and s2, of the x and o electrons respectively, are here coupled 


to give a resultant s=1. Under these circumstances, evaluation of cos (J, s,), if due account is 
taken of the meaning of /, s, and s; in the new mechanics, gives 


r=all cos (ix,2) |[s cos(s},5) cos (m;,s)]=aizi./2. 


That is, if a refers to the x electron, we have 


om I: P= Aipi,=(1/2)aizis. (9) 
Putting 7;=1, 7,=+1 and —1 in Eq. (9) and subtracting, one gets 
om "II: Av=a. (10) 


Fora x* II state (cf. I, p.221), we note first that two of the three x electrons must have their 
ti,'s parallel (i.e., say i, =i,= +1). These two electrons must then have their spins anti- 
parallel, forming a closed shell-of-two (cf. I, p. 192-4), with a net (/,s,) interaction energy 





#2 S. Goudsmit, Phys. Rev. 31, 946-59 (1928); S. Goudsmit and C. J. Humphreys, Phys. 
Rev. 31, 960 (1928). The A and A, relations for P states (Table IV below) are not all given 
explicitly in these papers, but can be readily obtained from results there given. For the simpler 
cases, the relations have been known for some time. 
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(vy, +7, in Eq. 8) of zero. We need therefore consider only the (/,s,) energy for the third electron. 
By Eq. 6, this is y, =ai1,i.,=<at1,t.. Now (cf. I, Fig. 1), on account of the fact that 7;, is opposite 
to i, and i;,, which are both parallel to i:(i:=)_ii,), we have i1,= —i:. Hence, 
eI; T=Aii,= —aizi,; v= —a (11) 
Making use of the result of the preceding paragraph, and proceeding as for the case of 
ox ‘II, it is readily shown that we have 


on 3]: T=Aiyi,=—(1/2)ait,; Av=—a (12) 
In general, for any molecular multiplet,** for fixed nuclei, 
r=A ijts. (13) 


Reduction of molecular Av data to the case of fixed nuclei. In order to obtain, from experi- 
mental data, correct a values for multiplet states of real molecules, allowance must be made 
for the effect of molecular rotation, since Eqs. (6)—(13) apply only for the case of fixed nuclei. 
Hill and Van Vleck* have given formulas for doublet and triplet states in which the sum of the 
(l,s;) magnetic energy and the rotational energy is expressed as a function of the rotational 
quantum number j. For doublet states, the exact energy formula is as follows: 


E/he=B((j+1/2)?—i2 + 1/2{4(j+1/2)2+A(A—4)i?} /2]4 «+. (14) 


Here \=A/B, where B=h/8x°cI, and A is the A of Eqs. (6), (11), (13), and Table IV; the 
upper (+) sign in Eq. (14) refers to F; levels, the lower (—) to F; levels.®. 

For large values of |A|, corresponding to an approach to Hund’s case a, expansion of 
Eq. (14) gives *4 for normal doubtlets (A >0), 


E/he= + (1/2)Air+B[j(j+1) — (at 1/2)2+ (1/2) + {(J+1/2)?—i2}B/Air+ +++. (15) 
For inverted doublets (A <0), it gives 
E/he= +(1/2)|A | +B [j(j+1)— (ht 1/2)2+1/24 {(i4+1/2)?-i2}B/|Alit +++. (16) 


In each case the upper sign refers to the F; levels, the lower to the F; levels; the F; levels 
correspond to 2II3;/2 levels if A >0, to *IT,/2 levels if A <0.5-* 

Expressions corresponding to Eqs. (15) and (16) are also given by Hill and Van Vleck for 
triplet levels (I. c., p. 261). 

If | is sufficiently large (say, perhaps, | >6), Eq. (15) or (16) furnishes a convenient 
basis for the evaluation of A from experimental data. Considering first the case A >0, i; =1, sup- 
pose we make the subtraction F,(3/2) —F,(1/2), and express the result in terms of A and B. 
In this way we find the relation: 


A>0: A={F:(3/2)—F,(1/2)} —B—3B?/A. (17) 
A<0: | A] ={F,(1/2)—F,(3/2)}+B—3B?/| A]. (18) 


With the help of Eqs. (17) and (18), A can usually readily be determined, since the interval 
F,(3/2) — F,(1/2) or F,(1/2) — Fi(3/2) can be obtained directly and accurately as a difference 
of the wave-numbers of two spectrum lines (cf. the figures in ref. 36), while the value of B 
is also known with sufficient accuracy from the analysis of the band. 

RYERSON PHysicaAL LABORATORY, 

UNIVERSITY OF CHICAGO, 
February 27, 1929. 


% Cf. F. Hund, Zeits. f. Physik 36, 657, 662 (1926); Hund, Linienspektren, p. 76-8, 
J. Springer, Berlin, 1927. 

4 E. L. Hill and J. H. Van Vleck, Phys. Rev. 32, 261-2 (1928). 

% For the definition of F, and F; levels in general, cf. ref. 15 and especially ref. 36. For 
j=3/2, 5/2,+-+, there is an F, and an F; level for each j value, but for j7=1/2 there is only 
a single level. This is here classified as F,(1/2) for \<2, and as F, (1/2) for \>2 (cf. Fig. 1 of 
ref. 36, discussion). With this definition, the relations of + and — signs to F, and F; in Eqs. 
(14), (15), (16) are correct as stated in the text. Hill and Van Vleck use a notation which 
corresponds to calling F (1/2) always F;(1/2), but if this is done, the use of signs in the equa- 
tions has to be reversed for F; (1/2) as compared with other F; levels. 

%* R.S. Mulliken, Phys. Rev. 32, 388 (1928). 


Similarly 
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PERTURBATIONS IN MOLECULES AND THE 
THEORY OF PREDISSOCIATION AND 
DIFFUSE SPECTRA! 


By Oscar KNEFLER RICE? 


ABSTRACT 


It has been recognized for some time that, when the discrete vibration rotation 
absorption bands connected with transitions to a certain final electronic state of a 
molecule overlap the continuous region for the transitions to another final electronic 
state, some of the discrete bands may be diffuse, i.e., the rotation lines may be broad 
and blur into each other. The broadness of the lines has previously been assumed to 
be connected with the short life period of a molecule in a discrete state, when there 
is the possibility of its making a radiationless transition to a state of dissociation. 
In this paper a calculation is made of the width directly. One starts with a wave equa- 
tion which represents approximately the state of a molecule, and which has continuous 
and discontinuous groups of eigenfunctions. Then the extra terms in the exact wave 
equation may be treated in the usual manner as a perturbation, and the perturbed 
eigenfunctions may be expressed as a linear function of the unperturbed ones. The 
energy range over which the properties of a given discrete state may influence the 
properties of the perturbed eigenfunctions is determined in terms of the perturbation 
matrix components, and from this is found the width of the line and the total ab- 
sorption over its width. 


T HAS been recognized for some time that, when a molecule is raised by 

absorption of light to an excited state from which subsequent decom- 
position may occur, the resultant vibration bands may be diffuse, i.e., the 
rotation lines may be broad and blur into each other.* Several recent writers 4 
have described the situation more specifically as follows. The molecule is 
originally in some initial state, with definite electronic, rotational, and 
vibrational quantum numbers. Through the absorption of radiation it 
jumps to a higher electronic state, changing at the same time its vibrational 
and rotational quantum numbers (the rotational in accordance with a 
selection principle). The upper electronic state has a certain dissociation 
limit; for smaller energies than the energy of dissociation there is a discrete 
set of vibration-rotation levels, for larger energies a continuous set. In the 
cases where predissociation occurs there are two higher electronic states 
to which the molecule might jump, and some of the discrete vibration- 
rotation levels of one of these electronic states have their energies in the 
continuous range for the other electronic state. The broadness of the lines 
has been connected with the short life period of a molecule in a discrete 
state, when there is the possibility of its making a radiationless transition 


1 Presented at the Pasadena meeting of the American Physical Society, Dec. 10, 1928. 
2 National Research Fellow. 
* Henri and Teves, Nature 114, 894 (1924). 
+ # Bonhoeffer and Farkas, Zeits. Phys. Chem. 134, 337 (1928); Kronig, Zeits. f. Physik 
50, 360 (1928). 
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to a state of dissociation. For example, Kronig* assumes that the bands will 
be diffuse if the life period of the molecule in its discrete state is shorter 
than its period of rotation. This assumption was originally made by Henri 
and Teves,* and a similar assumption was made by Wentzel® to explain the 
broadening of spectral lines. The work of Wentzel,5 Fues,® and Kronig* 
supplies a means of calculating the life period on the basis of wave mechanics. 
It is the purpose of this paper to make a calculation of the width of the line 
directly in terms of the perturbation matrices without employing the as- 
sumption connecting width and life period. The total absorption over the 
line is also calculated. For the sake of simplicity we will consider only dia- 
tomic molecules. 

To describe the molecule let us take as a first approximation a wave 
equation whose eigenvalues are such that they may be associated with the 
three electronic states (the initial state and the two final ones), and whose 
eigenfunctions in the region where the overlapping of discrete and continuous 
states occurs are of two distinct types, corresponding respectively to the 
discrete and continuous states. We write this approximate wave equation 
as follows: 


(H—E)y=0 (1) 


where H is the usual Hamiltonian operator, E the energy, and y the wave 
function, the eigenfunctions (with the time left out) being designated, say, 
as y, and the corresponding eigenvalues as E,. Though the eigenfunctions, 
as stated, are of two distinct types, continuous and discrete, it will be found 
convenient to treat them all as if they belonged to discrete states (though 
still using the terms continuous and discrete to distinguish the two types). 
This may be done if we have the system enclosed in a box. The normalization 
will then be such that fy,°dr=1 (where dr is a volume element, and the 
integration is to be taken over all allowable values of the coordinates) 
whether y, belongs to a discrete or a continuous state. 

If now we set up an equation to represent conditions exactly it may be 
considered as a perturbed form of Eq. (1), and, as the exact equation is 
linear in y, it may be written in the form’ 


(H—E+V)y=0 - (2) 


where V is a perturbation function (or operator). Then this equation will 
have a series of eigenvalues E,’ with corresponding eigenfunctions y,’. 
We shall see later that these eigenvalues form a continuous set (the distance 
between eigenvalues being determined by the size of the box) and the eigen- 
functions, unlike the unperturbed eigenfunctions, are essentially of but 
one type, but their properties vary continuously with £,’; and it is this 


5 Wentzel, Zeits. f. Physik 43, 524 (1927). 

* Fues, Zeits. f. Physik 43, 726 (1927). 

7 Sometimes it cannot be put in this form, but the perturbation theory remains essentially 
unaltered. See, e.g., Kronig, Reference 4, p. 353; Slater, Proc. Nat. Acad. Sci., 13, 423 (1927). 
These cases are included in our formulation if V operates specifically on each yx in Eq. (4). 
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variation we wish to consider as it will show us how the perturbation pro- 
duces the broadening of the lines. 

The matrix component of the electric polarization P determining the 
probability of transition from one of the initial states,* Wo, to one of the final 
states is fWoPy,’dr. Since Wo refers to a discrete state, in which there is no 
tendency for dissociation to occur, it will have appreciable values only if 
the distance between the nuclei r lies approximately within the limits of 
the classical range of vibration. Thus we are interested in the values of 
y,’ only for r of the order of molecular dimensions, since if r is large the 
integrand will be negligible anyhow. So we may now be more specific, and 
say that we wish to find out how y,’ (for such values of r) varies when E,,’ 
varies in the neighborhood of a discrete state, for this will tell us over what 
range of energies a particular discrete state is of importance in determining 
the properties of the perturbed eigenfunctions. 


APPLICATION OF PERTURBATION THEORY 


The y, form a complete orthogonal set, and it will be possible to expand 
the y,,’ in terms of them, as a linear expression with constant coefficients, 
thus: 


Vn’ =LTeSinWe (3) 


This sum is to be taken over both discrete and continuous unperturbed 
states. Substituting Eq. (3) into Eq. (2) gives 


(A — En’ )Z 0S envi VES inbe = 0 (4) 
Now let us set 
Voc =Ziavini (5) 
vs is the matrix component (without the exponential time factor) of V, 
and is given by 


v= J vrvuar (6) 


Eq. (4) becomes, with the use of Eq. (5), and remembering that Hy, = Eni, 
LS kn( Ex — En’ We tZ oS indidixWi =0 (7) 


Interchanging the dummy subscripts7 and k& and rearranging the last term, 
we get 


LSkn( Ex — En’ WetZiWirsS inde =O. (8) 
The coefficients of all Y, must be zero. Thus 
Sin(Ex— En’) +25S ini =0. (9) 


8 Since there is no other electronic state for the initial state to interact with, it makes no 
essential difference whether we take a perturbed or unperturbed eigenfunction for the initial 
state. 
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There is an infinite number of these equations, each with an infinite number 
of terins, for every value of £,’. Complete solution of the problem demands 
a simultaneous solution of these homogeneous equations for the S;,, and a 
discovery of the values of E,’ which allow such a solution with the Si, 
different from zero. We can, however, greatly reduce the complexity of 
the problem by means of two simplifying assumptions, and some approxi- 
mations, which we now proceed to make and explain. 


ASSUMPTIONS AND APPROXIMATIONS 


To avoid circumlocution we shall begin by defining an isorotational set 
of quantum states as all those states which have the same nuclear-rotational 
quantum numbers. We shall designate quantities referring to states of 
specific isorotational sets by sub-subscripts; thus, %,, means that & refers 
to some state in the m isorotational set, and i refers to some state in the p 
isorotational set. 

Our first simplifying assumption may then be stated thus: 


Vk 


;,=0, unless m=p. (10) 


m'*p 


Looking at the matter from the point of view of Wentzel® and Kronig* we 
may express this by saying that we get no radiationless transitions in which 
the nuclear-rotational quantum numbers change. All the consequences of 
this assumption hold if the rotational quantum numbers change, but by a 
definite amount. Thus extended it is an assumption which is very probably 
true in all cases.® 

We shall now consider the consequences of this assumption. Under it, 
the equations (9) break up into sets, which we may call isorotational sets 
of equations, thus: 


Sieyn( Ex, — En’) AZ iS ignDe,i,; =O (91) 
Sign(Ex,— En’) +2 igS ignVigig =O (92) (9’) 


(9:), (9), etc., each still represent an infinite number of equations. The 
values of E,’ which make possible a solution’ of (9;) (we designate these 
values as E,,,’, and call them an isorotational set of perturbed eigenvalues) 
will not in general" make possible a solution of (92) with values of the S;,, 


® It is true, for example, in the case of the perturbations considered by Kronig (Reference 
4, p. 361). It is also true if the coordinates giving the orientation of the line joining the nuclei 
are separable, and V does not depend on them. If it did not hold the selection principle govern- 
ing the possible changes in the rotational quantum number on absorption of light would be 
destroyed. This would probably be the most important change, though the question might be 
investigated further; this, however, in the opinion of the writer, would not be a very fruitful 
thing to investigate. 

10 These values are perfectly definite, and are later found. 

1! Actually the case we are considering is degenerate, and the rotation lines are multiple, 
but we could imagine the degeneracy removed by a very small external field. The procedure 
we follow will give us the broadening of a selected component of a rotation line, which is proba- 
bly the same as that of any other of the components, since the perturbation matrices involving 
the various components of a given rotation level are probably all the same. 
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different from zero (etc.). Hence, corresponding to the various sets, E,’,, 
E,,', etc., we get the following sets of equations for y,,’,Wn,’, etc., respectively 


Vn, = Ze Sen We, (31) 
Vng =Vi gS kan ke (32) (3’) 


The Wn,’, Wn,’, etc., will not be related to each other, and each isorotational 
set will produce a distinct spectrum. In general the’ values of £,,’ will not 
coincide but will interlace with the values of £,,’, and hence the various 
spectra will be superimposed upon each other. The eigenfunction of any 
one of the discrete vibration rotation states will of course appear on the 
right hand side of only one of the isorotational sets (3’), i.e., the set cor- 
responding to the appropriate rotational quantum numbers. Hence any 
apparent broadening of a line for which such a level is the final state in the 
transition will depend solely on the properties of one of the isorotational sets 
of y,,’. Hence we investigate the properties of one™ such set, say the Wn,’. 
The resultant of all the superimposed spectra will appear diffuse if a line is 
as wide as the distance between two rotation lines of the same vibration 
band. 

This allows us to make another approximation which further simplifies 
matters. Since there is but one state per vibration band in any isorotational 
set of discrete states, the discrete states in the sum on the right hand side 
of (3;) are a distance apart of the order of the heads of the vibration bands. 
Since this is ordinarily large compared to the distance between rotation lines 
it appears that we may neglect all the discrete states in that sum except one 
if we are interested in the broadening of some one line (as we will not be 
interested in the actual width of the line if it is so broad that the band is 
diffuse). The one discrete state which is of importance we distinguish by 
the subscript d,. 

We can also make an approximation regarding the continuous states 
which appear in the sum on the right hand side of (3,). These states all have, 
of course, the same electronic as well as the same nuclear-rotational quantum 
numbers. Furthermore, (as will appear later—Eq. (21)) the S;,,, will only 
be appreciable, in the expression for any y,,’, if their E;, come in an extremely 
small energy range. Since the continuous ¥x, which contribute appreciably 
to any Wn,’ differ thus only in the vibrational quantum number and very 
slightly in that, it is safe to consider them all equal, say to y¥,, as long as 
r is small.” The y¥., thus obtained will depend upon the particular y,,’ we 
are considering, but even here the change will be slight over an energy range 
equal to the energy between two rotation lines, and for our purposes we 
may neglect it. 

We may thus write (3) (for small values of r) in the form 


ny’ =SaynWay Wed kySkyny (11) 


12 As we let r increase a difference in phase will develop between the eigenfunctions be- 
longing to neighboring energy levels, and this may be expected to be the chief difference be- 
tween these eigenfunctions. 
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where now the discrete term is separated out and not included in the sum, 
as indicated by the accent on the summation sign, and y¥,, is taken outside 
the summation sign. The purposes of this paper can be accomplished if 
we can find the values of Sa,,, and 2’, Sk,n, for different values of EZ,,’ in 
the neighborhood of the discrete state. This concludes the discussion of 
our first assumption with the accompanying approximations and simplifi- 
cations. 

Our second simplifying assumption is that the integrand of Eq. (6) is 
appreciable only for small values of r (molecular dimensions). Then re- 
membering that for such values of r all continuous yx, are equal to the definite 
function ¥,,, we see that if s; and ¢, refer to two continuous states, we have 


Vsyt) = Veys, = Veyey 

Vdys; = Vdyey (12) 
9) = Q 

Usid, ~ Yejydy> 


If V is not an operator but only a multiplier we also have v,¢,=V4,e,; but if 
V is an operator this is not necessarily true, at least, a priori. 

Later another simplifying assumption is made which concerns the size 
of vc, (see Appendix I). 


OTHER PROPERTIES OF THE PERTURBATION MATRIX—NORMALIZATION 
CONSIDERATIONS 


We will also need other properties of the v’s which depend upon the 
normalization of the unperturbed eigenfunctions. The unperturbed Eq. (1) 
will be taken of such a form that we may set ¥,=0,R, where ©, depends 
only on the electronic and nuclear-rotational coordinates, (except that r 
enters as a parameter) while the only variable which enters R; is the dis- 
tance of the nuclei, r (though R, depends also on the quantum numbers 
involved in ©,); also, if F,.=rR, we may write" 


d*F, |= 
dr? h? 





(E.— v)-~ Jra=o. (13) 


Here M is the reduced mass, h Planck’s constant, E; the unperturbed eigen- 
value, as before, U a function of r (the potential energy), and o a constant 
depending on the quantum numbers involved in ©;. We shall suppose that 
@, is so normalized that [O,2dr’=1 where dr’ includes all the coordinates 
except r. Then the final normalization depends on the equation /;'Ri2r’dr = 
1, or f F,2dr=1, where 7; is the largest possible value of r. We may vary 


3 In the case of v2,», OF Us,¢, (Or ¥a,¢,) this depends only on the properties of ¥4,, but in the 
case of %,., OF U,+, it depends on V. If the statement is true of »,,+, but not of »,., (as would 
occur if V were constant for large values of 7, on account of the orthogonal properties of the 
continuous eigenfunctions) the theory can be worked through without change (see end Ap- 
pendix I). A case of this type seems to arise from the perturbations considered by Kronig 
and Slater.” This will be further investigated. 

14 See, e.g., Born and Oppenheimer, Ann. d. Physik 84, 457 (1927); Kronig, Reference 4, 
p. 347. 
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r,; as a very idealized way of finding the effect of changing the size of the 
box in which the system is contained. ©, and the discrete F; will of course 
not be affected by the box. 

o involves directly quantum numbers and their squares,'® and for moder- 
ate values of these quantum numbers the term a@/r’ will be small compared 
to the first term in the square brackets in Eq. (13) even for r of the order of 
molecular dimensions, if E,—U is of the order of 0.1 volt electron. The 
term involving o may therefore be neglected under these conditions. Also 
for values of r ranging from 7; to only slightly greater than a molecular 
diameter, U may be taken as equal to a constant U;. Eq. (13) will then 
become 


a°F ,./dr?+(82?M/h?)(E,—U,)F,.=0. (14) 


If Ey, is greater than U: (as for a continuous state) the solution is 
asin {(22/h)[2(Ei— U1)M}'"*r+o} where a and ¢ are constants. Since r, 
will be very much larger than the order of molecular dimensions, and can in 
fact be made as large as we please by increasing the size of the box, we may 
take this solution as holding over all except a negligible portion of the range 
of r. The normalization then makes a =2!/*7,-!/?, similarly to the case of a 
freely moving particle in a box. So if; corresponds to one of the continuous 
states it may be said to vary as r,~'/*._ If y belongs to a discrete state it is 
of course independent of r;. 

We may at this point also consider the difference in energy between 
adjacent continuous states of the same isorotational set. We will have 
essentially the same energy levels as if U were constant for all values of r, 
and the energy difference, ¢, between two adjacent energy levels is the same 
as for a component of the translational motion of a freely moving particle 
in a box. 


e=(h/r1)[(Ex—U1)/2M}"”. (15) 
The dependence of various quantities in which we are interested on 1, 


as given above, or deduced with the aid of Eq. (6), may be summarized as 
follows: 


_ 9 _ 
Vo, 11 avs Veyey 11 . 
-_ 9 i 
va, *r1° Vayey € Ved, Ky /? (16) 
exr,! Va,d, *11° 


DEVELOPMENT OF THE EQUATIONS 


Remembering Eqs. (12), we can write Eq. (9:) for the case k; =d; in the 
form 


Sayn,( Ea, — En,’ +04,4,) $0 a,e,2’ iyS in, =O (17) 
(The accent on the summation sign has the same meaning as before—Eq. 


(11)). Taking the coefficients of the two definite continuous states s; and 4, 
we may also write from Eq. (9;) 


6 See, e.g., Fues, Ann. d. Physik 80, 371 (1926); Kronig, Reference 4, p. 349. 
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Ssyn,( Es, — Enz’) +0eapS ayn; HVeye,2 éyS in, =O (18) 
Styny( Et, — Eny’) +2 yayS aynyAVeye12 ipS ign, = 0 (19) 

Subtracting Eq. (19) from Eq. (18) we get 
Ssnj(Es,— En’) =Styn,(Et,— En’) = K (20) 


where K is a quantity which will be determined later by the normalization of 
¥'n,. Thus 


Di Sin, = 2's, K/(Ei,— Enf . (21) 


The difference between successive values of £;, in this sum is ¢«. This may 
be taken as a constant for the range for energies we will find it necessary to 
consider (i.e., approximately the energy between two adjacent rotation 
lines). Now let us take the smallest positive value of E;,—£,,’ in the sum as 
a. Then the smallest negative value is —(€—a@). a@ can of course vary be- 
tween 0 and e. Now let us set a=€/2+ 8, where 6 can vary between —€/2 
and €/2. Thus if 8 is zero the perturbed energy is halfway between two 
unperturbed energies. Eq. (21) becomes 


K K K K 
——+ iin = hie ae 
e/2+8 3¢/2+8 e/2—B8 3¢«/2-—£8 


Combining the positive and negative terms pair by pair"® the series can be 
written 


wv - <= 
~ iin = 








(22) 





1 1 
D's Siam = 23K( + +-- ) (23) 
B?—(€/2)? B?—(3e/2)? 


The series in parentheses is equal!? to (x/2¢8)|2cot(27B/e) —cot(mB/e) | 
which we shall designate as A. Then we may write from Eq. (17). 


Sam E+2BKAvae,=0 (24) 


where E=Ey,—E,,'+va,a, And from Eqs. (18) and (20), assuming that 
Ue,e, is small compared to € (an assumption which will be justified later—see 
Appendix I—and which will make all terms containing », ., negligible unless 
8 is very close to —€/2 or €/2) we get 


Saynyteyas + K =( (25) 
From Eqs. (24) and (25) we get 
E=28A Vdyc,Veydy (26) 


16 It is necessary to combine the terms to make the series converge. If, however, we take 
into account the variation of ¢ with £;, and the fact that E;,—E,,’ has a lower limit, the series 
in Eq. (22) converges without combining terms. It converges very slowly, and this might 
leave some doubt as to whether we are justified in writing such sums as 2’;,¥i,Si.n, as 
ve, D's, Sin, It seems all right, however, when one remembers that yi, is an oscillating function, 
not only of r when E;, is fixed, but also of E;, when r is fixed, which, of course, considerably 
increases the rapidity of convergence of the sum. The same reasoning applies to 2'¢,04,¢,5¢,n, 
which equals 2’, (Ya, V¥i,dr Sin, = fdrba, VE'i Wi, Sin, 

17 Knopp, “Unendliche Reihen,” p. 197 (Springer, 1922). 
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and San, = — K/teya,- (27) 


We will now see if we can find from Eq. (26) what series of values E,,’ 
may take. Now if J, represents the nearest continuous state with energy 
greater than E,,’ we may write 


E=Eg,— Ex, +¢/2+8+04,4,. (28) 


If we substitute this in Eq. (26) we see that Eq. (26) may be regarded as an 
equation in 8 (and hence in £,,’). We must, however, find the roots that 
satisfy the condition —«/2<8<e/2. But we see that as we let 8 go from 
—¢/2 to €/2 there is a monotonic change in the right hand side of Eq. (26), 
which passes from +2 to —® or from —® to +, according as vq,-, and 
Vea, are Or are not of the same sign. As we let 8 go from —e/2 to €/2 there 
is also a monotonic change in the right hand side of Eq. (28), which changes 
by e. Thus £ from Eq. (26) and E from Eq. (28) will coincide at least at 
one point which lies within a range of €. If va,, and v.,4, are of the same sign 
it is at once evident that there can be but one.such point. But even if they 
are not of the same sign, since the value of E from Eq. (26) is entirely in- 
dependent of 7; (with 8 a given fraction of €/2), while the range, through 
which the right hand side of Eq. (28) varies, is €, and hence is inversely 
proportional to 7, it is seen that we can make this range so small as to include 
only one point of coincidence of the two calculated values of E. This means 
that there will be only one allowable value of 8 and hence only one perturbed 
state whose nearest unperturbed continuous state on the greater energy side 
is the particular state F;,. Likewise there will be but one perturbed state 
whose nearest unperturbed continuous state on the lower energy side is any 
particular such state. So between each two adjoining states of the un- 
perturbed continuous series there is one perturbed state.'* These perturbed 
states approach the unperturbed states as E grows large, and in such a way 
that the number of perturbed states is equal to the total number of un- 
perturbed states (including both the continuous states and the discrete state) 
if vg,-, and va, have the same sign. If va,., and v.,4, have opposite signs the 
total number of perturbed states is two less. It may be objected that the 
above considerations are not valid, because by our approximations we have 
deliberately excluded the regions where £ is close to —€/2 or €/2, and that 
roots of the equation may lie in these regions, where the term in »,,-, may 
be of importance; but the arguments, which to prevent interruption of the 
continuity of the article are presented in Appendix II, show this not to be 
the case. It is also true that strictly the above conclusions do not apply when 
the magnitude of £ is very large, for then 8 is necessarily close to either €/2 
or —¢/2. But that the qualitative character of the conclusions should be 
altered in these regions seems very unlikely. 


18 As we pass to the limit, letting 7; become infinite, it is seen that E becomes continuous 
and 8/e becomes a continuous monotonic function of E (“since the value of E from Eq. (26) is 
entirely independent of 7; with 8 a given fraction «/2”) given by Eq. (26), 8/e increasing in 
absolute value from 0 to 4 as E increases in absolute value from 0 to #. This fact is implied 
in the deduction of Eq. (34). 
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Let us return now to the final evaluation of Sz,,, from Eq. (27). The 
value of K will be determined by the normalization equation Sbn,'*dr =1. 
Now 


Vay! =SaynWa, +>’ iS in Wig (29) 


and 
J vavtdr=San2$2/oSiint 1 (30) 


since fa2dr = fpizdr=1 and /PiWm,dt =flayidr=0 where m, is a con- 
tinuous state different from 7,. Now from Eqs. (20), (27), and (30) and the 
definition of 8 we get 

1 


(2+)? (24h?) 





K?/2.,a°+K* ( 





1 1 
ss + +-- a1. (31) 

(«/2—B)? (3e/2—8)? 
But v.,4, does not decrease as fast as € when we increase the size of the box, 
by (16). Hence, for 8 any given fraction of €/2, we can imagine the size of 


the box to be so great that the first term in Eq. (31) is negligible. Then we 
find 








1 1 1 1 —1/2 
ara ame +/2—A)* (e/2—B)** ) (32) 


We are enabled to evaluate Sz,,, and >°;,’Si,.,, but it is not necessary to 
write them out. But it may be noted that the ratio of Sa,.,Wa, to Wey do’ é, Sign 
(small values of 7) varies as 1/E (see Eq. (17)) and, as is to be expected, does 
not depend on 7;. Also W,,' varies as 7;~"””, as is to be expected, for any given 
E. These facts may be readily verified with the aid of (16). 


THE WIDTH OF THE LINE 


In the case to which we wish particularly to apply the above consider- 
ations the spectrum appears to consist of a series of discrete but more or less 
diffuse vibration rotation lines, possibly in some of the vibration bands 
completely blurred into each other, superimposed upon a continuous spec- 
trum. The fact that the discontinuous spectrum shows up over the con- 
tinuous indicates that the former is chiefly responsible for the absorption 
i.e., for the purpose of determining the absorption we may write 


Vn, =San Way (33) 


San, will have a maximum when 8 is zero, hence by Eq. (26) when |E£| is 
zero.® It will have decreased to 2—”? times its maximum value when |6| 
is equal to €/4 by Eqs. (27) and (32). Thus when |B] is €/4 the matrix com- 
ponent of the polarization will have 2—'/? its maximum value and the ab- 
sorption 1/2 its maximum value. So the half-absorption width, w, of the 
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line will be the magnitude of E, obtained by substituting €/4 for 8 in Eq. (26), 
multiplied by 2, and is given by 


w= | 2mv4,¢:Ve,a,/€ | (34) 
Using Eq. (15) this becomes | 


w= | 2m(r1/h)vaye\e,a,[2M/(Ea,— U1) }*? | (35) 


We write in £,, since the energy is approximately that. This is assuming 
that the normalization is so affected that F., =(2/r1)"?sin { (20/h) [2(Ea, — 
U:) M}!"*r+¢} as we have done throughout. It is rather more usual, how- 
ever, to set 


F.,=(2/h)*!2(2M/(Ea,— U1) }"/4 sin { (24/h)[2(Ea,— U1) M]!*r +9} 


If this is done Eq. (35) would be written 
oo | 2rvVaye,'Veydy | (36) 


where ¥q,-,’ and %,a,/ are what would be obtained by using the latter ex- 
pression for F.,. Kronig* did not actually calculate the width, but what he 
has done is approximately equivalent to taking it equal to 47°*v,,4,"", which 
is the same as (36) except for the factor 27, as | %,,¢|=|2,ac, | (See below). 


THE TOTAL ABSORPTION 


The absorption due to one of the energy states E,,’ is proportional to the 
square of the matrix component of the electrical polarization (see following 
Eq. (2)). By Eq. (33) the square of this matrix component is (San, /WoPa,d7)? 
The total absorption over the width of the broad line is thus seen to be pro- 
portional to }n(SainJWoPWadr)? = Poa? dnySajn;2- The sum is unity if the 
perturbed and unperturbed eigenfunctions both form complete orthogonal 
sets, so the total absorption is unchanged by interaction with the continuum. 
We may now convert the sum to an integral, writing 


dE 


i] 
Do San:? = f Sayny” ——" 


— € 


since dE/e is the number of states in the energy range dE. We find the in- 
tegral by Eqs. (27), (32), and (26) to be | v4,-,/ve,a, |. So this ratio is unity. 

In this paper no attempt will be made to apply the theory to any special 
cases. Professor G. E. Gibson and I"® hope shortly to apply it to the diffuse 
spectrum of iodine monochloride, which has been observed by him. I also 
hope to apply similar ideas to the theory of unimolecular reactions. 

One of the problems which must be considered is the question of what 
the perturbations which cause the diffuseness are due to, a problem which 
resolves itself into a proper choice of the unperturbed eigenfunctions. On 
this problem Kronig* has made a good start. 


1 Gibson and Rice, Nature 123, 347 (1929). 











PREDISSOCIATION AND DIFFUSE SPECTRA 759 


I wish to express my thanks to Professor Gibson for having directed my 
attention to this problem. 
APPENDIX I 


We have left to the end the task of showing that 2-,-, is small compared to «. Actually we 
shall simply show that we may have a completely diffuse band spectrum even though %,¢, is 
very small compared to e. In order to have a completely diffuse spectrum we must have two 
adjacent lines blur into each other, which means that w must be of the order of the separation 
of two rotation states, h?j/4x2Mro, where j is the rotational quantum number, and 7» is of the 
order of molecular dimensions. Let us give j the value 87°, which is fairly large. We then have 
w =2rh*?/ Mr or, from Eq. (34), va,¢,0c,a, = eh? / Mro. As the magnitudes of va,-, and v-,¢, are equal 
we have 4,c,~(¢eh?/Mro)'*. But since vaje, = fa, Vhedt and eye, = fe, Ve,dr the ratio of v4,c, 
to %,, Will be of the order of the average value of Ya, in the region where the above integrand 
is different from zero to the corresponding average value of y.,. (We assume that both inte- 
grands are different from zero only for small values of r.) This ratio will be approximately 
equal to the corresponding average of Faz, divided by that of F.,. Now if the vibrations of the 
nuclei take place over a distance comparable to ro, then Fa,~ro™/? while F.,~r,-'/?._ Hence, 
by Eq. (15), te,c,/e~h'/?|M(Ea,— U;)]“/*.. Taking M as the mass of the hydrogen atom and 
Ea,— U, as 0.1 volt electron we get t¢,-,/e~10~. 

If the possibility mentioned in Footnote 13 is true, then v,,,, is not small compared to e, 
but the argument still applies to v,,:,. (It will be remembered that s; and ¢t; refer to two con- 
tinuous states; and v,,,, may be regarded as independent of s, and v,,+, of s; and ¢; though now 
Us,s, ¥Us,t,-) It is not hard to see that this is all that is needed to make the considerations which 
result in Eqs. (26) and (27) (and also the considerations of Appendix II, below) valid. For, from 
Eq. (9;), bytaking k; =s;, we get Ss,n,(Es,— Em’ +004, —Us,t,) +%,4,5¢,n,+0s,¢,2. éy5i,n, =0, Which 
is to be used instead of Eq. (18), and similarly for Eq. (19). We then set S,.n,(Z., —En,’ +0042) — 
Us,1,) =K. Since v,,+, is small everything follows as before. 


APPENDIX II 


We wish to get a little more exact expression than Eq. (26) for the case that 8 is very 
close to —«/2 or «/2. We shall treat only the former case, as the latter is very similar. If 8 
is close to —¢/2 we can neglect every term except K/(¢/2+ 8) in Eq. (22). Substituting this 
in Eq. (18) and going through the same derivation as for Eq. (26) except that we do not neglect 
the term which is multiplied by »,., we arrive at the expression 


E=2BAdaye,%e,4,/[14%ee,/(¢/2+8) ] (37) 


If v,c, is of the same order as ¢/2+8 this gives for E a result which is of the same order as is 
given by Eq. (26). But »,,-, will not be of the order of «/2+ 8 unless «/2+ 8 is very small in 
magnitude (see Appendix I), and E will then be much larger than the energy width of the 
spectral line. If v-,e, = —(¢/2+8), then E calculated from Eq. (37) would be infinite. If | v.,.,| 
is considerably greater than | ¢/2 +8| then Eq. (37) reduces approximately (since A will be 
approximately 1/28(¢«/2+ 8)) to 


E= Vd,e,%e,d,/Veye, . 


But by comparing with Eq. (34) it is seen that this is a very large value compared to the width 
of the line. Therefore it appears that if there are any inaccuracies in the qualitative description 
of the positions of the new (perturbed) energy levels, which we have given above, they lie 
outside the range of energies we are particularly interested in; but it seems very unlikely that 
there could be qualitative errors for great values of E. The exact determination of this question 
would involve considerable reexamination of the simplifications and approximations we have 
made, and we will not attempt it. 


GaTEs CHEMICAL LABORATORY, 
CALIFORNIA INSTITUTE OF TECHNOLOGY, 
NOVEMBER 16, 1928.* 


* Received January 16, 1929. Ed. 
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A TEST FOR POLARIZATION OF ELECTRON WAVES BY 
REFLECTION 


By C. J. Davisson anv L. H. GERMER 


ABSTRACT 


A homogeneous beam of electrons is directed at 45° incidence against a {111}— 
face of a nickel crystal. The beam regularly reflected from this face impinges upon a 
second similar face at the same incidence angle. A Faraday collector is set to receive 
electrons regularly reflected from the second crystal, but only such electrons are 
accepted into the collector as have survived the two reflections without appreciable 
loss of kinetic energy. The collector and second crystal are rigidly joined, and may 
be rotated about the axis of the beam proceeding from the first to the second crystal. 
Measurements of the intensity of the twice reflected beam have been made at bom- 
barding potentials from 10 to 200 volts. Within this range selective reflections (in- 
tensity maxima) are observed at 20, 55, 77, 103 and 120 volts. These five selectively 
reflected beams have been separately tested for polarization by measuring the current 
received by the collector as a function of the azimuth of the movable system. If 
electron waves are polarized by reflection the intensity of the twice reflected beam 
should be greatest when the planes of incidence of the two reflections coincide, and 
least when they stand normal to one another. No such variation of the current to the 
collector is observed within the limits of error of the measurements—about one half 
of one percent of the total current. Our observation is that electron waves are not 
polarized by reflection. 


HE experiment described in this article was undertaken to determine 

whether or not a beam of electron waves is polarized by reflection from 
the surface of a nickel crystal. It is similar in certain respects to the experi- 
ment with double Nérrenberg mirrors by which one demonstrates the polar- 
ization of light by reflection from glass, and in others to the experiment by 
which Barkla established that x-rays may be polarized. It resembles most 
closely, however, the variation of the Barkla experiment performed by 
Mark and Szilard in which the first of the radiators was a crystal and a 
Bragg reflection beam proceeded to the second radiator. A homogeneous 
beam of electrons is directed at 45 degrees incidence against a {111 }-face 
of a nickel crystal, and the beam proceeding in the direction of regular 
reflection from this crystal is then reflected at the same angle of incidence 
from a second similar crystal. A double Faraday box is placed to receive 
electrons which have been regularly reflected from the second crystal, but 
only such electrons are allowed to enter the collector as have retained all or 
nearly all of their kinetic energy through the two reflections; those which 
have lost more than a small fraction of their kinetic energy are excluded by 
a retarding potential of suitable strength. 

The second crystal and the collector are joined rigidly together, and may 
be rotated about an axis which coincides with the axis of the beam proceeding 
from the first to the second crystal. It is possible, therefore, to vary the 
dihedral angle between the plane of incidence of the second reflection and 
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that of the first. There are two positions of the movable system for which 
these planes coincide. For these “parallel” positions the current entering 
the collector should be at a maximum provided the electron beam is unpolar- 
ized initially and becomes asymmetric at reflection; for the intermediate 
“transverse” positions the current should be at a minimum. In the analogous 
experiment in optics the intensity J of the twice reflected beam satisfies the 


formula I=I,(1+>) cos 26), 


where @ represents the azimuth angle of the movable system measured from 
either of its parallel positions, and » an amplitude coefficient which serves 
as a convenient measure of the polarization effect. 

In the experiment with electrons our procedure has been to measure 
the intensity of the twice reflected beam for various values of 6—though 
chiefly for the values corresponding to the cardinal positions—to assume the 
same form of relation between intensity and angle as in optics, and to 
evaluate the coefficient p. 

The reflection of electrons from a crystal surface is, like that of x-rays, 
“selective in wave-length”; the intensity of the reflected beam attains 
maximum values at various critical wave-lengths or speeds of bombardment. 
This effect is, of course, accentuated in a beam which has suffered two 
reflections. In the test for polarization we have made observations in the 
range of bombarding potentials from 10 to 200 volts, chiefly at five different 
electron speeds at which there are intensity maxima of the beam twice 
reflected. 

Preliminary observations indicated that at each of these critical speeds 
the intensity of the reflected beam is, to a first approximation, independent 
of angle. The actual values found for p were some of them positive and some 
negative, and none greater absolutely than 0.02, which was about the order 
of uncertainty involved in the determinations of the collector currents. These 
results were described in a letter to the Editor of “Nature.”! 

In the present article the experiment is described more fully, and addi- 
tional data are adduced from which it is concluded that the value of 9, if 
different at all from zero, cannot be greater than 0.005. 

The principal parts of the apparatus are the gun for supplying a homo- 
geneous beam of electrons, the two crystal reflectors, and the collector. 
These are contained in two metal boxes or enclosures shown in longitudinal 
sections in Fig. 1. The right-hand or gun enclosure contains the electron 
gun and the first reflector, and is attached rigidly to the framework of the 
apparatus. The left-hand or collector enclosure contains the second reflector 
and the collector, and is supported from the frame of the apparatus through 
bearings by which it can be rotated about a horizontal axis. Communication 
between the enclosures is through the right-hand bearing which is hollow. 
The sections of the enclosures at right angles to the plane of the drawing 
are square. 


1C, J. Davisson and L. H. Germer, Nature 122, 809 (1928). 
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The electron gun is similar in construction to the one described in an 
earlier paper® to which we refer for the details. The apertures are circular 
and those which define the beam are 2 mm in diameter. 
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Fig. 1. Cross section of the experimental apparatus—0.7 actual size. 























The reflectors were cut from a single crystal of nickel formed by the slow 
freezing of pure nickel in vacuum. Their faces, which were polished to fairly 
good optical flats and then lightly etched by acid, are approximately 44 
mm in extent. The normals to these faces diverge from {111}- directions 
of the crystal structure by only about 10 minutes of arc. 























ail 


Fig. 2. Schematic diagram illustrating the principle of the experiment. 





The reflectors are so mounted that for each of them the incident beam 
lies in what we have designated as a {111}-azimuth of the crystal structure, 
as illustrated in the schematic diagram, Fig. 2. This adjustment may be 
unimportant, but was made because it has not yet been established that 


2 C. J. Davisson and L. H. Germer, Phys. Rev. 30, 705 (1927). 
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the selectivity of reflection is independent of the azimuth of the incident 
beam. The {111}-azimuth was chosen rather than any other because our 
earlier observations on electron reflection were made with the incident beam 
in this azimuth, and several of the critical electron speeds for 45 degrees 
incidence were already known. 

Each reflector is attached to a triangular frame which is supported from 
the diagonal wall of the enclosure through three adjusting screws. Two only 
of each set are shown in Fig. 1. The frames to which the crystals are attached 
and other accessory parts have been omitted from the drawing in the interest 
of clearness. 

Small tungsten filaments, mounted one behind each of the reflectors, are 
supported by stiff wires from quartz plates which are clamped to the outer 
walls of the enclosures. Electrons emitted by these filaments are used for 
heating the reflectors by bombardment. The reflectors are not insulated 
from the enclosures, which in fact contain no insulating material whatever 
except that incorporated in the gun and the collector. 








Fig. 3. Outside view of the experimental apparatus. 


The metal parts of the collector comprise an inner and an outer box of 
circular cross-sections and a cylindrical guard electrode of intermediate 
diameter. These parts are separated by cylinders of Pyrex glass, and the 
assembly constitutes a unit which fits into the end of the collector enclosure. 
The aperture in the outer box is circular and 2 mm in diameter; that in the 
inner box is of the same form but of slightly greater diameter. The guard 
cylinder is interposed to intercept the leakage current which would flow 
otherwise from the outer to the inner box. It was anticipated that the 
electron current entering the collector would be excessively small and that 
this leakage current, unless guarded against, might prove an intolerable dis- 
turbance. 

The lead wire from the inner box is guarded from the frame of the 
apparatus at all points of support within the tube by electrodes connected 
with the guard cylinder. This lead wire and the wire from the guard elec- 
trodes leave the tube through remote seals. (Fig. 3 shows one of these seals) 
The isolation of the latter of these seals was a matter of convenience rather 
than of precaution. 
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Four electrical connections are required to parts of the movable system— 
two to the filament and one each to the collector and to the guard electrodes. 
These are maintained, with the exception of that to the collector,through 
platinum tipped molybdenum brushes which bear upon platinum rings 
The connection to the collector is through a flexible spiral of tungsten wire 
lying in the axis of rotation 

It may be well to add to this description of the tube a few words in regard 
to the adjustment of the reflectors to their proper positions and orientations. 
Each reflector is attached, as has been already mentioned, to a triangular 
frame which is supported through three adjusting screws from the diagonal 
wall of the enclosure. By turning these screws the reflector can be rotated 
through small angles about any axis parallel to the wall, and by the same 
means its distance from the wall can be varied. These adjustments were 
sufficient for locating the beam reflected from the first mirror in the axis 
of rotation, and that reflected from the second in the axis of the collector. 
They were not sufficient, however, for meeting the further requirement 
that the incident beam should lie in a {111}-azimuth of the crystal structure. 
For this adjustment we relied upon orienting the reflector correctly with 
respect to the triangular frame at the time of its attachment. A mosaic of 
sharply defined triangular etch pits was visible under the microscope on 
the surface of the crystal reflector, and it was only necessary to relate these 
properly to the triangle formed by the frame to insure the desired orientation 
of the crystal with respect to the incident beam. Short wires attached to the 
reflector and protruding from it were rested upon the frame, and the reflector 
was then turned until the triangles on its surface stood in opposition to the 
triangle formed by the frame, this being the necessary relation. This adjust- 
ment was made with the frame and reflector mounted on the movable stage 
of a tool maker’s microscope. One of the wires was then electrically welded 
to the frame. The adjustment was disturbed slightly by this operation, but 
the disturbance was corrected for by bending slightly the attached wire 
before proceeding with the second weld. This alternation of adjustment and 
welding was continued until all wires were attached. As finally adjusted the 
orientation of the reflector may have been wrong by one or two degrees, but 
hardly by more. 

In adjusting the first reflector for position two conditions sought were, 
first that the intersection of the axis of the gun with the axis of the movable 
system should lie in the surface of the reflector, and second that the normal 
to the reflector should bisect the angle formed by these axes. These were 
attained by removing the collector enclosure from the frame of the apparatus 
and the filament from the gun, and collimating the collector enclosure bear- 
ings with the images of the gun apertures formed by the reflector. For making 
the similar adjustment of the second reflector an aperture was formed in the 
center of the rear wall of the collector so that a view of the reflector might 
be had along the collector axis. The gun enclosure which had been detached 
from the frame of the apparatus during the adjustment of the second re- 
flector was then replaced, and the adjustment of the two reflectors was 
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checked by directing a beam of light along the axis of the gun and finding 
that the twice reflected beam proceeded accurately along the axis of the 
collector. 

The preparation of the tube—the preheating of the metal parts, the 
baking, the exhausting, and the sealing off—was the same essentially as 
described in an earlier paper to which the reader is referred for particulars. 

In operation, the tube is mounted in a cradle with its axis inclined 30 
degrees from the horizontal, so that an auxiliary tube lying in the axis and 
containing charcoal may be kept submerged in liquid air. The movable 
system swings to the lowest part of its arc, and its angular position with 
respect to the frame of the apparatus is read against the circular scale shown 
in Fig. 3. To alter this azimuth angle @ the tube is rotated about its axis; 
actually the “movable system” remains at rest relative to the earth and all 
other parts are rotated. 

No means were provided for measuring the current of electrons incident 
upon the first crystal. We had found, however, from a preliminary investiga- 
tion of the characteristics of the gun, that currents of the order 210-4 
ampere could be obtained from it. It was known also from these tests that 
the electrons ejected from the gun are very nearly homogeneous in speed. 
Given this value for the current in the primary beam, it was possible from 
our previous observations on the regular reflection of electrons at 45 degrees 
incidence to estimate the order of magnitude of the current of full speed 
electrons which might reach the collector after two such reflections. The 
estimated magnitudes were from 10- to 10-" amp, and the currents of 
selectively reflected electrons actually observed have had values within 
this range. 

In measuring these small currents we have had the use of a direct current 
vacuum tube amplifier designed and built by Dr. J. M. Eglin of these labora- 
tories. It is the type of amplifier described recently by Wynn-Williams,® 
but embodies certain improvements described by Dr. Eglin at a recent 
meeting of the American Physical Society.‘ Conditions for observing were 
best when the amplification factor was about 2000, so that the currents 
actually measured were of the order of 10-* amp. 

A few preliminary observations were made, before heating the crystals 
to free their surfaces from adsorbed gas. The relation between the current 
entering the collector and the bombarding potential for a fixed angle @ was 
quite different in these first tests from that observed after the crystals had 
been heated. The principal feature of this initial current-voltage relation is a 
strong maximum at 20 volts. Tests were made for polarization with the 
crystals in this condition but no evidence of such a phenomenon was obtained. 

The current-voltage curve characteristic of reflection from the crystals 
in a thoroughly cleaned condition is shown as Curve A in Fig. 4. The data 
from which this curve has been plotted were obtained with the faces of the 
reflectors parallel to one another as illustrated in Figs. 1 and 2. It will be 


$C. E. Wynn-Williams, Proc. Camb. Phil. Soc. 23, 811 (1927). 
‘J. M. Eglin, Phys. Rev. 33, 113 (1929). 
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convenient to designate this position of the movable system as the position 
6=0°. The “parallel” positions are then the positions @=0° and @=180° 
and the “transverse” positions are those for which 6=90° and @=270°. 
A curve similar to Curve A is obtained whatever value is chosen for 9. In 
this and in all other tests the inner box of the collector was maintained at 
a potential 2 volts above that of the midpoint of the filament. 

Curve B of Fig. 4 exhibits, on a different scale of ordinates, the relation 
between current and voltage observed for angle of incidence 45° in our 
earlier experiments on the single reflection of electrons incident in the 
{111}-azimuth. The locations of the maxima of this curve are indicated in 
a diagram which forms a part of a report of these experiments.* 
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Fig. 4. Variation with bombarding potential of the intensity of beams reflected at 45°. 
Curve A is the doubly reflected beam of this experiment. Curve B is the singly reflected beam 
previously reported.® 


The agreement between the curves of Fig. 4 is on the whole satisfactory; 
each displays three maxima in the voltage range common to both, two of 
which occur at the same voltages in Curve A as in Curve B. The voltages 
at which the third maxima occur—those on the extreme right—differ by 
about 10 volts. We believe that the position of this maximum is given 
correctly by Curve A, and that in Curve B it is shifted to the right owing 
to an eccentricity of the tube used in the earlier experiments. It will be 
noted that the position of the maximum in Curve A is marked in Curve B by 
a shoulder which protrudes from the side of the peak. It is with respect to 
the positions of the maxima only that the curves of Fig. 4 may be legitimately 
compared, the ordinates in the two cases being proportional to different 
quantities. Those of Curve A are proportional to the current of full speed 
electrons entering the collector, while those of Curve B are roughly pro- 


5 C. J. Davisson and L. H. Germer, Proc. Nat. Acad. Sci. 14, 619 (1928) Fig. 3. 
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portional, as has been explained, to the ratio of full speed electrons entering 
the collector to the corresponding current of electrons of all lower speeds. 

There is some doubt in our minds as to whether the maximum in Curve A 
which occurs at 20 volts truly indicates a maximum in the reflecting power 
of the crystals for electrons of corresponding speed. The current to the 
collector is determined primarily by the product of the primary current by 
the square of the coefficient of reflection, so that a maximum in the collector 

TABLE I. Bombarding potential 77 volts, azimuth angle @=270 degrees. Ro=zero reading of 


galvanometer, R=galvanometer reading. (R—Ro)=D=deflection, D=arithmetic mean of 
deflections. |D—D|=5S=deviation from mean, S = mean deviation. 











Ro R D & Ro R D S 
33.0 mm 38.8 mm 

(33 .6) 36.6 3.0 0.10 (39.15) 42.1 2.95 0.15 
34.2 39.5 

(34.55) 37.4 2.85 .25 (39.9) 43.2 3.3 20 
34.9 40.3 

(35.4) 38.6 ee .10 40.5 
35.9 (40.55) 43.9 3.35 .25 
28.0 40.6 

(27.9) 30.5 2.6 .50 34.4 
27.8 (34.7) 37.8 3.1 .00 
26.6 35.0 

(26.75) 29.7 2.95 15 (35.4) 38.5 3.3 .00 
26.9 35.8 

(37.2) 30.3 3.1 .00 (36.6) 39.8 3.2 .10 
27.5 37.4 
36.5 (37.8) 40.7 2.9 20 
(36.75) 39.9 3.45 .05 38.2 
37.0 (38.4) 41.9 be .40 
(36.5) 40.0 i” .40 38.6 
36.0 25.5 

(36.2) 39.4 ee . .10 (26.0) 28.9 2.9 .20 
36.4 26.5 

(36.8) 40.0 3.2 .10 (27.1) 30.1 3.0 .10 
kB 27.7 

(37.3) 40.3 3.0 .10 (28.2) 31.5 3.0 .20 
37.4 28.7 
33.6 (29.3) 32.5 3.2 .10 
(33.85) 37.2 3.35 25 29.9 
34.1 29.4 

(34.35) 37.1 2.35 35 (29.8) 33.0 3.2 .10 
34.6 30.2 

(35.15) 37.9 2.75 .35 (31.0) 34.1 3.3 .00 
35.7 31.8 : 
(36.15) 39.5 3.35 .25 (31.85) 34.8 2.95 .15 
36.6 31. 

(36.75) 40.0 3.25 mS (32.45) a8 3.05 .05 
36.9 33.0 
37.4 33.8 

(37.8) 40.9 2.3 .00 (34.4) 37.6 ee .10 

Ss = 35.0 

(38.5) 41.6 3.1 .00 (35.45) 38.5 3.05 .05 
38.8 35.9 











Number of observations, N = 36; D =3.104; S=0.154 


S 
Probable error, A = 0.845 Wins =0.022 approx. 


Deflection, D =3.104+0.022 
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current must correspond to a maximum in the reflecting power if the current 
in the primary beam is almost or quite independent of voltage, but not 
otherwise. This condition is known to be reasonably well satisfied in the 
range of bombarding potentials above 30 or 40 volts. Below this range, 
however, the current from the gun is limited partly by space charge, and 
its variation with voltage is rapid. A maximum in the current to the collector 
in this region must therefore be regarded with a certain suspicion; it may be 
due to a maximum in the reflecting power of the crystal with which, however, 
it will fail to coincide in voltage, or it may signify only that the reflecting 
power has a trend opposite to that of the primary current. We are not, 
however, greatly concerned in this investigation with the interpretation 
of this maximum, nor even of the other maxima of Curve A. 

Measurements have been made of the intensity of the twice reflected 
beam as a function of the angle @ for bombarding potentials corresponding 
to the five maxima of Curve A. In some cases intensities have been measured 
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Fig. 5. Plots of all data taken at 77 volts for the four cardinal positions—é@ =0°, 90°, 180°, 270°. 
The solid curves represent calculated normal error function curves. The data plotted here are 
summarized in Table II. 


at intervals of 5 or 10 degrees around the entire circle; but for the most part 
measurements have been made only at the cardinal positions @=0, 90, 180 
and 270°. The total number of measurements of this kind is about 500. 
The complete data for bombarding potential 77 volts, corresponding to the 
third maximum of Curve A, and for @=270° are given in Table I. 

That the deviations from the mean value of the deflections are dis- 
tributed in this, and in other cases, in close accordance with the normal error 
function is illustrated by diagrams displayed in Fig. 5. 

The value obtained in Table I for the deflection at @=270° is shown again 
in Table II, together with the values similarly obtained for the same bom- 
barding potential at the other cardinal positions. 

The values of these deflections and their probable errors have the charac- 
teristics of four measurements of one and the same quantity. There are 
certain values of deflection common to two of the error ranges but none 
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TABLE II. Bombarding potential 77 volts, wave-length 1.39A. 











Angle @ No. of Obs. Deflection 
0° 26 3.023 + .026 
90 31 3.057 + .022 
180 31 3.116+ .027 
270 36 3.104 + .022 








common to three. This is the situation most likely to be met with if we are 
measuring the same quantity in each case; the maximum number of over- 
lapping ranges should be one-half the total number of ranges. It is of some 
interest, however, to pretend that the different values found for the de- 
flections correspond to actual differences in the current to the collector, and 
to attempt to evaluate the amplitude coefficient of the polarization effect. 
We shall find actually that observations at four positions only are insufficient 
to determine this constant precisely. 

It will be appreciated that differences in the collector current at different 
angles may arise from mechanical defects in the apparatus—improper align- 
ment, etc.—as well as from polarization, and that in general we shall require 
for the expression of D as a function of 6 a complete Fourier series such as 


D=Ds| 1+ doa, cos (nd+ax) |. 
1 


The data available for evaluating the constants of this series consist of four 
values of D, corresponding to the four values of @—0°, 90°, 180° and 270°. 
We designate these four values respectively by Di, D2, Ds and Dy. From the 
four simultaneous equations formed by writing these pairs of values of 0 
and D into the series we obtain the following relations: 


Di+Di+Ds+Ds= 4D] 1+ Dain COS aus 
1 


x 


D,—D3=2Do > aan+1 COS Qen+1 


0 


Dy—Dz2=2Dp D3(—1)"aony1 SiN Gongs 
0 


D,—D2+D3—D,=4Do > Gent2 COS G4n+2- 
0 


If we make the definite assumption that all periodic terms of orders 
greater than the second may be neglected, these reduce to the relations 


D,+D2+D3+Ds=4Do 
D,—D3=2Doa, cos ay, 
Dy—D2=2Doa sin a 

D,—D2.+D3—D,=4Doa2 cos a2 


from which we may obtain expressions for a, a; and d2 Cos a, but not, un- 
fortunately, for a2 and a, separately; the fourth observation is used up in 
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fixing D, in which we have no interest. Observations at one additional angle 
would have been sufficient to resolve a2 and ae, but this was not appreciated 
at the time the measurements were made. 

If we write A, As, etc., for the probable errors involved in the measure- 
ments of D,, D2, etc., we find on solving for amplitudes and phases, and 
compounding errors* that 


_ [Di—Ds)?+(Di—D2)?]"? 
y 2Dy 

De Pra. (Ai?+A3?)'/? 
Di-D;— —s- zDi—-D, 


D,—D.+D;—D, er , 
a2 COS a2 = +6(1+ a2? cos® a)!/? 
4Do 


where 5 = (A,?+A2?+A3?+Ay?)!/2/4Do. 


Substituting into these formulas the values of D and A contained in 
Table II, we find 


a,=0.0169+0.0080 tan a; = —0.50+0.45 (136° <a; <177°) 
dz COS ag = —0.0018+0.0040. 


The last of these quantities includes the amplitude of the polarization effect 
as one of its components. To make this explicit we may restrict a, and a: 
to represent the amplitude and phase angle of variations of twice the funda- 
mental frequency due to mechanical imperfections only, and use p to repre- 
sent the amplitude of the polarization effect. We may then write, since the 
phase angle associated with is zero, 


pPt+az cos ag= —0.0018+0.0040, 


and from this we wish to infer that # is itself a small quantity, the same in 
order of magnitude as (p+4¢2 cos ae). 

It may be urged, of course, that nothing in regard to the value of is 
to be inferred from the value of (p+: cos a2), and this in a strictly mathe- 
matical sense is true enough; the individual terms may both be large, and 
the small value of their sum may be entirely fortuitous. While one must 
recognize this as a possibility, he must recognize also that the likelihood of 
the occurrence of chance compensations of such perfection in the case not 
only of this beam, but in the cases of the others as well, is extremely small. 
The values found for (p+ a2 cos az) for all five beams have been set down 
in Table III. It will be seen that, with the possible exception of the value for 
the 103 volt beam, all are equal sensibly to zero. 

The large values found for both (p+<a2 cos a) and a; in the case of the 
103 volt beam are due, we believe, to some departure from the usual con- 
ditions of the experiment which occurred while observations on this beam 
were being made. Fewer measurements were made on this beam than on 
any of the others, and the discordant values found for its constants are 


+6(2+a,?)!/2 





a 





tan a,= (1+tan? a;)!/? 





* In calculating the probable errors of these functions we have disregarded the small 
differences in precision involved in the measurements of the various deflections. 
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traceable to an exceptionally low value—based on eight readings only— 
which was obtained for D. (@=90 degrees). The discordance of this value 
with those obtained for the other deflections is evident from the figures 


TABLE III. Values of p+ az cos az. 








Beam Bombarding No.o 





No. Potential Obs. a; a) P+a2 COs ay 
1 20 volts 111 0.013+0.012 133° to 194° 0.0089 +0.0058 
2 55 108 0.015 +0.013 107° to 264° —0.0025 +0.0065 
3 77 124 0.017 +0.008 136° to 177° —0.0018 +0.0040 
4 103 30 0.065 +0.011 113° to 127° 0.0230 + 0.0057 
5 120 146 0.021+0.004 102° to 121° 0.0053 +0.0020 








set down in the last column of Table IV. These are the differences between 
the various deflections and the mean of the deflections D,,-D; and Dy. It 
will be noted that the departure of the value obtained for D, from this mean 
is three times as great as that for any of the others. The fact that this single 
unusual departure is responsible for the exceptionally large value not only 
of (p+az2 cos a2) but of a; as well, is reason, we think, for regarding it as 
accidental. We believe, therefore, that we are justified in disregarding the 
result obtained in this case, and in concluding from the values found for 
(p+az2 cos ae) for the other beams that the amplitude of the polarization 
effect is zero within the limits of uncertainty of our measurements—that is, 
within about one half of one percent. 


TABLE IV. 103 volt beam. 











D,\+D3:+D, 

6 No. of Readings Deflections Pp —-—— — — 
3 
0° 7 D,=4.829+0.070 —0.17 
90 8 D.=4.481+0.052 —0.52 
180 9 D;=5.133+0.031 +0.13 
270 6 D,=5.033 +0.061 +0.03 








Experiments designed to test for the polarization of electrons by re- 
flection have been made also by Cox, Mcllwraith and Kurrelmeyer, by 
Joffé, and by Wolf. The experiment by the first-named three® is similar 
in principle and arrangement to our own; the intensity of a beam of electrons 
which has been twice reflected through 90° is measured while the second 
reflector and collector are revolved about the direction of incidence of the 
second reflection. But in other respects the experiments differ. The electrons 
constituting the primary beam are §-rays from a sample of radium, the 
reflectors are plates of polycrystalline gold, and the collector is a point- 
discharge electron-counter. The authors report that the shielding between 
the electron source and the counter was inadequate to suppress entirely an 
effect due to the gamma-radiation, and further that rapid changes in 
the characteristics of the discharge point made it difficult to obtain 


6 Cox, McIlwraith and Kurrelmeyer, Proc. Nat. Acad. Sci. 14, 544 (1928). 








772 C. J. DAVISSON AND L. H. GERMER 


consistent data. The results which they publish are ratios of the current 
received by the collector in one of the “parallel” positions to that received 
in one or the other of the “transverse” positions, and the ratios of the currents 
received in the two “transverse” positions. The values found for the first 
of these ratios depart from unity by much more than the probable error, 
and show a bias in favor of polarization. The authors do not point this out, 
however, but lay emphasis instead upon a rather slight departure from unity 
of the values obtained for the second ratio—that of the currents in the two 
transverse directions. 

The experiment by Joffé is mentioned by Darwin’ in a short article on 
the Sixth Congress of Russian Physicists which was held last summer. 
Darwin remarks that at one of the meetings Joffé reported that he had looked 
for a polarization of electrons by reflection, but had failed to detect such an 
effect. So far as we are aware no report of this work has been published.* 

In the experiment by Wolf* a beam of low speed electrons (accelerating 
potentials of about 10 volts) is deflected in a magnetic field and caused, 
while still in the field, to impinge at 45 degrees incidence upon a target which 
in various tests was a plate of brass, a cleft crystal of galena and a crystal 
of copper. The currents to the target and to an enclosing electrode are 
measured as the target is revolved about the direction of incidence, and are 
found to be independent of azimuth. This result is susceptible of two inter- 
pretations at least; it may mean that the incident beam is not polarized by 
the magnetic field, or it may mean that none of the targets serves as an 
analyser. The latter interpretation, which leaves unanswered the question 
of polarization in a magnetic field, is consistent with the result which we 
have obtained. 

The question of the result to be expected from the wave theory of the 
electron in experiments of the kind here described has recently been con- 
sidered by Darwin.® The conclusion which Darwin reaches is that a beam of 
electrons initially unpolarized will remain unpolarized after diffraction by 
a grating provided the forces in the grating responsible for the scattering 
are electric rather than magnetic, and that therefore any experiment de- 
signed to detect polarization by successive reflections from crystals can lead 
only to a negative result. The result of our experiment is in accord with this 
prediction. 

It is a pleasure to express our best thanks to Mr. G. E. Reitter for the 
great care with which he constructed the special apparatus used in this 
experiment, and to Mr. C. J. Calbick for valuable assistance in collecting 
and reducing the data. 


BELL TELEPHONE LABORATORIES, 
New York, New York. 
January 31, 1929. 


7 Darwin, Nature, 122, 630 (1928). 

® Wolf, Zeits. f. Physik 52, 314 (1928). 

®* Darwin Proc. Roy. Soc. 120, 631 (1928). 

* A brief account of this experiment has appeared recently in the Comptes Rendus; 
Joffé and Arsenieva, C. R. 188, 152 (1929). 
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DETERMINATION OF THE CHARGE OF POSITIVE 
THERMIONS FROM MEASUREMENTS OF SHOT EFFECT 


By N. H. WILLIAMs AND W. S. Huxrorp 


ABSTRACT 


Several new types of current fluctuations have been studied with special reference 
to the possible effects of both positive ions and electrons, and the influence of space 
charge. An emitter of positive potassium ions is described which has proven suitable 
for shot effect measurements. Results indicate that the discharge may be properly 
controlled and temperature limited currents obtained, giving a value for the K* ion 
equal in magnitude to the electron charge. Values resulting from an extensive series 
of electron charge determinations confirm the precision and expediency of several 
new methods which have been introduced into the experimental procedure. A de- 
tailed description is given of a simple and direct method of determining the shot 
circuit impedance. 


INTRODUCTION 


HE evaporation of electrons from the surface of a hot metal may, under 

certain conditions, constitute what is known asa random process. For 
this ideal case the statistical distribution-in-time of emission corresponds to 
the distribution-in-space of the molecules of a perfect gas in equilibrium at 
a given temperature. If the evaporating electrons are attracted to a posi- 
tively charged collecting electrode a thermionic current is set up in the 
evacuated tube. Spontaneous variations of this current may then be ex- 
pected to conform to the mean square fluctuation law of statistical me- 
chanics. That such fluctuations of the electron stream exist, and that their 
mean magnitudes may be calculated on the basis of probability theory, was 
predicted by Schottky,' and the phenomenon named by him the “shot 
effect.” He has shown that the magnitude of this effect depends upon the 
charge, €, carried by a single electron, and has derived an expression for the 
root mean square value of the potential difference to be expected across a 
tuned circuit through the coil of which a temperature-limited current is 
caused to flow. 

Various mathematical expressions for the mean square value of the 
“shot voltage” have been formulated which include circuit constants peculiar 
to a variety of types of measuring circuits. Those investigators who have 
used some form of high frequency amplifier in their experiments have ob- 
tained results which are uniform and consistent, and which substantiate the 
essential soundness of the original theory. An outstanding feature of these 
researches is the unique method provided for the determination of the 
electron charge. On the basis of the results of these investigations, carried 
out in circuits having a high natural frequency, the conclusion is reached 
that, for cathodes composed of metals in the pure state under ideal con- 

1W. Schottky, Ann. d. Physik 57, 541-567 (1918); W. Schottky, Ann. d. Physik. 68, 


157-176 (1922). 
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ditions, the escape and passage of electrons is a process which is perfectly 
random in character for currents which are strictly “temperature limited.” 


INFLUENCE OF SPACE CHARGE 


Measurements of the shot effect of a stream of charged particles furnish 
definite information concerning the probable mechanism of the process of 
emission and transfer of the particles themselves. Departures from the 
conditions which give a strictly random distribution may be studied quanti- 
tatively with a view to an extension of the theory to account for the observed 
effects. A striking deviation from the calculated mean square fluctuation 
has been noted by several investigators when the electron stream is limited 
by the presence of a negative space charge. There is general agreement that 
as the space charge is increased the observed current fluctuations become less 
than theory predicts. In this phenomenon we find the first radical departure 
from the ideal conditions required for the existence of a random distribution- 
in-time of the electron passages. When a negative space charge exists 
between the hot filament and collecting plate the emission and passage of 
each charged particle does not constitute an event which is independent of 
every other such event. Electrostatic reactions occur between electrons 
just being emitted and those existing in the space between electrodes. Ex- 
perimental results indicate that this condition is one which is under complete 
control, and that the ideal distribution may be obtained at will by applying 
a sufficiently high accelerating potential to remove the influence of space 
charge, or by working with sufficiently small space currents at any stipulated 
anode potential. 


SECULAR CHANGES IN THE EMITTING SURFACE 


Violent disagreement exists between results of shot measurements carried 
out in low frequency circuits and the results obtained with high frequency 
amplifiers. Investigations at the lower frequencies on both oxide coated 
and pure tungsten filaments are reported by Johnson.? In general he found 
the observed fluctuations to be many times larger than was to be expected 
from the theory, and a decided dependence of the shot voltages upon fre- 
quency in the low frequency ranges (e.g., below 200 cycles per second, for 
a tungsten filament). Johnson concludes “that the large discrepancies be- 
tween theory and experiment at the lower frequencies are caused by secular 
changes in the surface conditions of the cathode.” 

Schottky*® has developed a mathematical theory to account for the 
phenomena, postulating the presence of foreign atoms in the surface of the 
emitter which bring about disturbances profoundly affecting the emissivity 
of the filament during their stay in the surface. The effect may still be 
thought of as being atomic in nature if the length of stay of the foreign 
particles in the surface conforms to statistical laws. On the basis of this 
assumption Schottky derives the frequency distribution of the effect, and 
by reference to Johnson’s measurements calculates the length of stay of 


2 J. B. Johnson, Phys. Rev. 26, 79 (1925). 
* W. Schottky, Phys. Rev. 28, 103 (1926). 
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the foreign atom in the surface. For oxide coated filaments this period is 
estimated to be an average of about 0.001 second, and for tungsten to be 
greater than 0.05 second. The results of both experiment and theory indicate 
that the contribution to the total observed fluctuations of these slower 
secular changes in the emission, as compared to the contributions of the 
true, or small shot effect, become negligibly small when observations are 
effected with measuring circuits of high natural frequency. 


SHOT EFFECT OF POSITIVE THERMIONS 


. 


During the past year a study of the fluctuations which occur in several 
types of gaseous discharge has been made by the authors. Measurements 
of the shot effect produced by a “glow” discharge through a gas result, in 
general, in values of shot voltages ranging from 2.2 to 5 or 6 times that which 
is to be expected on the basis of Schottky’s original theory. The divergence 
of experimental and theoretical results shows a trend with current density, 
and there are marked differences in measurements for the same current values 
in different tubes. The possibility of the production of multiply charged ions 
fails to furnish adequate explanation of the effects observed. 

Any attempt to account for these results must of necessity await a more 
detailed study of several distinct processes which may be occurring simul- 
taneously in a gaseous discharge. There is the complication due to the 
presence of both negative and positive charges in the discharge column. 
It may be expected that the production of ions by collision is a chaotic 
process; but ionization may be occurring in several well defined regions of the 
tube, and the enhanced values of shot voltage observed may be due to the 
superposition of fluctuations arising in these various regions of ionization. 
In the simple case of thermionic emission of electrons, on the other hand, 
current fluctuations are due to a random distribution-in-time of charges 
released only at the surface of one of the electrodes. 

Preliminary to further study of discharge streams maintained by the 
production and passage of both positively and negatively charged particles, 
it seemed desirable to investigate the shot effect of a space current composed 
solely of positive ions. In a paper that is largely theoretical, Ballantine‘ 
mentions having worked with caesium ions; with this exception, the writers 
are not aware of any attempts to determine the charge of a positive ion by 
measurements of shot effect. A suitable current composed of positive charges 
is more difficult to obtain than a current of electrons, and the conditions for 
perfectly random fluctuations may be expected to be harder to realize 
because of the large mass of the carrier. In the following paragraphs a 
positive ion source is described which seems to fulfill the desired conditions 
and it has been found possible to secure the ideal distribution-in-time of 
emission which must be realized in order to apply probability theory to the 
process. A detailed study of the influence of space charge has been made in 
an attempt to secure sufficient data upon which to build a mathematical 
theory of this effect. 


‘ Stuart Ballantine, Jour. Franklin Inst. 206, 159 (1928). 








776 N. H. WILLIAMS AND W. S. HUX FORD 


SOURCE OF POSITIVE IONS 


Two types of sources of positive ions were considered. First, a special 
type of gas tube in which the ion stream is produced by collisions of gas 
molecules and electrons emitted by a hot filament. This kind of source is 
highly desirable for a study of fluctuations arising during the process of 
ionization. It is hoped that a tube operating upon this principle and suitable 
for shot measurements may be evolved in the near future. 

The second type to be considered was a highly evacuated tube containing 
an emitter of positive thermions. Such a tube seemed preferable for first 
tests on positive ions, but certain limitations seemed at first to preclude its 
use for shot measurements. Several forms of heated anodes were tested in 
an effort to obtain a steady emission of ions, and at the same time to secure 
currents large enough to produce measurable shot voltages. Considerable 
experimentation revealed a method of constructing an emitting element 
which produces an ion stream of convenient magnitude, and which is suffi- 
ciently stable for carrying out accurate measurements. This type of source 
was first described by Kunsman,’ and consists of a fused mixture of iron 
oxide and about one percent of an oxide of an alkali or alkaline earth metal. 
Various samples of a potassium-iron oxide mixture were made and tested, 
and the emission was found to be quite steady at temperatures up to about 
850°C. 

The mixture finally used in the construction of the shot tube was one of 
potassium and iron oxides kindly furnished by the Fixed Nitrogen Research 
Laboratory through the courtesy of Dr. C. H. Kunsman. The fused oxide 
mixture was ground to a fine powder of 300 mesh and smaller and placed 
in alundum boats in the electric furnace. Here the powder was reduced in 
an atmosphere of hydrogen for twenty-six hours, at a temperature of 920°C. 
The reduced metallic mixture was pulverized a second time and a thin paste 
formed by mixing it with paraffin oil. This paste was used in forming the 
active element, or anode, of the emission tube. 

The anode consists of a coil of fifty turns of 20 mil tungsten wire, pre- 
viously cleaned and roughened with sand paper, wound on a hollow quartz 
tube approximately 8 mm in diameter and 6 cm long. The terminals were 
spot welded to iron lugs and these clamped to 125 mil tungsten electrodes 
fused through the ground glass stopper. In the second form of tube no ground 
stopper was used, the tube being directly connected to a vacuum system. 
The oxide paste was spread on the coil of wire, previous to mounting, by 
means of a small brush. Preliminary tests showed that it was of advantage 
to coat also the quartz tubing between the turns of wire. After each coating 
had been applied the coil was heated in air by passing a current through it 
and a temperature reached at which the mixture glowed to a bright red as 
fusion took place. This fusion bound the mass firmly to the coil. Successive 
coatings were applied and each heated in the same manner until depressions 
between turns were filled. When a current is passed through the wire the 


5 C. H. Kunsman, Science 62, 269 (1925). 
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heat spreads evenly throughout the cylindrical shell of oxides, and upon 
cooling none of the mass falls off or becomes loosened. 

A charcoal chamber was connected directly to the first tube used, and 
was immersed in liquid air while measurements were being made. This 
effectively absorbed any gas given off from the oxides during emission, as 
well as gas from the cement used in sealing the ground joint. Other in- 
vestigators working with this type of emitter have found it desirable to carry 
out a second reduction of the materials, oxidation having taken place in the 
process of fusing the metals in air. This was found to be unnecessary in the 
present work, however, no hydrogen being admitted to the tube after the 
coil was mounted. 

The cathode consists of a cylinder of nickel about 12 mm in diameter, 
mounted coaxially with the quartz tube. The mean clearance between oxide 
coating and inner surface of the cathode is about 1 mm, which provides a 
means of obtaining a high potential gradient between emitting element and 
collecting plate. For the earlier trials, the tube used had an outer cylinder 
7 cm in length; when later the electrodes were mounted in a system in which 
all seals were of glass, it became necessary to shorten the cylinder to 5 cm, 
which was about the length of the active emitting element. Before shot 
measurements were taken the metal parts of the tube were thoroughly baked 
out by means of the induction furnace until the gas pressure was reduced 
to 10-* mm of mercury or lower. 

A total emission of 1200 microamperes was attained at a temperature 
of about 900°C, but this fell off rather rapidly with time. Currents in the 
neighborhood of 400 microamperes were quite steady in character, falling 
off less than 5 percent in one hour of constant operation of the tube. When 
placed in the shot circuit the discharge of positive ions gave constant values 
of shot voltage for each value of emission current, and the results could be 
checked within the limits of error of the measuring circuit. For values in 
the neighborhood of 1200 microamperes positive ion current, a reversal of 
the accelerating potential indicated an electron current of approximately 
12 microamperes. For lower positive emission, at lower temperatures, the 
ratio of electron current to positive ion current was even less; the reverse 

owas true if the temperature of the emitter was raised. 


THE APERIODIC SHOT CIRCUIT 


The type of shot circuit used in the measurement of the positive ionic 
charge is shown in Fig. 1. f is the hot electrode of an evacuated tube, p the 
collecting plate connected to the negative terminal of the battery through 
a resistance R. C represents the capacitance to ground of the plate and 
connecting wires. The hot electrode is connected through large conden- 
sers to the grounded copper box and hence there are no high frequency 
variations of its potential. The fluctuations of the space current due to 
random thermionic emission cause variations of the potential of the plate 
which is connected to ground only through a conductor of large impedance. 
When this electrode is joined to the grid of the first tube of an amplifying 
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system, these variations in potential furnish a voltage input to the system. 
This voltage is amplified and finally detected and measured on an output 
ganvanometer. The deflections of this galvanometer are proportional to 

the mean square values of the input poten- 
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c — This type of circuit is the familiar ape- 
$ | riodic shot circuit described by Williams 
< P-~¢ and Vincent. It has been shown by them 
<p re that the total mean square output voltage, 
Ss E?, of the amplifying system is given by the 
Ss equation, 

=e: E? = 227A orineA , (1) 











® io Posie where Z is the impedance of the shot circuit, 
- + 


measured at the resonance frequency of the 

amplifier; A» the voltage amplification at the 

Fig. 1. Aperiodic shot circuit. same frequency; zo the total emission current 

in the shot tube; € the value of the charge 

carried by each particle emitted from the hot electrode; and A the area under 

the curve which respresents relative voltage amplification plotted against 
frequency. 

If the shot circuit be disconnected from the amplifying system and a 
known potential, v;, be applied to the input, then when this potential has a 
frequency equal to that of the resonance frequency of the amplifier, it be- 
comes after amplification equal to Aov;. If v; is adjusted so that it produces 
the same output as the shot voltage, we then have 


E? = A o?0;2 = 222A o?igeA , 
from which 
v;2 


= ° 
2Z7i9A 





(2) 


From this equation the electronic or thermionic charge may be determined 
by the measurement of a high frequency voltage, the impedance of the shot 
circuit, a direct current reading, and a factor which is characteristic of the’ 
amplifying system 


THE AMPLIFIER 


The measurement of high frequency voltages ranging from two to ten 
microvolts is an essential part of this investigation. For this purpose an 
amplifier similar to that used by Hull and Williams in their first measure- 
ment of the electron charge was employed. It is a five stage amplifier with 
tuned impedance coupling and makes use of the shielded grid pliotrons 
which were developed at the Research Laboratory of the General Electric 
Company and described by Hull and Williams’ in 1926. Each stage of the 


* N. H. Williams and H. B. Vincent, Phys. Rev. 28, 1250 (1926). 
7A. W. Hull and N. H. Williams, Phys. Rev. 27, 432 (1926). 
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amplifier is in a separate metallic box. The connection to the control grid 
of each tube is through its upper end and this end of the tube projects through 
a hole in the floor of the compartment above. The elaborate shielding is 
necessary to prevent regeneration and self-oscillation. The plate coil of the 
final stage is coupled to a coil supplying current to a thermocouple. The 
wires leading from this couple to the galvanometer outside the box are pro- 
vided with filters to prevent high frequency currents from getting outside 
the amplifier box. The entire apparatus is enclosed in a large wire cage. 

The grid biases on the amplifier tubes must be so adjusted that the output 
current read by the galvanometer is accurately proportional to the mean 
square of the input voltage. The resonance curve covered a range from 112 
to 121 kilocycles, and when the amplifier was carefully tuned it was found 
to be very nearly symmetrical. 

The voltage factor, v;, of Eq. (2) represents the potential of known value, 
having a frequency equal to that of the amplifier circuits, which when applied 
to the amplifier will produce the same output current as that produced by 
the shot voltage. The method used to determine 2; is one of substitution, 
and it is essential that the regeneration when the shot circuit is connected 
to the grid of the first tube shall not be different from that when the cali- 
brating voltage is applied. In order to test this, a high frequency voltage is 
applied to the grid of the second tube of the amplifier, this voltage having 
a proper magnitude to give a deflection of the output galvanometer as large 
as that normally obtained. The connection to the grid of the first tube is 
then shifted from the shot circuit to ground and back to shot circuit. In 
every test made this has resulted in producing not the slightest change in 
the deflection of the output galvanometer. From this it appears that, when 
the input grid circuit has a high resistance and little inductance as in this 
case, it is entirely safe to use a substitution method in measuring the input 
voltage. 


THE CALIBRATING VOLTAGE 


An inductance potentiometer of the type used by Hull and Williams*® 
furnishes the calibrating voltage, v;. This apparatus is shown in Fig. 2. 
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Fig. 2. Inductance potentiometer. 


A high frequency current flows in along the quarter inch rod and returns 
along the coaxial cylinder. An attenuator is used so that the current actually 


* A. W. Hull and N. H. Williams, Phys. Rev. 25, 147 (1925). 








780 N. H. WILLIAMS AND W. S. HUX FORD 


measured is considerably larger than that used in the inductor. The cali- 
brating voltage is the inductive drop over a short length of the rod. The rod 
in the device used by Hull and Williams was of copper and the frequency 
was greater than 700 kilocycles per second. Under such conditions the pene- 
tration of the current into the rod is slight and the inductance per unit length 
is given quite accurately by the expression, L =2 log.(R/r), R being the 
inner radius of the shell and 7 the radius of the rod. Because of the lower 
frequency used in this work and also because the rod was of brass instead 
of copper, it is necessary to correct this formula for the effect of penetration, 
i.e., it cannot be assumed that the current is confined to a layer of the metal 
very near the surface. A. Russell? has derived an expression for the in- 
ductance of such a coaxial main in terms of the two radii, the resistivity of 
the metal and the frequency of the oscillation. Making use of Russell’s 
formula, the inductance per unit length of the potentiometer is computed, 
and the calibrating voltage, v;, is given by the expression Ldwoi (in which 
d is the length of rod used, wo/2m the resonance frequency of the amplifier, 
and 7 the current), since the resistance is insignificant and the wave is 
harmonic. The authors believe that this method of measuring high frequency 
voltages of the order of five microvolts is subject to an error of less than 
one percent. 


THERMOJUNCTIONS 


It is frequently impossible to obtain accurate values of high frequency 
current by means of thermojunctions when the entire heating element is 
employed. This becomes evident when one considers the fact that capacity 
currents occur through the galvanometer which is used to indicate the direct 
current generated by the junction. Thus the high frequency current through 
one-half the heating wire may in certain cases be several times as great as 
that through the other half. This difficulty is obviated by using but one-half 
of the heater, in which case one of the high frequency connections is made 
at the same place as one of the galvanometer leads. 

This restriction to the use of “half” junctions requires that calibrations 
be carried out with low frequency alternating current. Values of a.c. poten- 
tials may be determined by comparison with the e.m.f. of a standard cell, 
using a circuit in which there is an auxiliary thermojunction in series with 
a resistance. A “standard” deflection is found, corresponding toa known 
voltage, by means of a balance obtained with direct current. This deflection 
is duplicated when alternating current is applied, the value of the alternating 
current flowing through the half-junction to be calibrated being calculated 
in terms of the standard cell e.m.f. and values of standard resistances. All 
such calibrations are carried out with the half-junction and its galvanometer 
in the position in which they are to be used for shot measurements. Frequent 
repetition of this calibration is necessary to eliminate errors due to deteriora- 
tion of the heating elements with use. 


* A. Russell, Phil. Mag. 17, 524 (1909). 








CHARGE OF POSITIVE THERMIONS 781 


IMPEDANCE OF THE SHOT CIRCUIT 


The impedance factor Z, of Eq. (2) is the only circuit constant required 
for the evaluation of the electronic or ionic charge. A method of determining 
its value has been devised which, for simplicity and ease of computation, is 
comparable with the operations necessary in the measurement of the voltage 
factor, v;. The circuit arrangement used is shown in Fig. 3. 
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Fig. 3. Measurement of impedance. 


A special study was made of various kinds of resistors suitable for use 
in the aperiodic shot circuit. It was found that graphite resistors were not 
constant over long periods of time and frequently were subject to rapid and 
erratic variations. A very convenient form of wire resistance coil consists of 
fine chromel wire wound in shallow grooves on a bakelite cylinder about 
9 cm in diameter. One such coil of 150 turns had a resistance of 34,030 ohms. 
Ordinary commercial types of radio grid leaks exhibit an erratic current 
fluctuation which becomes more pronounced with ageing. A particular brand 
of vacuum grid leak has been tested and found to produce no observable shot 
fluctuations. This type of resistor has the advantage of extreme compact- 
ness, and its use reduces the total electrostatic capacity of the shot circuit. 
Both chromel wire resistors and vacuum grid leaks were used in making 
measurements, and were found to be satisfactory in every respect. 

In Fig. 3 R represents such a resistor; it forms the connectign from the 
plate of the shot tube to a grounded point on the copper shield. The other 
electrode of the tube is shunted to ground through a 1 microfarad condenser, 
thus effectively confining the high frequency currents to that part of the 
circuit contained within the shielding box. The electrode p is joined by 
means of a grid condenser to the grid of the first tube of the amplifier, and 
also to one terminal of a half-junction arrangement which is used to measure 
the input current for impedance calibration. While the circuit is operating 
under precisely the same conditions as those used in the determination of 
shot voltages, measurements of impedance are carried out in the manner 
described below. 

A coil O, which with its leads is enclosed in an electrostatic shield, is 
coupled electromagnetically with a coil in the tuned plate circuit of a dyna- 
tron oscillator having the same frequency as that of the amplifier. This 
coupling is variable, and completely controlled by the operator from within 
the large wire cage. The coil is connected through a vacuum junction to the 
terminals A, B, of a standard condenser. Current J; passing through this 
condenser heats the entire element of a low resistance thermocouple, pro- 
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ducing deflections on the galvanometer G;. The capacity current from G; 
to ground, which flows through but one-half the heater of the couple, is in 
quadrature with the current through the other half which has a resistance 
of only 17 ohms. It is wholly negligible by comparison with the total current. 
When the current J; is known, the potential across A,B is given by 


V’=1,/Cwo, 


where C is the capacitance of the standard condenser. The small potential 
drop across the resistance of the junction is in quadrature with V’ and may 
be neglected. 

The entire impedance of the circuit within the shielding compartments 
is now given by 


1 
2! =V'/I,=—-—- - (3) 


It is to be noted, however, that this is not precisely the impedance of 
the shot circuit as it is used in conjunction with the amplifier in the calcula- 
tion of shot voltages. The impedance required is the impedance Z of that 
part of the circuit included between the point D, and the ground point B. 
A correction must be applied for the series resistance 7 of the half-junction 
through which J: flows. 

Let v represent the root mean square value of the potential drop across 
r; it is equal in magnitude to J2r, where r has the same value of resistance 
for direct current as for high frequency current, being a short piece of very 
fine wire. If V is the root mean square value of the potential across DB, 
then we have the vector relation, 

—- om Oe 
V’=V+9 (4) 
We may calculate the potential V by determining the phase angle, ¢, between 
v and V’, and then the correct impedance of the shot circuit is given by 
Z = V/s. 

Let Jo represent the total input current from the generator as read by 
Go when the switch K is closed, J; the current through C and J the input to 
the shot circuit. If the switch K is now opened, the coupling of O may be 
adjusted until G, indicates the same value 

of I, as before. The current through the 
_input junction as registered by Go will now 
be different; let its new value be repre- 
sented by J,’. This current is wholly a 
capacity current, and is the current 
through C plus all currents through such 
line capacities as are represented by C, and 
Cz. Since the potential from A to B is now 
V the same as in the first operation with K 
closed, J,’ represents all capacity currents 

Fig. 4. external to the shot circuit which were 
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flowing in the first case. We have then for the currents with K closed the 
vector equation, 


eee ee 
To=1i' +12. 
If 6 designates the phase angle between J, and J,’ we have (Fig. 4), 
Io? =1,'2+-12?+2],'T2 cos 8, 
from which 
I,?- (7,'2+]") 
21y'l, 





cos 6= (5) 
Since J,’ is 90° out of phase with the potential V’ across the standard 
condenser, the phase angle ¢, between v (in phase with J2) and V’, is given 
by ¢=90°—@, and cos ¢=sin 6. Eq. (4) for the potentials may now be 
rewritten as follows, 
T2°Z? = [2°Z'2+-I_°r? —2 sin OJ or-I2Z'. 


Cancelling the common factor J,?, and taking the square root of both mem- 
bers of this equation, the impedance is given by the equation 


‘ 2rsin@ r*\!/2 
Z=Z'(1- z +5;) , (6) 





This is the value of Z required by Eq. (2). It is expressed in terms of a 
directly measureable quantity 


multiplied by a correction factor depending upon Z’, r (460 ohms in the 
present experiments), and an angle, @, calculated from Eq. (5). For the 
case of high impedances (Z > 20,000 ohms) for which large values of R must 
be used, sin @=0, and Z=Z’. For very low impedances, in which R is small 
and of the order 10 7, sin @=1, and Z=Z'—r. 

The greatest uncertainty in the value of Z computed from Eq. (6) is that 
introduced in the value of the capacitance, C. For this work C is obtained 
by means of a standard condenser, mounted in a copper box and calibrated 
at the U. S. Bureau of Standards. The probable error is 2 parts in 1000. 


FREQUENCY STANDARDIZATION 


Values of frequency used in these measurements were initially obtained 
by means of a wave meter having a Bureau of Standards calibration, and 
were subject to an error of 0.3 percent. Near the termination of the work, 
however, absolute frequency standardization of a quartz crystal was carried 
out in the laboratory by Mr. Donald Lowe. The method used provided a 
means of tuning harmonics of the input to the amplifier to a harmonic of the 
crystal, and obtaining accurate condenser settings on the amplifier by the 
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TABLE I. High space currents. 














to 4 V1 € 
Microamperes Ohms Microvolts Coulombs X 10-* 

A =3500 1988 16,540 24.73 1.607 
no = 116,800 2196 16,530 26.07 1.618 
R= 40,100 2970 16,386 30.00 1.612 
2970 16,478 30.00 1.594 

1978 16,620 24.93 1.625 

2970 16,478 30.18 1.613 

1978 16,620 24.58 1.580 

2970 ' 16,478 29.76 1.568 

Mean 1.602 

A =3500 1978 16,390 24.26 1.582 
no= 116,800 2970 16,070 29.41 1.611 
R= 40,100 1978 16,390 24.29 1.586 
2970 16,070 29.30 1.599 

Mean 1.595 

A=3511 2970 16,671 30.32 1.586 
no = 117 ,000 2970 16,671 30.13 1.566 
R= 34,030 2970 16,671 30.11 1.564 
1978 16,878 24.93 1.570 

1978 16,878 24.95 1.573 

1978 16,878 25.23 1.608 

Mean 1.578 

A=3511 2030 17,110 25.69 1.581 
no = 117 ,400 2030 17,110 25.87 1.604 
R= 34,030 2030 17,110 25.90 1.608 
2978 16,960 30.55 1.551 

2978 19 ,960 30.88 1.585 

2978 19 ,960 31.04 1.602 
Mean 1.589* 

A=3511 2030 17,110 25.69 1.581 
no = 117,400 2030 17,110 25.80 1.595 
R= 34,030 2030 17,110 25.86 1.603 
2978 16,960 30.78 1.575 

2978 16,960 30.75 1.572 

2978 16,960 30.94 1.592 
Mean 1.586* 

A=3511 4553 13,990 31.60 1.596 
no = 117,400 4553 13 ,990 31.42 1.578 
R= 21,500 4553 13,990 31.74 1.610 
3530 14,130 27.99 1.583 

3530 14,130 27.97 1.581 

3530 14,130 28.12 1.598 

2496 14,190 23.66 1,586 

2496 14,190 29.91 1.600 

2496 14,190 23.78 1.602 


Mean 1.593* 








* These measurements were taken under the most favorable conditions, and the results 
are given double weight in the final average. 


method of beats. The fundamental reference frequency was a 60 cycle current 
from a tuning fork, which operated a motor driven clock. The clock was 
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rated against Arlington time signals, and the estimated error of this operation 
is +0.5 sec. in a period of ten hours. 

When the wave meter indicated a frequency of 117.0 kilocycles, tests by 
the beat method against crystal gave 117.1 kilocycles. This indicates that 
the frequencies throughout the series of shot measurements are subject to a 
probable error of 0.i percent. 


PRELIMINARY ELECTRON CHARGE MEASUREMENTS 


An extended series of measurements of the electron charge was under- 
taken with two objects in mind: to test the efficacy and precision of the 
new method of impedance measurement, and to study the effect of wide 
variations in magnitude of the electron emission.. Tables I and II give the 
results obtained with two highly evacuated tubes having straight wire 


TABLE II. Low space currents. 











Zo Z v) Coulombs 
Microamperes Ohms Microvolts x10-" 
A=3511 194.4 19,700 9.181 1.591 
no= 117 ,000 174.6 19,700 8.699 1.590 
R= 50,000 155.4 19,700 8.203 1.592 
136.0 19,700 7.634 1.572 
115.8 19,700 7.006 1.555 
97.4 19,700 6.410 1.548 
77.2 19,700 5.742 1.567 
58.3 19,700 4,986 1.565 
39.5 19,700 4.200 1.639 
20.5 19,700 3.020 1.632 
Mean 1.585 


Final average (weighted) 1.589 - 10~* coulomb 
Millikan’s valuefore= 1.591-10-% - 








tungsten filaments and cylindrical plates. A plate potential of 100 volts or 
more insured that the currents were “temperature limited.” Stable-con- 
ditions in the amplifier circuits were secured by a preliminary heating of 
the tube filaments for a period of from thirty to forty minutes. Tests before 
and after a set of observations of shot voltages showed a variation of less 
than 0.2 percent, in the value of the amplification factor A which was ob- 
tained by direct measurement of the area under the plotted resonance curve. 
Each value of € given in the tables represents the mean of several separate 
determinations of impedance and of equivalent shot voltage, v;. R is the 
direct current value of the resistance used in the circuit, m the frequency 
in cycles per second, and ip the electron space current. 


MEASUREMENT OF THE CHARGE OF K*+ THERMIONS 


The simplicity and precision of this method of measuring shot effect 
render it particularly suitable for the investigation of newly discovered 
fluctuation phenomena which, in certain cases, require a large number of 
observations and rather elaborate apparatus for control of the discharge. 
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This has proven to be true in the study of the thermionic emission of positive 
ions. The greater part of the labor involved in this work has been the de- 
vising of schemes to obtain a properly controlled emission. The tube used 
in the shot circuit must be kept on the evacuating system, and all measure- 
ments reported were carried out with a gas pressure in the tube not greater 
than 10-5 mm of mercury. Potentials up to 1000 volts were furnished by 
batteries located inside the operator’s cage, and the positive ion emitter 
required a special system of filament control. Observations were checked 
by many repetitions of shot voltage and impedance measurements for each 
condition in the shot circuit. 

The following table shows the summary of shot measurements as first 
taken with the tube emitting potassium ions. An attempt was made to 
eliminate as far as possible the influence of space charge, cathode potentials 
being increased for the larger ion currents. Results for the observed value 
of ¢, the ionic charge, indicate that the space charge was probably only 
partially removed. 


TABLE III. Charge of the potassium thermion, 











' Space current v) Impedance € 
Cathode potential (microamperes) (microvolts) Z (ohms) (coulombs X 10!) 
180 volts 20.4 2.926 19,510 1.597 
180 volts 39.8 4.087 19 ,480 1.602 
180 59.0 4.962 19 ,440 1.599 
180 77.8 5.639 19 ,430 1.570 
226 97.8 6.345 19 ,400 1.584 
226 117.0 6.930 19 ,380 1.583 
226 155.1 7.366 19 ,360 1.552 
226 154.1 7.833 19 ,340 1.542 
316 174.6 8.336 19 ,320 1.545 
316 194.8 8.788 19 ,300 1.542 








A second series of measure- 
ments was undertaken in which a 
constant tube potential was main- 
1.59 x10 coulombs tained, and the limiting value of « 
r for low current densities de- 
termined. This limiting value then 
constitutes a close approximation 
to the true value of the positive 
ionic charge, since with small 
current densities the condition for 
temperature-limited currents, as 
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Fig. 5. Apparent values of the charge of required by theory in the deriva- 
potassium ions obtained with a constant plate 


potential of —270 volts. The limiting value of 10" Of the shot equation, is real- 
¢ for low current densities is approximately ized. The results are shown 
1.596 X10-!* coulomb. graphically in Fig. 5, and the limit- 

ing value approached by e€ as i 
approaches zero is approximately equal to 1.596-10-'® coulomb. 
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A further study of the influence of space charge was carried out by 
maintaining a constant ion current through the tube and varying the cathode 
potential. The results are shown in the plot of Fig. 6. Each point represents 
a separate determination of ¢€, the ap- 
parent charge, as calculated from Eq. ' ;' 
(2), impedance measurements being 1.59 x10? coulombs 
taken in each case at the potential used 1.5 x10 A 
for equivalent shot voltage calibration. 

The dotted curve A represents the re- 5 a 
sult obtained while using the first tube 
in which the cylindrical plate was 7 cm 
in length, the constant space current 
400 microamperes. For the second 
mounting of the emitting element the 
cylindrical cathode was shortened to 
5 cm and the comparative effectiveness 
of the two cylinders in removing space 
charge is clearly indicated. Curve B 
shows the results with the second “ £00 400 600 
mounting, space current 200 micro- Cathode potential (volts) 

amperes; curve C, with space current Fig.6. Apparent values of the chargeof the K+ 
equal to 400 microamperes. ion obtained by holding the emission current 

Arecent investigation of oxideemit- constant and changing the cathode potential. 
ting elements reveals many interesting 
features with regard to fluctuations arising in discharge streams in which 
both positive ions and electrons occur simultaneously. Results of these 
studies, to be published shortly, give a possible explanation of the sharp 
downward bend in the curves of Fig. 6. For cathode potentials below 100 
volts the temperature of the emitting anode was increased to such a degree 
that the cathode, viewed inside the closed copper box, showed a dull red 
glow. Probably some electron emission from the cylinder occurred under 
these conditions and accounts for the rather sudden decrease in the apparent 
value of e. For the longer and flatter part of the curves, the slopes are found 
to be roughly proportional to the inverse square roots of the masses of the 
ions when compared to similar curves for barium ion emission in a tube 
having electrodes of the same dimensions, when the emission current was 
of the same magnitude. 

There is one particular in which all tests are in agreement. Under the 
condition of a sufficiently large accelerating potential (or, for a given po- 
tential, a sufficiently small current), the limiting value of ¢ is1.59 +0.01- 10-9 
coulomb, and in not a single case has this value been exceeded by an amount 
in excess of the estimated error of observation. The conclusion to be drawn 
from the results of some fifty observations of the current fluctuations arising 
in discharge streams maintained by the thermionic emission of potassium 
ions, is that the method of measuring the ionic charge by the shot effect is 
entirely feasible in properly constructed emitting tubes. These studies 
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introduce a new and interesting method of observing the influence of space 
charge under conditions not usually realized in other forms of experimental 
procedure. A further study of the shot effect of various elements used in 
conjunction with the iron oxide catalyst should furnish independent con- 
tributary determinations of ionic charges to those already obtained by mass 
spectrograph measurements.'° 


POSITIVE ION EMISSION 


The results here presented indicate that whatever may be the mechanism 
by which the oxide crystals effect the release of the potassium ion, it is such 
that the distribution in time of the emission is a perfectly random one. No 
doubt the factor which determines the distribution is the probability of the 
acquiring by the atom of sufficient energy to separate it from its single 
valence electron when the atom is near the surface of the hot anode. Kuns- 
man’s!! results on the value of the work function of vaporization of positive 
ions indicate that atoms of the alkali and alkaline earth metals escape as 
positive ions, rather than as neutral atoms, because the value of the function 
¢, or the work required to remove an electron from the oxide mixture, is 
greater for an outer, or conduction, electron of the atom than the work 
required to separate the electron from the atom. Thus the probability that 
an electron will escape from the surface is very much less than that a positive 
ion will escape. Emission tests at temperatures below 900°C, carried out 
in conjunction with the present work, indicate that, in no case, was the 
electron emission greater than one percent of the positive ion emission. 
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UNIVERSITY OF MICHIGAN, 
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SPACE CHARGE SHEATHS IN POSITIVE RAY ANALYSIS 
By R. W. Gurney AnD P. M. Morse 


ABSTRACT 


It is shown that in the usual ionizing chambers used in the positive ray analysis 
of secondary ion products a positive ion sheath is formed, which concentrates the 
field applied across the chamber into the portion of the chamber next to the slit, 
leaving the rest of the space field-free. A modification of the usual apparatus was 
used to check this fact. The sheath thickness varies with the voltage applied across 
the chamber, the electron current, and the pressure, and, inasmuch as some ions are 
formed best in a field-free space, and some best in a field, by varying any of the three 
variables, we change the relative proportions of the various secondary and net 
primary ions reaching the analyser collector. Curves are given for the sheath thick- 
ness, and for the various ionic currents through the slit for several conditions in the 
chamber, and these curves are checked with data given by several observers. This 
analysis shows the complexity of the phenomenon and indicates modifications in the 
experimental procedure which may help to clarify the interpretation of experimental 
results. 





HE method of positive ray analysis applied to the study of products of 
ionization was first used by Smyth in 1922 and since that time more than 
twenty papers have been published giving the results obtained in various 
gases by Smyth, Hogness and Lunn, Kallmann and others.'-* Some diffi- 
culty has been found by these workers in distinguishing between the primary 
and secondary processes which produce atomic, molecular or associated 


1 Smyth, Proc. Roy. Soc. 102, 283 (1922), Mercury. 

2 Smyth, Proc. Roy. Soc. 104, 121 (1923), Nitrogen. 

3 Smyth, Proc. Roy. Soc. 105, 116 (1924), Hz and Oy. 

* Smyth, J. Franklin Inst. 198, 795 (1924). 

5 Smyth, Phys. Rev. 25, 452 (1925), Hydrogen. 

* Kondratjeff and Semenoff, Zeits. f. Physik 22, 1 (1924), HgCle. 
7 Kondratjeff, Zeits. f. Physik 32, 535 (1925), ZnCl, and Nal. 

8 Hogness and Lunn, Nat. Acad. Sci. 10, 398 (1924), He. 

* Hogness and Lunn, Phys. Rev. 26, 44 (1925), He. 

10 Hogness and Lunn, Phys. Rev. 26, 786 (1925), Ng. 

1 Hogness and Lunn, Phys. Rev. 27, 732 (1926), Ox. 

12 Hogness and Lunn, Phys. Rev. 30, 26 (1927), NO. 

18 Barton, Phys. Rev. 25, 469 (1925), Argon. 

4 Barton, Phys. Rev. 30, 614 (1927), HCl. 

% Barton and Bartlett, Phys. Rev. 31, 822 (1927), H,O. 

16 Harnwell, Phys. Rev. 29, 683 (1927), Mixtures. 

17 Harnwell, Phys. Rev. 29, 820 (1927). 

18 Smyth and Brasefield, Nat. Acad. Sci. 12, 443 (1926), He. 

19 Smyth and Stueckelberg, Phys. Rev. 32, 779 (1928), Mixtures. 
20 Hogness and Harkness, Phys. Rev. 32, 784 (1928), Iodine. 
21H. Kallmann and M. A. Bredig, Zeits. f. Physik 34, 736 (1925). 
2H. Kallmann and M. A. Bredig, Zeits. f. Physik 43, 16 (1927). 
23 K. E. Dorsch and H. Kallmann, Zeits. f. Physik 45, 565 (1927). 
*% Brasefield, Phys. Rev. 31, 52 (1928). 
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ions, and in confirming each other’s results. This seems to be partly because 
they have not recognized the importance in their method of space charge 
sheaths such as were studied by Langmuir.” Such effects were not con- 
sidered in the only attempt at a rigorous analysis of the situation made by 
Smyth in 1925. The present authors wish to modify and extend his treat- 
ment in the light of present knowledge. In particular they wish to emphasize 
the importance of space charge sheaths and consequently will begin with 
a qualitative discussion and experimental demonstration of the effect of 
such sheaths. 

All the positive ray experiments use a negative collecting electrode 
pierced by a narrow slit. The beam of ionizing electrons is directed straight 
at the electrode and the conditions are at first sight very different from those 
of Langmuir.** We will, therefore, discuss first a simpler apparatus in which 
the electron beam was directed parallel to the collector at a distance 2 cm 
from it. In this case we can apply Langmuir’s equation for the thickness 
of the positive ion sheath on the surface of a plane negative electrode in an 
ionized gas. It is 


x?=0.055V3/2/i(M)!/2 (1) 


where x is the sheath thickness in cms, V the applied collecting voltage, 
4 the current density in microamperes per cm* and M the molecular weight 
of the positive ions. We see that the formation of a narrow sheath is favored 
by small collecting voltages and by large positive ion currents. 

Now the potential drop is all concentrated in the sheath. Therefore in 
the particular apparatus we are considering when the collector is covered 
by a narrow sheath, the ionization will all take place in the field-free space 
outside, and the positive ions reaching the collector will be limited to the 

number diffusing per second across the 
boundary of the sheath. If for example 
the value of the solid angle w subtended 
at the electron beam by the sheath be 
+Ve about 3/4, the fraction of the ions 
wilt. reaching the electrode, w/47, will be 
_ ~ - ~ ¢ about 1/16. On the other hand, when 
the whole beam becomes subject to the 
—~ —— F—  B . oollecting field all the ions will be drawn 
Xx 
t 




















to the electrode, so that we should 

-™ P expect the apparent efficiency, as 

measured by the number of ions col- 

— lected per microampere of primary 

Fig. 1. Arrangement of usual positive Current to increase sixteen-fold as the 
ray analysis chamber. field-free space vanishes. This effect 


was found in nitrogen and hydrogen ina 
tube of this type, by varying nothing but the thermionic current, which in 
turn varied the positive ion current. If the presence of a sheath is the true 


* Langmuir and Mott-Smith, G. E. Rev. 26, 731 (1923). 
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cause of the phenomena, then we should expect to obtain a nearly constant 
efficiency if we work under conditions where there can be no sheath. Using 
a high collecting voltage—50 volts instead of 4 volts—and low values of 
the primary current, this was found to be the case. 

Usual type of apparatus. Confirmed in our hypothesis by the above 
results, let us return to the form of apparatus ordinarily used. We will try 
to obtain a physical picture of the conditions of ionization when the collect- 
ing electrode is covered by a sheath. Electrons passing through the grid G 
produce ions in the space between G and the collecting electrode P. B is 
the boundary of the sheath S. The electric field in S is a maximum near P 
and falls almost linearly to zero at B. If the voltage applied to P is small, 
and the energy of the electrons is considerably greater than the ionization 
potential of the gas, then the ionization will be approximately uniform. In 
this case, except for the ions they form, we can neglect the effect of the 
primary electrons since a positive space charge will be formed almost as if 
they were absent. This is because the velocity of the electrons used is more 
than a hundred times that of the positive ions and therefore the density 
of electrons is in most cases negligible compared to that of the positive ions. 
We thus have the somewhat paradoxical formation of a sheath of positive 
space charge over an electrode to which a net negative current is flowing. 
Thus we can consider the space between G and P as one where there are 
no primary electrons, but in which J positive ions and J slow secondary 
electrons are formed per cc per second, and consider the behavior of this 
simpler case as being practically equivalent to the actual case. 

The ions formed in the field-free space F will reach a high concentration, 
but they recombine so slowly that the loss by recombination will be negli- 
gible; at equilibrium then the number of ions diffusing out of the field-free 
space per second will be equal to the number formed by the electrons per 
second. We may consider that half of these ions diffuse upwards to the grid, 
and the other half downwards into the sheath. The latter plus those pro- 
duced in the sheath form the positive ion current to the electrode. Let d 
be the distance between G and P, and x the thickness of the sheath. The 
ions within a distance =(d—x)/2 diffuse upwards to the grid and are lost. 
But the remainder, that is all the ions formed per second within the distance 
(d+x)/2 reach the electrode. The question may be asked: Since these 
ions reach the electrode whether a sheath is present or not, what is the 
significance of a sheath? The importance of a sheath is that ions linger in 
the field-free space for an interval of time about a hundred times as long, 
and with velocities a hundred times as small as they would if no sheath 
were present. This is obviously favourable to such processes as the as- 
sociation of H,+ and Hz to form H;++H. 

Analysis at low pressures—Two contrasted positive-ion currents must 
be considered ; one is the total number of positive ions reaching the electrode, 
and the other is the number of positive ions which arrive at the electrode 
nearly perpendicularly. It is on the former that the thickness of the sheath 
depends, but it is the latter which determines the number of ions passing 
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through the slits to the electrometer. In the first part of the analysis which 
we shall now give we are concerned only with the former, our object being 
to show how to find the thickness of a sheath that will be present under any 
given conditions of ionization. 

The problem of extending Langmuir’s analysis to cases where some 
ionization takes place inside the sheath has already been considered by one 
of us in collaboration with W. Uyterhoeven.” For the case where the ioni- 
zation was uniform throughout the sheath the approximate solution relating 
V to x was found to be 


V =A"/3[(9i/4)2/3x4/34 (a7/2)2/3x2| (2) 


where 2 is the positive-ion current in microamperes per cm? diffusing into the 
sheath across the boundary, J is the number of ions formed per cc per second, 
and a is a constant of value about 1.5. The constant A is equal to 41(m/2e) 
where m is the mass of the ion. It should be noticed that in this and other 
expressions in this paper the letters 7 and J represent quantities which have 
not the same dimensions, the former being electric charge per second per 
unit area, and the latter being charge per second per unit volume. 

In this expression the first term is the same as Langmuir’s formula, 
and the second term allows for the additional space-charge produced by 
ionization inside the sheath; it shows that a higher collecting voltage V 
may be used to produce a sheath of any given thickness x. Near the electrode 
the ions which have been accelerated through the sheath are travelling with 

high velocity. On the other hand fresh 











10 TT ions which are formed by electron impact 
m o-8am near the electrode all start with zero 
/ velocity (or rather random thermal velo- 
& cities); and being heavy they make a 


| large contribution to the space charge. 
y, It has been pointed out above that the 
ciscn| jonic current entering the sheath from 















































6 
/, , we the field-free space, i is equal to J(d—x)/2. 
i of Substituting, and putting (9/8)*/* and 
at /) d-1t.0cm-| (a/2)?/8 each equal to unity, we have 
W approximately 

3 
# d*0.8cm V=A 1/372/8y2[(q— 1)2/8/x+1]. (3) 

2 
d*0.6cm Tomake use of this expression we need 
! a convenient method of evaluating J. 
Compton and Van Voorhis®’ have given 








10] . . 
0 02 04 06 08 10 1€ 14 Curves showing the number of ions pro- 


i duced f path f 

Fig. 2. Sheath thickness for various CUC®¢ Per cm Of path at a pressure 0 
chambers and various potentials. 0.01 mm; let this quantity be N for the 
velocity of the electrons used. Then if 


26 Morse and Uyterhoeven, Phys. Rev. 31, 827 (1928). 
27 Compton and Van Voorhis, Phys. Rev. 27, 724 (1926). 
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p is the gas pressure measured in hundredths of a millimeter, and 7, is the 
electron-current, we have 1,Vp=J. The constant A depends on the mass of 
the ion, so that it is convenient to calculate A for the hydrogen atom and to 
introduce the molecular weight, 17. The value of A!’ for the hydrogen 
atom is found to be 4.0. Now letz,.Np(M)'/?=J(M)'!/?=B. Then we have 


V/B*/3=42[(d/x—1)2341]. (4) 


In Fig. 2 are plotted curves from which the thickness of the sheath x may 
be read off for any conditions of ionization in vessels of various depths d. 

We may now consider whether this approximate solution fits the facts 
sufficiently well for general use at low pressures. The collecting field will 
retard the electrons entering the sheath, and if sufficiently large will 
bring them to rest near the electrode. Since they are more numerous than 
the ions, they will destroy any positive sheath. We must therefore explain 
why we have so summarily dismissed the effects of electrons. The reason is 
that the initial energy of the electrons must necessarily be above the ioniza- 
tion potential of the gas. If therefore the collecting field is to diminish their 
velocities to very low values, it must be a voltage from 10 to 20 volts in 
the gases used, in which case the space charge sheath will have already com- 
pletely filled the chamber, except at unusually high pressures. It happens 
then that for the collecting voltages in which we are interested, around 
5 volts, the presence of free electrons may be disregarded. 

To sum up, as long as the pressure is small (0.01 to 0.03 mm depending 
on the gas) and the retarding field V is small compared to the accelerating 
field V., the electrons will traverse the chamber practically unhindered 
and J will be uniform. In this case the total ionic current to P per unit 
area will be made up of the ions created in the sheath and also those ions 
diffusing across S. That is the current measured by the electrometer is 


K (Ix+ io) = KI(d+x)/2=KpNi(d+x)/2 (S) 


where K depends on the size of the slit. 

If the pressure were kept constant at a small value and V alone were 
varied x would change in this equation, or if i, were varied x and J would 
change; there would be little scattering of ions as they pass to the slit, nearly 
all of them would fall perpendicularly through the slit and thus be measured 
and the analysis. would be comparatively simple. If p is varied, however, 
as has been the experimental practice, the analysis becomes more difficult 
on account of scattering effects at higher pressures. We will proceed there- 
fore to the more general treatment required for such cases. 

Analysis at higher pressures. At higher pressures the effects are complex 
even in the absence of a sheath; this was the problem attacked by Smyth. 
He introduced three considerations: (1) Scattering of the ions: the prob- 
ability that an ion formed at a distance y above the slit is drawn down 
vertically and suffers no collision with a molecule is e~"?”, where m is the 
number of collisions made by a positive ion per cm of path at unit pressure; 
(2) Non-uniform ionization by the electrons. When the electrons have not 
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more than about 50 volts energy, as is usually the case, the ionization will be 
most intense near the grid and will fall off as e~"*, where m is the number of 
collisions made by an electron per unit path at unit pressure. (3) Loss by 
ionization between the filament and grid. Since the filament is always 
placed close to the grid, this is only important at very high pressures, and 
may be allowed for by a factor e~"”*, where b is the distance between the 
filament and the grid. 

In our analysis we retain the first two of these considerations but express 
them differently, replacing the assumption of a uniform field by that of a 
sheath and using the experimental value for the probability of ionization, 
a result not available to Smyth. 

First we must correct our expression for J. The electrons make pN 
ionizing collisions per cm path, and create, say, a ions before they lose their 
ionizing power. Then the number of electrons losing their energy in tra- 
versing a space between y and y+dy will be, dn = —pNn dy/a or 


n=ce~PNvlat ¢!, 


Then if an electron current 7, per cm? comes through the grid, there 
will be available an electron current 7,e?"-®/* at any distance y from the 
plate P, and the number of ions formed per second per cc will be 


I' = pNi,ePX v-a)/0 (6) 


(the prime will be used hereafter to distinguish a value in which scattering 
is included from a value computed for the simple case). 

Similarly, when the ions are formed, they also will be scattered. In 
the field free space above the sheath this random motion will not matter, 
except as the collisions cause secondary ions, for the speed of the ions dif- 
fusing into the sheath is so small compared to their speed in the sheath that 
their direction does not matter. But within the sheath the ion must travel 
perpendicularly to P in order to get through the system of slits below P. 
That is, the number counted in the analyzer are those which have been 
formed directly above the slit, and have fallen to the slit without suffering 
a deflecting collision. The number suffering two or more collisions such 
that finally they travel perpendicularly through the slit is negligible. If 
the average number of collisions per cm path is mop, where p is given in 
units of 0.01 mm, then the probability of reaching the slit from a distance 
y above it without colliding will be e~?"ov. 

Therefore the effect of increasing the pressure will be to reduce the 
number of ions measured which come from above the sheath, by a factor 
e-?"*, The number formed above the sheath per second and going to the 
sheath is half the total number formed there 


d d 
ig!’ = (1/2) f Idy=(pNi./2) f ePN (v~ a) ody = (ai,/2)(1—eP® W-2)/0) 


and the number of these going through the slit undeflected will be 








SPACE CHARGE SHEATHS 795 
K io’ = K(ai,/2)e—?"07(1 — eP (v4) / 2) 


The number measured which are formed within the sheath will be 
Ki,'= K f Te-P™"dy=KpNi, f e—P(no-N/a)y—PNd/ady 
0 0 


KNi. 
= ———_[¢~ PN da _ e~P(ny-N/a)2—pNd/a| ; 


("o— N/a) 


Then the total undeflected primary ion current which is measured will be 


ee a a N : 
Ki,’ = Ki,.e~?"** ._" —+——_ le? (2-42) / 04 


ePnrot—PNd/a 2 7 
2 m—N/a | (7) 


nyo—N/a 

Fig. 3 shows such a curve for neon, N=0.01, a=2, n.»=1, V.=50v, 
V =Sv, 7.=300 microamps/cm? and d=1icm. This corresponds fairly closely 
to the experimental curve obtained by Harnwell.'® The sheath thickness 
x is also given, to show that it is present throughout most of the pressure 
range. All these scattering corrections do not affect materially the deter- 
mination of x, for the current determining the space charge is not affected 
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Fig. 3. Primary ion current and sheath thickness in neon at various pressures. 


by the deflection of the individual ions. However, impurities in the gas, 
which are easily ionizable, and of large molecular mass, will affect the sheath 
thickness, though they will not directly affect the measured ionic currents. 

Secondary ions: Eqs. (5) and (7) give the primary ion current only 
when no secondary ions are formed. When these are created the measured 
primary ion current is less than this, and will depend on the character of 
the secondary ion formation. 

There are probably two general types of secondary ions; those which 
require low ionic velocities for formation, and which will form most easily 
in the field free space above the sheath; and those requiring high velocity 
collisions for formation and which form most easily within the sheath. 

Type I. So far we have not needed to consider the actual concentration 
of ions at various points in the chamber, but it can easily be seen that inas- 
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much as the drift velocity in the space GS is due only to diffusion and there- 
for is much smaller than that inside the sheath, the concentration in GS 
will be correspondingly greater, perhaps fifty to a hundred times as large 
as in the sheath. Therefore nearly all of type one ions will be created in 
this space. 

The usual diffusion equations will hold here. We neglect diffusion to 
the side wall since the side wall is partly insulator. Then for equilibrium 
the number diffusing away from any element of volume per second must 
equal the number formed minus the number changing to secondary ions. 


— Dd?n/dz?=N pi./e—m, 


where z is the distance from C, D is kT/e times the ionic mobility (D = Do/p= 
kTyo/ep, where po is the mobility at 0.01 mm pressure), ” is the concen- 
tration of positive ions and m, the number changing to secondary ions per 
second. If the probability of change to a secondary ion at each collision 
is P,;, and the number of collisions a primary ion makes per second is pm, 
then m,=npn, P,, and 


Ni. . cosh ((N,P;/Dy,)!/2P?) | 
n= - 
en, PL cosh (2,P;/D-2)'/2P(d—x)/2) 





if we consider to be practically equal to zero at both grid and sheath 
boundary. The total measured current of secondary ions formed per second 
which go to the sheath will then be 


d—z/2 
Kis=ex f m,dz 
0 


2 d—-x Do 1/2 nP; 1/2 d—x 
witgnts ) tanh ( ) P( )| 
a n, Pp? Do 2 


When (7 P1p/Do) is small this can be expanded and becomes 
Kx nP ip Ni. (=) 














3D 3 


to the first approximation. 
The current of unchanged primary ions reaching the sheath will be the 
difference 


Cae Lf De \? mP\\'!? /d—x 
ie inminp= Wie) tan ( =) o( 2 ) ®) 


which reduces to io if p is small. 








If only secondary ions of this type are formed, K(io,+J) will be the 
primary ionic current measured. These results, of course, have disregarded 
the effects of scattering. 

When the pressure is high the analysis is somewhat changed in that 
the diffusion equation now is 
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— D—-=— e~ Ne) P(s+(é—2)/2]__ agp P, 
which gives for the measured current of secondary ions 


Kan,P i .e~"0?*-N p(4—2) /a 


Ki,’= (erent 1) 


n,P,—DpN?/a? 
N f Do \'"? mP,\'"? (/d-—x 
(BY aa(2) HE] 
a n,P, Do 2 


and for the resulting primary ion current to the sheath boundary 


























naP 
iop' =ai- 6 (e—N p(d—z) /2a _ @N p(d—z)/ a) 
naP,—D,N?/a? 
NimP, Dy \'? mP,\)!? /d-—x 
+ - tanh p ) (10) 
n,\P,—DpN?/a?\n,P, Do 2 


If no secondary ions are formed in the sheath, the measured primary ion 
current will be Kio,’e~"0?*. 

Type II. In this case the formula m,=npngP:2 is the same as for type 
one ions, but the various quantities must be interpreted differently, for 
here all the ions are assumed to have a definite drift velocity perpendicular 
to P, instead of having only a random motion. mq is then equal to mut 
where u* is the velocity of the ion due to the electric field, and m2 the number 
of collisions an ion makes per cm path when in an electric field. m is i,/ut, 
where 7, is the current of primary ions passing a unit area parallel to P and 
a distance y from P. Then the number of secondary ions formed per sec 
per cc will be m2pP2i,, and for equilibrium 


di,/dy= —I+ pnoP2iy= —pN+n2pPri, 


or 
be == (igo —Ni./m2P2)e?"2??—) + Ni./n2P2 


and the total measured current of this type ion is 


Kis= KpPam [ iydy 


0 
= K [(io—Nie/n2P2)(1—e~""2?*+ pNi-x) (11) 


The total current of primary ions which pass through the slit and is 
measured is Kz, evaluated at y=0 


Ki,=K(io—Ni,./m2P2)e—?? "27+ Ni,/ Pong (12) 


When secondary ions of type one are also formed, io, from Eq. (12) is used 
instead of io in these formulas. 

When the case is considered for high pressures the only change necessary 
is to multiply J by e~*»¢-/¢ and to introduce the scattering factor e~"o?¥ 
the secondary current becomes 
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Kiy K (ing = ( 4. \¢ Pare —e-np2) 
i.’ = e7"2P Pt — gn pz 
. ” n2P,—N/a/ \1—P» 


Kai, ( N pz! ) (13) 
—_______—_(g—N pz/e — g—" apt k 
1—N/aP2ne 





and the final positive ion current measured is 


Ni,e7N P(4-2)/4 
Kiy!=K (iop'— Jernenerns 
n2(P2+1) —N/a 


Ni,e-N P(s-2)/0 
no(P2+1)—N/a 


Fig. 4 gives curves for x, iy’, i:’ and 2’, for hydrogen, mp=3, i,=300, 
V =9v, d=0.8cm, N=0.03, V.=25v, a=1, Do/mP,;=1/2, Pone=5. The 
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Fig. 4. Primary and secondary ion currents and sheath thickness in hydrogen 
at various pressures. 


curves show considerable similarity to those of Smyth.’ They should not 
be expected to correspond exactly however, for from Smyth’s data, 7, the 
electronic current density going through the grid, cannot be determined 
with any degree of precision, and this factor has considerable effect on x, 
and therefore on the position of the peak in z,’. Also there was present an 
appreciable amount of water vapor, which would reduce x, and bring these 
maxima to smaller pressures. The similarity between the curves for H+ and 
the 7.’ curve, and the curve for H;+ and the 7,’ curve suggests that H+ is 
formed within the sheath, by high velocity collisions, and that H3+ is formed 
above the sheath by low velocity collisions. Of course some H;* will be formed 
in the sheath, and some allowance has been made for this effect in drawing 
the dotted 7,’’ curve. 

Discussion: Thus the curves obtained for the case where no secondary 
ions were formed, and those obtained where both types were formed all 
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resemble the experimental curves. This check is not conclusive, however, 
for the values of many of the variables were not measured or regulated 
when the experimental curves were taken. 

It should be possible to determine quantitatively the probabilities of 
formation of the various secondary ions, and measurements are being made 
in this laboratory to see whether the above analysis is adequate for such a 
determination. The above analysis has shown that in making any further 
measurements of this kind it should be borne in mind that the voltage across 
the chamber and the electronic current are nearly as important factors in 
determining the proportion of the various ionic products as is the pressure 
and that perhaps the method which is easiest to analyze quantitatively is 
that of keeping the pressure constant at a low value, and varying either V 
OF t¢. 

But even if further data show that the phenomenon is still more compli- 
cated than we have assumed, it is hoped that the above analysis may suggest 
modifications in experimental procedure and help to clarify the interpreta- 
tion of experimental results. 

The writers wish to express their appreciation of the help rendered by 
Professor H. D. Smyth in the organization of this paper. 


PALMER PuHysICAL LABORATORY, 
PRINCETON UNIVERSITY, 
February, 1929. 
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THE EFFECT OF EXTERNAL FIELDS ON THE POLARIZATION 
OF THE LIGHT IN HYDROGEN CANAL RAYS 


By I. WALERSTEIN 


ABSTRACT 

Hydrogen canal rays were allowed to pass through a cathode so constructed 
that the light of the canal particles could be observed in the 6 mm length of the canal, 
for a distance of 5 mm below the canal, and for several cm in the high vacuum chamber 
above the canal in which the intensity of the light falls off exponentially. The light 
of the canal rays in the canal and below it is partially polarized with the amount of 
polarization depending on the material of the cathode. The ratio of the intensity 
of the light vibrating in the direction of motion of the particles to that perpendicular 
to the motion is 1.20 for brass and only 1.09 for aluminum. Beyond the canal the 
polarization falls rapidly and completely disappears in a distance of 6 mm. When 
electric fields are applied to the canal ray, the dying out of the polarization is dis- 
turbed and fluctuations of the degree of polarization occur which are nearly periodic 
along the length of the beam. With fields perpendicular to the ray the number of 
these changes in the polarization in a given length increases slightly with increase of 
field strength. The wave-length of one of these changes varies almost directly with 
the velocity of the rays. For electric fields parallel to the beam the wave-lengths are 
constant for all field strengths and decrease with increase of velocity. Weak magnetic 
fields applied perpendicular to the canal ray reduce the polarization of the light in the 
canal and below it. These results are in agreement with the effect of magnetic fields 
on the polarization in resonance radiation. In the high vacuum chamber the mag- 
netic fields also produce periodic changes in the polarization. The variation of the 
wave-length with increasing fields depends on the orientation of the field. 


HE polarization of the light emitted by canal rays was first observed by 

Stark! and quantitatively studied in 1915 by Stark and Luneland.? 
Lately observations have been extended to include the light emitted by 
canal rays in a high vacuum, where the total intensity of the light from the 
bundle was shown by Wien, and Dempster to fall exponentially. The polar- 
ization has been shown in this case to disappear a short distance from the 
end of the canal. The distance is given as 5-15 mm by Hertel® depending on 
the potential across the discharge tube, while Rupp‘ obtains no polarization 
at 3 mm from the canal, and Stark® at about 1 mm. A similar fall in the 
polarization near the end of the canal was also found by von Hirsch and 
Dépel.6 The polarization is expressed as the ratio of the electric component 
vibrating in the direction of the motion of the particles to that vibrating at 
right angles to the motion, and its possible cause may be the orientation of 
the molecules in the canal ray in the direction of its motion due to frequent 


1 Stark, Verh. d. D. Phys. Ges. 8, 104 (1908). 

2 Stark and Luneland, Ann. d. Physik 46, 68 (1915). 

* Hertel, Phys. Rev. 29, 848 (1927). 

4 Rupp, Ann. d. Physik 79, 1 (1926); 85, 515 (1928). 

5 Stark, Die Axialitaét d. Lichtemission u. Atomstruktur, Berlin, (1927). 
® R. v. Hirsch and R. Dépel, Ann. d. Physik 82, 16 (1927). 
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collisions with the molecules of the rest gas, or to the influence of their ionic 
fields. 

The effect of a magnetic field applied to the canal ray has been de- 
scribed by Rausch von Traubenberg and Levy’ who obtained results analo- 
gous to those obtained by Hanle, Wood and others for the polarization of 
resonance radiation in mercury vapor. For canal rays in a high vacuum 
chamber Hertel and Rupp have investigated the effect of applying a trans- 
verse electric field and have found that the dying out of the polarization is 
disturbed and regular periodic variations of the polarization occur along the 
length of the canal ray. In the following experiments the effect on the 
polarization of the light in canal rays is described when electric and magnetic 
fields were applied in different directions. 


APPARATUS 


Hydrogen canal rays were obtained through a cathode having a rec- 
tangular canal 6 mm long (Fig. 1). The cathode was constructed so that the 
light from the canal rays could be ob- 
served for a length of 5 mm before it 
entered the canal, then throughout the 


* oe 
6 mm length of canal, and finally in the “ane Tn 
high vacuum chamber beyond the canal. a 
It consisted of two parts fastened to- = 
gether by screws. The back half had one cuss 
plane face in which a slit was cut 6 mm ous ellie 
long and of rectangular cross section 
measuring 0.46 mm wide and 1 mm deep. ame” | 
Below this was a large chamber com- 3 = 
municating with the discharge tube and 
at the same pressure. Immediately below 
the slit a thin metal strip was placed at a | 
distance of 1 mm back from the plane sare FRONT 


face, so that the light seen in the lower 
chamber was only slightly more intense (+) 
BOT TOM 


















































than that seen in the slit. The slit in the 
back half was covered by a microscope 
cover glass which was kept in place by 
the front half. The front half of the 
cathode was as high as the back half and itself had a slit of 0.7 mm wide 
and 11 mm long exactly facing the slit and the metal strip in the back half, 
to allow observations of the light in the canal. The plane faces of the two 
parts of the cathode were ground flat in the optical shop of the laboratory 
so that no gas should pass through the interface when these were in contact. 
The microscope cover glass was cut to shape and placed between the two 
parts which were then fastened together with screws. The bottom surface 
of the assembled cathode was ground flat and placed on a ground glass joint 
separating the discharge tube from a high vacuum chamber, so that diffusion 


7 Rausch von Traubenberg and Levy, Zeits. f. Physik 44, 549 (1927). 


Fig. 1. Diagram of apparatus. 
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of hydrogen gas from the discharge tube to the high vacuum observation 
chamber could only take place through the top of the slit in the back half 
of the cathode. A magnesium cup collimating the canal beam was fastened 
to the cathode. A totally reflecting prism P was held in the cup so that it 
reflected the light from the collimating slit S through a window W into the 
slit of a spectroscope for observing the Doppler effect. 

The discharge tube was 50 cm long and 2.5 cm in diameter. Hydrogen 
was generated electrolytically from barium hydroxide solution, passed 
through platinized asbestos and phosphorus pentoxide for removal of oxygen 
and water vapor and stored in a reservoir. From the reservoir it flowed into 
the discharge tube through a capillary in which was inserted a glass rod. 
The rod was attached to a piece of iron and by moving the iron with a magnet 
the rod was adjusted so that the rate of inflow gave the desired pressure in 
the discharge tube. The gas which passed through the slit in the cathode 
into the high vacuum observation chamber was rapidly removed by a three 
stage Gaede all-steel mercury diffusion pump which was connected to it 
through a large liquid air trap. The pressure in the discharge tube was 
measured by a McLeod gauge, and that in the observation chamber by an 
ionization gauge previously calibrated with the McLeod gauge. The pressure 
ratio between the discharge and observation chamber was about 200 to 1. 
An alternating current transformer rectified with one kenetron thus giving 
only half of the cycle was used to supply the current for the discharge tube. 
The voltage across the discharge tube was measured by an electrostatic 
voltmeter. The cathode was always grounded. 

For the experiments on the effect of magnetic fields on the polarization, 
Helmholtz coils were placed outside the observation chamber. The coils 
were 16 cm in diameter and placed so that the canal ray was in the uniform 
part of the field. One pair of coils was oriented so as to compensate for the 
earth’s magnetic field throughout all the experiments. Electric fields were 
obtained by condenser plates supported on glass rods fastened to the cathode. 
Fig. 1 shows the condenser used to apply an electric field perpendicular to 
the canal ray but in the direction of the line of vision. The front condenser 
‘ plate had a slit 0.7 mm wide through which the canal ray was viewed. For 
applying successive fields in opposite directions two condensers were used, 
both connected to the same source of potential but having the directions 
of their fields opposite in sense. The condenser plates were joined to a 
potentiometer for applying the required voltage. They were always placed 
symmetrically with respect to the canal beam and the potential on each 
adjusted so that the grounded cathode was midway between the two. To 
apply an electric field along the ray, a piece of brass gauze of fine mesh was 
stretched across the glass supports a distance of 3 cm above the canal end 
as indicated by the dotted line in the diagram of the cathode Fig. 1. All 
condensers were made of brass which was blackened with a solution of silver 
nitrate in nitric acid. The velocity of the rays was obtained by photograph- 
ing the lines H8 and Hy and their Doppler components through a Steinheil 
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three prism spectrograph. The light for this was reflected by the prism W 
in the magnesium cup of the cathode into the slit of the spectroscope. 


METHOD OF PHOTOMETRY AND INTENSITY MEASUREMENTS 


Observations were made through a calcite crystal cemented with Canada 
balsam to a good piece of plate glass which was fastened with wax to an open- 
ing in the observation chamber. Photographs of the bundle were obtained 
through an ordinary camera placed near the calcite crystal. The calcite 
crystal was oriented to produce two images of the canal beam side by side, 
one image of the light vibrating parallel to the motion of the particles and 
the other of the light vibrating perpendicular to it. The camera gave a 
magnification of the image of 1.5. On each photographic plate a series of 
intensity spots were placed on both sides of the canal-ray images. This was 
obtained by placing the plate in a sensitometer consisting of a series of 10 
holes of various diameters uniformly illuminated by a milk glass screen. 
The holes were all at a distance of 7 cm from the plate and the light from 
each passed through a separate tube blackened on the inside and fell on 
the plate. The intensity of the light from each hole was proportional to 
the area of the hole. The milk glass screen was illuminated by the light from 
the hydrogen discharge tube immediately below the cathode so that the 
quality of the light producing the intensity spots was the same as that 
producing the images of the canal beam; the blackenings of the intensity 
spots on the plate could be interpreted as relative intensities and a calibration 
curve was thus obtained for each plate. Cramer Hi-Speed plates were used 
so that the measurements pertain mainly to H8 and Hy which predominate 
in the canal-ray spectrum. Exposures of the canal ray were taken for 20 
minutes and immediately after that the intensity spots were photographed 
on the same plate for the same length of time. Separate exposures of 3 
minutes each were taken of the beam in the slit of the cathode and below. 
The plates were developed in strong contrast Glycin developer. 

Measurements of the blackening on the plates were made with a Moll 
microphotometer. For the image of the beam in the slit of the cathode and 
below. it, a.photographic register of the intensity was obtained by reducing 
the length of the image of the illuminating slit of the microphotometer to 
less than the width of the canal beam image. First one of the two images 
produced by the calcite crystal and then the other was moved past the 
illuminating slit. The intensity spots were also registered on the photo- 
graphic trace. A different procedure was used for measuring the intensities 
of the images of the bundle in the high vacuum chamber. The slit of the 
microphotometer was removed and the filament of the lamp was focussed 
on the photographic plate. The opening to the thermopile was then reduced 
so that only the light from a region } mm X} mm on the plate entered the 
thermopile. The Moll galvanometer was replaced by a Leeds and Northrup 
high sensitivity galvanometer giving large deflections which were observed 
visually. The canal-ray images were placed horizontally and the plate holder 
given a slow vertical motion so that first one beam then the second moved 
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past the illuminating cone of light and the galvanometer deflections were 
observed for the maximum blackening in the center of each beam. Such 
pairs of readings were taken at points 1 mm apart or less along the length 
of the canal beams. With the same arrangement the deflections produced 
by the intensity spots were also measured. From these a calibration curve 
was drawn for each plate and the deflections of the canal beam images could 
then be changed into intensity readings. These were plotted for each beam 
and a smooth curve drawn. The ratio of the intensities as read from these 
curves was then plotted as the polarization. By taking the readings from 
a smooth curve any local imperfection in the plate which may cause a wrong 
reading in any of the beams will not affect the final polarization curve. 

Experiments were first carried out with a cathode and condenser plates 
made of iron. With this cathode it was found that the fall of intensity of 
the light along the canal bundle was not purely exponential. For a distance 
of 1 mm from the canal end the intensity fell rapidly, after which it changed 
but little for a distance of 1-1.5 mm. From there on the intensity fell ex- 
ponentially. When the separate curves for the intensity of the light parallel 
and perpendicular to the direction of motion of the canal rays were plotted, 
these deviations from exponential fall were much more marked for the 
intensity perpendicular to the beam than that for the intensity parallel to it. 
Departures of this type from the exponential fall of the total intensity near 
the canal end were also observed by Wien® and have lately been shown by 
Port® to be due to a constant outgassing by the material of the cathode. 
Port has obtained an exponential curve for the intensity right up to the canal 
end. This he achieved by heating the cathode for a long time using a high 
voltage discharge. In these experiments the discharge was maintained for 
11 hours at 8000 volts and 6 milliamperes without much change in the 
deviations from the exponential fall. The iron cathode was abandoned due 
to the influence of the residual magnetism in the iron on the polarization of 
the canal ray. 

The cathode described above and shown in Fig. 1 was then constructed 
of brass. The polarization ratio in the canal was found to be about 1.20. 
The brass, however, sputtered strongly and the cover glass in front of the 
slit of the cathode became almost opaque after 10 or 15 minutes. An alum- 
inum cathode of the same design was then made which removed the difficulty 
of sputtering. With both the brass and the aluminum cathodes a discharge 
was run through the tube for an hour or two before exposures were taken, 
and as a result it was found that the deviations from the exponential fall of 
intensity observed with the iron cathode were quite inapparent with the 
brass and aluminum ones. However, in all the photographs with aluminum 
the initial polarization ratio was never more than 1.09. This reduction in 
the polarization would have to be entirely ascribed to the metal as no 
changes were made in the optical system when the brass cathode was replaced 


8 Wien, Ann. d. Physik 60, 597 (1919); 66, 229 (1921). 
® Port, Ann. d. Physik 87, 581 (1928). 
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by the aluminum one. According to Baerwald'® the electron emission when 
a metal is bombarded by canal rays is greater for the component elements 
of brass than for aluminum. The stream of emitted electrons can cause 
additional polarization as has been shown by Skinner" and others and this 
may account for the polarization in the brass cathode being greater than 
in the aluminum one. 

Three potentials were used across the discharge tube in the following 
experiments, viz., 5000, 10000, and 15000 volts. The Doppler effect at these 
potentials indicated that the rays had velocities 4.910’, 7.010’ and 
8.1107 cm/sec respectively. In the following figures the ratio J,/I, is 
plotted along the length of the canal ray, where J, is the intensity of the 
electric vector parallel to the motion of the canal beam and J, the intensity 
at right angles to the motion. In Curves 1 and 2 (Fig. 2) the exponential fall 
of intensity of the canal ray is shown in dotted line, and the changes in the 
polarization ratio in heavy line. In the chamber below the slit the polariza- 
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Fig. 2. Curves 1-2, no field, fall of total intensity in dotted lines. Curves 3-6, electric 
fields perpendicular to beam, and perpendicular to vision. E£, electric field applied to canal 
beam, in volts per cm. H, magnetic field applied to canal beam, in gauss. V, Potential across 
discharge tube, in volts. P, pressure in discharge tube, in mm of mercury. ), pressure in 
observation chamber, in mm of mercury. i, current through discharge tube, in milliamperes. 
s, velocity of canal-ray particles, in cm per second. 
tion was found to be constant and the ratio J,/J, was 1.08. At the beginning 
of the slit a slight rise in the polarization was observed and a value of the 
ratio of 1.09 prevailed throughout the length of the slit. This value was 
unchanged as the potential across the discharge tube was raised from 5000 
to 15000 volts. When the bundle leaves the slit and enters the high vacuum 
chamber there is a rapid decrease in the polarization, the ratio falling from 
1.09 to 1.0 in about 6 mm from the end of the canal. This decrease is seen 
to be more rapid than that observed by Hertel and to agree better with the 
observations of Rupp. As the potential in the discharge tube is increased 


10 Baerwald, Ann. d. Physik 41, 662 (1913). 
" Skinner, Nature 117, 418 (1926). 
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from 5000 volts to 15000 volts the curve of the fall of polarization is not 
changed appreciably. In the case of the Stark effect, Bloch’®, Rausch v. 
Traubenberg and Gebauer," have shown that as soon as the radiating atoms 
pass out of the electric field they no longer emit the Stark effect components 
of the spectral lines. In these experiments the gas diffusing from the dis- 
charge chamber into the observation chamber is reduced to the pressure of 
the observation chamber within 1 mm (equal to the width of the canal) from 
the canal end. After this the canal-ray particles can no longer be affected by 
the electric fields of neighboring rest gas molecules as is the case in the canal 
and below it. The radiation however, unlike the case of the Stark effect 
does not become unpolarized immediately but retains some degree of polar- 
ization for a short time corresponding to 4 or 5 mm path after the atoms 
in the moving canal beam have escaped the influence of neighboring rest 
atoms. 


EFFECT OF ELECTRIC FIELDS ON POLARIZATION 


Field, canal beam and direction of vision at right angles to each. other. 
Curves 3-6 (Fig. 2) indicate the change produced in the polarization when 
an electric field perpendicular to the canal ray and the line of vision is applied. 
This field began at a distance of 3 mm from the canal end. The curves show 
that the dying out of the polarization observed with no electric field is dis- 
turbed, and periodic variations in the polarization are introduced. If we 
call the distance from the maximum of one of the variations to the maximum 
of the next a “wave-length” then the curves indicate that as the field strength 
is increased the “wave-length” gets shorter, but no direct proportionality 
is seen. The dotted curves 3,4,5, are the curves obtained by Hertel at 
slightly different field strengths The agreement is very close except at the 
beginning of the beam where no diminution of the initial polarization as 
indicated by Hertel’s curves was noted. 

Successive fields in opposite directions. To observe whether the direction 
of the field has an effect on the polarization two condensers were set up one 
above the other whose fields were of the same strength but opposite in sense. 
The lower condenser was 7 mm long and placed at a distance of 1.5 mm above 
the cathode and the second condenser was 3 mm above the first. Curves 
7-13 (Fig. 3) give the results for this directional change in the field. Curve 8 
has the same type of periodicity as the corresponding curve 4 except that 
the part of the curve in the second condenser has a downward trend instead 
of continuing up as in 4. The same effect is observed on comparing curve 9 
with curve 6, and curve 10 with Fig. 5F of Hertel, viz., a trend of the polar- 
ization in the second field opposite to that in the first but with same periodic 
variation. Curves 11-13 taken with a discharge potential of 10000 volts 
indicate very similar variations except that the wave-lengths are longer than 
in the case of 5000 volts. Comparison of curves 12 and 8 yields a ratio of 


12 Bloch, Zeits. f. Physik 35, 894 (1926). 
13 Rausch v. Traubenberg and Gebauer, Zeits. f. Physik 44, 762 (1927). 
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the wave-lengths almost equal to the ratio of the velocities of the canal rays 
used in the two cases. This indicates that the changes in the polarization 
occupy the same time in both cases. 
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Fig. 3. Curves 7-13, successive electric fields in opposite directions. Curves 14-21, electric 
fields parallel to beam, and perpendicular to vision. 


Field along the direction of vision and at right angles to the beam. The con- 
denser used was that shown in the diagram of the cathode. The results 
obtained are collected in curves 22-30 (Fig. 4). It will be noticed as the 
strength of the applied field is increased the initial polarization is decreased, 
the ratio becoming less than 1.0 for a field greater than 200 volts per cm. 
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The decrease in the wave-length is noticeable up to 200 volts per cm after 
which it remains constant. However, the amplitude of the waves is increased 
with the field and the maximum of the first wave approaches the end of the 
slit. Comparison of curves 29, 27 and 23, and 30 and 28 indicates that as 
the velocity of the rays is increased the wave-length of the variations is also 
changed, although not in the same proportion as the increase in the velocity 
of the rays. 

Electric field along the direction of the beam and perpendicular to the direc- 
tion of vision. To obtain this field a metal gauze placed 3 cm above the canal 
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Fig. 4. Curves 22-30, electric fields perpendicular to beam, parallel to line of vision. 


was joined to a set of B batteries connected in series which were capable of 
giving an electric field of 1200 volts percm. A general downward trend of the 
polarization is observed in all curves (14—21) with this field, and this decrease 
of J,/I, becomes more marked for strong fields. The effect is at first not 
recognized as a periodic variation but with field strengths of over 400 volts 
per cm this becomes clear. Unlike the effect of the fields transverse to the 
beam the wave-length here does not decrease with larger fields but is prac- 
tically constant. The increased field strength again seems to have the effect 
of causing more accentuated wave forms rather than changes in the wave- 
length. As the potential across the discharge tube is raised from 5000 to 10000 
volts the wave-length for any given field strength is shortened. This may be 
seen on comparing directly curve 19 with 16 and 21 with 17, or even curve 
18 for 100 volts per cm with either 14 or 15. This stands in contrast to the 
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effect of transverse electric fields on the beam where the wave-length of the 
change in polarization for any field strength was increased when the velocity 
of the rays was made greater, although the increase was not always pro- 
portional to the increase in velocity. 

If the periodic variations in the polarization described above are due to 
modified radiation produced by the applied electric field then one should 
be able to deduce the period of the variation from the formula for the Stark 
effect. Kramers“ has derived such a formula for the Stark effect in weak 
fields for spectral lines which have a fine structure. He obtained 


i 9 (=) c?E? se 2h m2) 
= —— | — — —(n?— m 
' 4 \2xr/ em, h 


for the additional frequency of the Stark component. For a field of 50 volts 
per cm this would give for the first component of HB a frequency of 2107 
sec-! which is of the same order of magnitude as that represented by the 
period of the variation in the polarization produced by such a field (cf. 
graphs 4, 8, 24). The formula moreover requires that the imposed frequency 
should increase according to the square of the applied field. The graphs for 
applied electric fields do in general indicate an increase in the number of 
waves but the increase is not very rapid. With fields perpendicular to the beam 
the number of waves increases until fields of about 400 volts per cm are 
reached, while with fields parallel to the beam the number of waves remains 
constant. The requirement for the increase in the number of waves with the 
square of the velocity is certainly not fulfilled. The period for each wave is 
also found to vary with the velocity of the canal ray, a variation not indicated 
by the Kramers theory. The results of Rupp although varying in certain 
details from those found by Hertel, or given here, do not agree with the 
Kramers theory either. 

Hanle™ in his experiments on the effect of electric fields on the polariza- 
tion of resonance radiation of mercury makes use of the theory of the an- 
harmonic oscillator to give a “classical” explanation to his results. The effect 
of an electric field on an anharmonic oscillator vibrating along a line inclined 
to the direction of the field is to produce a difference in the frequency be- 
tween the component of the vibration along the field and the component 
perpendicular to the field. In time there ensues a phase difference between 
the two components which changes the original linear oscillation into an 
elliptic motion. The ratio of the minor axis to the major axis of the ellipse 
constantly increases until the motion again becomes linear for a phase 
difference of z. The motion then reverses and is repeated back and forth 
while at the same time the amplitude is being reduced due to the damping of 
the oscillation. 

In the canal ray the initial polarization may be considered to be due to a 
large number of anharmonic oscillators vibrating along directions making 
an angle of less than 45° with the direction of the ray, and a lesser number 





4 Kramers, Zeits. f. Physik 3, 214 (1920). 
4 Hanle, Zeits. f. Physik 35, 346 (1926). 
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at angles greater than 45°. When an electric field is applied these inclined 
oscillators become elliptically polarized and their major axis vibrates about 
the direction of the field. As the particles move along in the canal beam 
one observes at successive points in space successive states of the ellipticity 
of the oscillator and when viewing through a fixed calcite crystal this pro- 
duces different ratios of the intensities in two perpendicular directions; as 
the ellipticity repeats itself it will produce waves in the polarization. The 
theory of the anharmonic oscillator also requires an increase in the number 
of waves proportional to the square of the field applied as well as no change 
in the number of waves per second with the velocity of the rays. Dependence 
of the number of waves on the square of the field strength signifies an in- 
dependence on the direction of the field. The results with successive fields 
in opposite directions do give practically the same wave-lengths as a uni- 
directional field but at the same time the general trend of the polarization 
is shown to be reversed when the direction of the field is reversed. 


EFFECT OF MAGNETIC FIELDS ON POLARIZATION 


The application of magnetic fields to the canal rays should affect not 
only the canal ray in the high vacuum chamber but also the light in the slit 
and in the discharge tube below the slit. The change in the polarization of 
this light is also indicated in all the curves with magnetic fields. 

Experiments on the depolarization of the light from a canal-ray bundle 
caused by a magnetic field, where the pressure was the same as that of the 
discharge tube, have recently been carried out by Rausch v. Traubenberg 
and Levy.’ The observations reported here agree in general with their 
results. 

Below the slit where the pressure is high the polarization was found to 
be constant and decreased with greater field strengths. For any value of 
the magnetic field strength the polarization remains the same as the velocity 
of the rays is increased. The polarization of the light in the slit is slightly 
higher than that below the slit and remains constant along the length of the 
slit except near the end where there is a slight fall in the polarization. The 
polarization falls with increase of the magnetic field the same amount as 
that of the light below the slit. Near the canal end, however, the polarization 
falls more rapidly. 

The experiments on the effect of magnetic fields on the polarization of 
resonance radiation of mercury have been fully explained by Breit!* and 
others on the classical theory of the behavior of a linear oscillator in a mag- 
netic field. The oscillator performs a Larmor precession in the magnetic 
field while at the same time the damping reduces the amplitude of the 
oscillation. When the Larmor precession and the damping factor are of the 
same order of magnitude then the resultant light is seen to be partly de- 
polarized, and the plane of polarization is inclined at an angle of less than 
45° to the original plane of polarization of the oscillator. All the predictions 


6 Breit, JI. Opt. Soc. 10, 439 (1925). 
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of this theory have been experimentally verified by Ellett,'’ Hanle'* and 
Fermi and Rasetti.!® 

If the fall in the polarization of the light in the canal rays with magnetic 
fields is also due to the depolarization produced by the precession of an 
oscillator in a magnetic field, then the values of the polarization can be cal- 
culated for different field strengths. For a field applied along the direction of 
vision Breit has shown that the resulting degree of polarization is 


P,' =P, cos 2¢ 
where Py is the degree of polarization with no field defined as (J,—J,)/ 


(I,+J,), and @ is the angle through which the plane of polarization was 
rotated by the field; it is given by 


tan 26=L/k 
where L is the Larmor precession }(e/mc)H, and k the damping factor which 
is given for hydrogen as 3X10? sec~! by Wien. In our case where the calcite 


crystal is held in one position and the components J, and J, are always 
measured along the line of motion of the particles and perpendicular to it 


P, =P, cos? 29. 
Expressed in the ratio of J,/J, this becomes 
I,’ (Ip/In)(1+ cos? 26) +sin? 2¢ 
Tn! (Ip/Tn) sin? 26+ (1008? 26) 


The polarization in the slit and below it as taken from the curves 31-40 
(Fig. 5) is given in Table I. A value for the polarization is also given which 











TABLE I 
H (gauss) 5 15 20 25 30 
I,/In below slit 1.08 1.04 1.03 1.02 1.01 
Calculated 1.07 1.04 1.03 1.02 1.01 
Ip/Inin slit 1.08 1.04 1.03 1.02 1.01 
Calculated 1.08 1.04 1.03 1.02 1.01 








is calculated on the basis of k=15 X10? sec which was found to give agree- 
ment with the experiments on taking a value of J,/J, for zero magnetic 
field of 1.09. The reason for the high value assumed for k may be'that in the 
high pressure that exists below the slit and for some distance in it the damp- 
ing factor is large, due to additional damping introduced by collisions. The 
theory of the collision damping factor was worked out by Wien and its 
magnitude under different conditions determined by Dasanacharya.*® For 
potentials of 10000 volts and 15000 volts on the discharge tube and a pressure 


17 Ellett, Jl. Opt. Soc. 10, 427 (1925). 

18 Hanle, Ergebnisse de. Exakten Naturwiss. 4, 214 (1925). 
19 Fermi and Rassetti, Zeits. f. Physik 33, 246 (1925). 

20 Dasanacharya, Ann. d. Physik 77, 697 (1925). 
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Fig. 5. Curves 31-40, magnetic fields perpendicular to beam and parallel to line of vision. 
Curves 40-48, magnetic fields perpendicular to beam and to line of vision. 
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of 0.078 mm and 0.059 mm respectively, the value of k= 15 X10’ sec agrees 
closely with the results of Dasanacharya as well as those of Rausch v. 
Traubenberg and Levy. The collision damping factor would also qualita- 
tively explain the more rapid fall of the polarization near the end of the slit 
where the pressure is lower and the damping factor smaller. With a fixed 
orientation of the calcite crystal it was not possible to tell whether there 
was also a rotation of the plane of polarization so that the proof that the 
results are due to a Larmor precession is not complete. 

The observations of the polarization in the high vacuum chamber show 
a regular increase in the number of waves in the polarization curve beyond 
the slit. This might also be connected up with the Larmor precession, as 
the time of one revolution is of the same order of magnitude as the “period” 
represented by one of the waves. As the magnetic field is increased the 
“period” should decrease. This is qualitatively shown in all the curves, the 
exact ratio however is only approached in the curves for 5000 volts discharge 
potential. In the graphs for 5000 and 10000 volts the curve in the slit is 
shown as joined up with the curve in the high vacuum, although the photo- 
graphs of the light in the slit were taken on different plates from those of 
the light in the canal. For 15000 volts the initial polarization ratio in the 
high vacuum measured near the slit was always found to be less than 1.0 
indicating a very rapid change of the polarization at the end of the slit. 

Magnetic field at right angles to the beam and to the line of vision. In the 
slit and below it there is again a depolarization as the magnetic field is in- 
creased. Using Breit’s formula for the degree of polarization in a transverse 
field we have 

Po(2+L?/k?) 


~ 2+ -(L*/k*)(2— Po) 
i” 3 (Tp/In)(2+L2/k*)+L2/k? 


i” 2 1+L?/k? 





t 


or 





Table II gives the calculated values again using k=15 X10" sec~ and the 
observed values give good agreement with the theoretical ones. No rotation 
of the plane of polarization is required by theory. 





TABLE II. Observed and calculated values of Ip/In. 





H (gauss) 5 15 2 


0 25 30 
Ip/In (obs.) 1.08 1.06 1.05 1.05 1.05 
Calculated 1.083 1.069 1.063 1.057 1.051 








In the high vacuum there seems to be a constant number of waves for 
fields up to 25 gauss with 5000 volt discharge potential. Extremely rapid 
changes in polarization at the end of the slit are found with 25 and 30 gauss. 
A slight decrease in the wave-length is observed with higher fields with 15000 
volt discharge potential, while in general the wave-length is smaller for the 
15000 volt discharge than for the 5000 volt discharge. 
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CONCLUSION 


Application of electric or magnetic fields to a canal ray in high vacuum 
causes a periodic variation of the polarization along the length of the beam. 
Strong fields usually increase the number of changes in the polarization in 
the length observed, but sometimes only increase the amplitude of the 
variation. The effect of magnetic fields on the polarization of the canal 
rays before entering the high vacuum is that which would be expected 
from the theory of the Larmor precession of a harmonic oscillator. 

This research was carried out at the University of Chicago; and I wish to 
acknowledge my indebtedness to Professor A. J. Dempster for suggesting the 
problem and for his helpful assistance during the course of this research. 


UNIVERSITY OF TORONTO, 
January, 1929. 


Note added in proof. In a recent paper, Ann. d. Physik 87, 285 (1928), Rupp finds 
periodic changes in the polarization in a distance of 5 mm from the canal end only when a 
field is applied at 45° to the ray. His previous results with transverse and longitudinal electric 
fields he ascribes to inhomogeneity in the field. The results described above, however, were 
taken for a distance of 2.5 cm in the homogeneous part of the field. 
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VARIATION OF THE PHOTOELECTRIC EFFECT WITH TEMPER- 
ATURE AND DETERMINATION OF THE LONG 
WAVE-LENGTH LIMIT FOR TUNGSTEN 


By A. H. WARNER 


ABSTRACT 


The photoelectric characteristics of a tungsten surface have been studied 
from room temperature to 1140°K. It has been found necessary to use a tube of glass 
and quartz, and to seal it off the pumps after a thorough outgassing. The surface is 
rendered insensitive at room temperature by traces of gas, but regains its sensitivity 
between 800 and 900°K. The long wave-limit was found to be 2570 + 50A, and was in- 
dependent of temperature. 


VARIATION OF THE PHOTOELECTRIC EFFECT WITH TEMPERATURE 


N VIEW of the recent important theoretical work on the problem of 

electrons in metals, and their passage through the surface, it was thought 
well to publish the following data on the photoelectric behavior of carefully 
outgassed tungsten. The problem was suggested to the writer by Dr. 
Millikan as a check on the conclusions drawn from the invariance of the 
“field currents” with temperature.' Millikan and Eyring had found that the 
currents pulled from metals by high fields are independent of the temperature 
below 1050°K but increase slightly above, and then merge into the 
thermionic emission. From this they drew the conclusion that the conduction 
electrons do not participate in the thermal agitation of the metal, as we 
should expect from classical kinetic theory. 

The photoelectric effect should exhibit the same characteristics shown by 
the field currents, since it is concerned with the same mechanism within the 
metal. The photo-current should be independent of the temperature until 
it is influenced by the thermionic emission, and the long wave-limit should 
also be constant. 

A great deal of time was devoted to an unsuccessful attempt to use a large 
piece of the metal, which would provide large area and consequently large 
photo-currents. It was found impossible to outgas thoroughly, and very 
inconvenient for the study of the temperature effect, as it was heated by 
means of an induction furnace, which had to be stopped in order to make 
photomeasurements. The cooling was so rapid that it was impossible to 
study the upper temperatures, though Nielsen had used this apparatus for 
the study of aluminum and nickel in the region from 500°K down to room 
temperature. 

In the next type of tube the tungsten specimen was a loose conical spiral 
of commercial ten mil wire, spot-welded to heavy tungsten leads. A platinum 


1 Millikan and Eyring, Phys. Rev. 27, 51 (1926). 
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Faraday cage surrounded this and was connected to a Dolazalek electrometer 
having a sensitivity of 1300 mm per volt at 150 cm scale distance. All glass 
parts of the apparatus were of Pyrex, through which electrical connections 
were made by means of tungsten seals. Light was admitted through a fused 
quartz window which was joined to the Pyrex by means of a graded seal. 

Two liquid-air traps in series were used between the tube and the diffusion 
pumps. The McLeod gauge was sealed in between the traps and the pumps, 
and was entirely of glass. There were no stopcocks or wax seals on the low 
pressure side of the pumps for the entire system was of glass from the point 
where the fore-vacuum was connected. 

Even when this tube was given the most rigorous outgassing, and left on 
the pumps, it was impossible to get consistent results. Consequently two 
side tubes, one containing cocoanut charcoal and the other a thin walled 
magnesium cylinder, were attached to the photoelectric tube, and the entire 
group arranged so that they could be sealed off the pumps as a unit. 

In outgassing the glass was initially brought up to a temperature of 500°C 
for fifteen minutes, and then allowed to cool to 350°C where it was maintained 
for three hours. In this interval the glass between the tube and the liquid 
air traps was heated several times almost to the softening point by means of a 
hand torch. This entire procedure was repeated after an interval in which the 
metal parts of the apparatus were heated. The Faraday cage had been given 
a preliminary outgassing at white heat in a special tube before being mounted 
in the photoelectric tube, and then was heated to a bright yellow for a total of 
ten minutes. The magnesium cylinder was given a preliminary heating before 
the tube was sealed off. The platinum and magnesium were both heated by 
means of an induction furnace. The tungsten filament was given a total of 
twenty-four hours heating at 2400°K. The charcoal was maintained at 
500°C during the entire time the tube was on the pumps. It was immersed 
in liquid air as soon as the tube had been sealed off, and kept so during the 
entire period of the measurements, which covered about three and a half 
months. After sealing off, the magnesium was vaporized as a getter. 

By means of a Leeds and Northrup optical pyrometer the temperature of 
the center of the filament was measured, and corrected for the emissivity of 
tungsten and the transmission of the quartz. The temperature was a maxi- 
mum in the central turns, so that in all determinations of the thermionic work 
function, which was used as a criterion of the cleanliness of the surface, the 
effect of end cooling was taken into account by the method of Forsythe and 
Worthing. Since the temperature of the filament was never kept high enough 
to vaporize the metal except for occasional flashing periods of a minute at a 
time, the temperature of the filament always was the same for any given value 
of the heating current. The curve for a straight ten mil wire, drawn from data 
published by Langmuir and Jones? agrees excellently with the pyrometer 
curve above 1400°K, but falls below it for temperatures lower than this. The 
pyrometer values were checked repeatedly, and a set of points was deter- 
mined for me by Dr. Prescott of the Gates Chemical Laboratory of the 


* Langmuir and Jones, Gen Elect. Review 30, 310 (1927). 
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Institute, using a more accurate pyrometer, with the same result. All data 
have been plotted using the Langmuir curve, as the experimental one could 
not be used in the range from 1400°K to room temperature without some 
very arbitrary assumptions. 

The light source was a Cooper-Hewitt quartz mercury arc, operating at 
93 volts, 2 amperes, and 200°C. The energy distribution of such an arc has 
been determined by Kazda in this Laboratory, and has been checked by other 
workers here. The light was directed upon the spiral by means of a Hilger 
quartz monochromatic illuminator, using slits 0.04 inches wide. 

The photo-current was measured by observing the charging rate of the 
electrometer. With the current through the filament fixed, the temperature 
was known. The electrometer rate was measured with the target dark. The 
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Fig. 1. Photo-current as a function of temperature. 


rates were then determined with illuminations of three different wave- 
lengths, 2399.6, 2482 and 2536. This procedure was repeated from room 
temperature up to 1100°K where the thermionic emission masked the photo- 
electric. The results of such a run are shown in Fig. 1 in which the photo- 
current is plotted against temperature, for each of the wave-lengths used. 
The remarkable increase in sensitivity found between 800° and 1000° may 
be due to (1) a true temperature effect, caused by the change in the kinetic 
energy of the conduction electrons or a variation in the crystal lattice, or (2) 
a contamination of the surface at the lower temperatures. The magnitude 
of the effect is much greater than we should expect from indications given by 
the experiments on pulling electrons out by high fields, or on any of the 
theories of the temperature effect. A plot of the long wave-limit for each 
temperature, determined by plotting current per unit intensity against wave- 
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length, shows that the long wave-limit did not change appreciably, so that 
the electrons excaped against the same work function for all temperatures. 
(Fig. 2.) 

The results can be explained if we assume that there was a contamination 
present in spite of the precautions taken which increased the work function 
of the surface to so great a value that the illumination used was not able to 
release electrons from the portion of the surface affected. As the temperature 
increased the proportion of the surface contaminated grew less, and the 
emission increased, without any change in the long wave-limit, which is 
determined by the clean part of the surface. If these assumptions are correct, 
the elimination of the contaminations should make the surface more sensi- 
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Fig. 2. Gas causes change in sensitivity but not in long wave-limit. 


tive at the lower temperatures. At the conclusion of the measurements the 
liquid air was removed from around the charcoal, with the result that the 
sensitivity of the surface was reduced to a very low value for all tempera- 
tures. This is shown by the black dotted curve in Fig. 1. Further work is in 
progress. 

The author wishes to express his appreciation to Dr. Millikan for his 
constant interest and advice and for placing the facilities of the Norman 
Bridge Laboratory at his disposal. The help of the technical staff is also very 
much appreciated, particularly the ingenuity and skill of the glassblower, 
Mr. William Clancy. 


NORMAN BripGE LABORATORY OF Puysics, 
CALIFORNIA INSTITUTE OF TECHNOLOGY, 
AND UNIVERSITY OF CALIFORNIA AT Los ANGELES. 
November 5, 1928. 
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CAPACITY IN THE ALUMINUM CELL 
By E. M. DunHAM 


ABSTRACT 


A new means of measuring the capacity of aluminum anode films is described 
in which the solid film capacity is measured without disconnection of the direct 
current used for film formation. The usual method of measurement has necessitated 
this disconnection and thus introduced an error in results due to the rapid recovery 
of the cell within the disconnection period. Results are obtained which verify the con- 
clusions of A. L. Fitch and W. E. Meserve. It is found that the capacity of the solid 
film of oxide is inversely proportional to the quantity of electricity passed through 
the cell and that the resistance of the anode film in solid form is directly proportional 
to the quantity of electricity passed. If the film is composed of Al,O; its resistivity and 
dielectric constant are about 1.5 X 10'° ohm cm and 7.7yuf/cm respectively. These val- 
ues, because of the assumptions made in their calculation, are probably correct only in 
order of magnitude. 


INTRODUCTION 


HE phenomenon of anodic polarization and its application to the recti- 
fication of alternating currents has attracted many investigators and 
there is a marked difference of opinion as to its exact cause. In 1914 G. 
Schulze and R. Lindemann! put forward a view involving electronic processes 
in an exceedingly thin gas film on the surface of the anode metal. A short 
time later C. W. Greene? carried out measurements of the counter e.m_f. 
at extremely small intervals of time after charging and concluded that this 
e.m.f. alone was sufficient to cause the current reduction. A. L. Fitch* has 
proposed the theory of a double dielectric, one part of which changes with 
the time of open circuit and the other with the time of closed circuit. Accord- 
ing to Schulze the film of oxide formed on the anode has a small resistance 
as compared to the gas layer while Fitch maintains that the solid film is 
the predominating factor after an appreciable time has elapsed during 
closed circuit. W. R. Mott‘ has done a great amount of work on this subject 
and states that the dielectric constant necessary to give his measured 
capacity values for the solid film would be extremely unreasonable. 
Fischer® has found that the thickness of these solid films is of the order 
of 0.03 cm at 72 volts and that the capacity is about 0.15 uf/cm? at this 
voltage. He has also noted that as the film stands in solution on open circuit 
the capacity increases very rapidly with time becoming about ten times as 
great within a half hour. 


1G. Schulze and R. Lindemann, Phys. Zeits. 254 (1914). 
? C. W. Greene, Phys. Rev. 3, 264 (1914). 

3 A. L. Fitch, Phys. Rev. 9, 15 (1917). 

*W. R. Mott, Elect. Chem. Ind. 2, 352 (1904). 

5 Fischer, Zeits. f. Eleck. Chemie 10, 869 (1904). 
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W. E. Meserve® has investigated the relation between time and current 
in the aluminum cell and the results are in good agreement with the theory 
proposed by Fitch. 

The writer has investigated the capacity of the aluminum cell during 
closed circuit with the hope that some of the apparent lack of agreement 
might prove to be the result of misinterpretation of data. I believe that the 
data taken in this work show clearly that the formation of the solid anode 
film may be confined to a very simple criterion. 


EXPERIMENTAL 


The cell employed for making the investigation consisted of two alumi- 
num wires immersed in sodium bicarbonate solution of fixed concentration. 
The cathode was made much smaller than the anode so that its capacity 
would be negligible in comparison. By use of the apparatus shown in Fig. 1 
capacities as low as 0.001 uf could be measured to 10 percent accuracy by 
finding the resonance point of the vacuum tube wave meter and calculating 
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from the relation wl =1/wC. The 30,000 ohm resistance is placed in series 
with the d.c. supply to insure a sharp resonance point when adjusting the 
wave meter. The 1000 cycle current was coupled to the resonant circuit 
so that a minimum of current was used. It may be seen at once that if the 
cell is to be studied under d.c. conditions any a.c. will have a detrimental 
effect on the anode film and must be kept as low as possible. Rawson meters 
reading to microamperes were used in the plate and cell circuits. The ad- 
vantage of this type of apparatus lies in its ability to measure capacity 
without disconnection of the direct current supply and in the ease with 
which readings may be taken. 

Difficulties encountered due to creeping of the solution and to the 
fluctuation of current, due to the formation of gas bubbles on the anode, 
were overcome by the application of insulating enamel to the upper part 
the electrodes and by very rapid rotation of the anode wire in solution. 
Maintenance of a high enough speed removed all observable traces of gas 
from the anode and the enamel proved to be impervious to the solution. 
There appeared to be no way of removing effects due to adsorption without 
the destruction of the film being studied. The results may contain, therefore, 
components due to this factor. 


* W. E. Meserve, Phys. Rev. 30, 215 (1927). 
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The data were taken in the following manner. The d.c. circuit was closed 
and a stop watch started simultaneously and at intervals of 300 seconds the 
direct current was read and the wave meter adjusted for resonance. The 
D.P.D.T. switch made the disconnection of the a.c. from the cell after the 
readings were obtained. 

With the data obtained it was then possible to find the resistance of the 
film, the quantity of electricity passed through the cell, and the capacity 
of the film. Formation voltages of 30-60-90 and anode areas of 0.328—-0.656— 
1.288 cm? were used in the work. 


RESULTS 


By plotting E/J* against the time of closed circuit it was possible to com- 
pute the quantity of electricity passed through the cell since the slope of 
the resultant straight line has been shown by Meserve to be 2R/Q. (In this 
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paper the following notation is used: £, voltage; J, current; R, resistance; 
C, capacity; p, resistivity; k, specific inductive capacity; Q, quantity; 7, 
time.) To find the relation between the capacity of the cell and the quantity 
of electricity passed through it, Q was plotted . 





against 1/C for the same area and three dif- 





ferent voltages. This is shown in Fig. 2 and » L| 
the result indicates that the capacity is in- Y - 
versely proportional to the quantity. The Ps 
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the data for three voltages and three areas Copacity (uf) 
of anode. This relation is unmistakably 
linear and the conclusion is that the product 
of R and C is a constant equal to approximately 1.03 X10* ohms-yf. 
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It would appear from these results that the capacity is directly pro- 
portional to the current passing through the cell at any given time providing 
the voltage is constant. To verify this J was plotted against C and the results 
are shown in Fig. 4 and bear out the preceding reasoning. Data for rhese 
curves were obtained with an anode area of 0.328 cm? and voltages of 
30, 60 and 90. 

The direct relation between capacity and time is shown in Fig. 5 and indi- 
cates that the capacity keeps dropping lower and lower with time but never 
reaches a steady state unless the film dissolves as fast as it is formed at some 
point. 
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It would seem that the anomalous behavior of the aluminum cell had 
resolved itself into fairly simple form once the disturbing effects of creeping, 
surface effect, and gas accumulation are removed. The solid film seems to 
contribute the bulk of the resistance after some time has elapsed and the 
gas film only serves to resist the current at the outset due to its polarizing 
effect. Meserve has shown that over 95 percent of the gas goes into com- 
bination with the aluminum to form the solid film under d.c. conditions so 
that if the density of the film could be accurately determined in some way 
it would be possible to calculate the specific resistance and specific inductive 
capacity of the solid film. Assuming the film to be composed of Al,Os- of 
density 4 gm/cm', values for p and k as found from the data of this work 
would be 1.510! ohm-cm and 7.7 uf/cm respectively. 

The writer wishes to express his appreciation to Dr. A. L. Fitch, who 
suggested the problem, for his assistance; and to Professors C. B. Crofutt 
and D. S. Piston for their many helpful suggestions. 


PuysIcaL LABORATORY, 
UNIVERSITY OF MAINE, 
December, 1928. 
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EFFECT OF THE EARTH’S MAGNETIC AND ELECTRIC FIELDS 
ON ION PATHS IN THE UPPER ATMOSPHERE 


By LEIGH PAGE 


ABSTRACT 


It is shown that the lines of force of the earth’s magnetic field can be treated as 
if rotating with the earth in so far as the calculation of ion paths are concerned only if 
there exist positive charges over the poles accompanied by negative charges over the 
equator. The earth would have a total charge of —72 coulombs although observers on 
the earth would be aware of no electric field. Assuming that the earth is an un- 
charged, conducting, uniformly magnetized sphere, rotating about its magnetic axis 
with angular velocity Q, it is shown that ion paths progress to the west, the velocity 
of progression increasing with altitude so as to approach the limiting value—Q Xr 
which measures the progression that would exist if the earth’s field were solely mag- 
netic relative to observers who do not partake of the rotation. The earth would have 
an apparent charge of +72 coulombs although actually uncharged. It is shown that 
a uniformly distributed charge g on the earth merely changes the value of the limiting 
westward velocity found above, increasing the westward progression if g is positive, 
and decreasing it if g is negative. 


N A recent paper’ it was shown that the effect of a constant electrical or 

gravitational force F on ions passing through a constant magnetic field 
H is (1) to cause the circular or helical path of an ion about the magnetic 
lines of force to advance with the constant velocity 


c FXH 
u=— 


. (1) 





in a direction at right angles to both F and H, and (2) to change the radius 
of the circular or helical path from 


wenn t ad a. + 21/2 (2) 
wae 0 ite" 2°, uUu 
eH , eH ; ' 


where vp represents the component of the initial velocity perpendicular to H. 

The effect of the earth’s gravitational field being small, we shall consider 
in the present paper only the effect of the earth's electric field in addition 
to its magnetic field. Then F=eE, and Eq. (1) becomes 


EXH s 
u=¢c —— =— (3) 
H? #? 
where s is the Poynting flux, the velocity of progression at right angles to the 
fields being independent of the charge or mass of the ion as well as of its 
initial velocity. 


1L. Page, Phys. Rev. 33, 553 (1929). 
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The object of the present paper is to investigate three related problems, 
as follows: 

(1) The intense electric field existing at the surface of the earth probably 
extends to only a relatively low altitude. Is it theoretically possible then, 
that, in the upper atmosphere, the lines of magnetic force of the earth’s 
field may be treated as if they rotate with the earth in so far as the calcula- 
tion of ion paths is concerned? More precisely, under what conditions could 
the earth’s field in the upper atmosphere, as determined by observers 
stationed on the earth itself, be solely magnetic, unaccompanied by any 
electric field? 

(2) Assuming the earth to be an uncharged, conducting, uniformly 
magnetized sphere, rotating about its magnetic axis, we shall investigate its 
electric and magnetic fields and their effects on ion paths in the upper at- 
mosphere. The effects of the collisions of ions with one another or with 
neutral molecules will be ignored. 

(3) The modification of the theory of case (2) necessary to take account 
of a charge g on the surface of the earth will be considered. 

In the course of this investigation we shall have frequent occasion to 
make use of the transformations of E and H between the inertial system 
S of the center of the earth and the inertial system S’ of an observer stationed 
on the earth and partaking of its rotation. If we neglect squares of the ratio 
of the relative velocity to the velocity of light these transformations*® take 
the form 






































E’=E+|vxXH]/c, (4) 

H'=H—|vXE)/c, (5) 
where v is the velocity of S’ relative to S, that is to say, the peripheral 
velocity of the earth at the point considered due to its rotation. 


We shall designate the vector angular velocity of the earth by Q and the 
parallel magnetic moment by M. Assuming H to be 0.5 gauss at the equator 


M=-—4.7(10)*H.L.U. 


the negative sign indicating that M has the opposite sense to 2, and the 
uniform intensity of magnetization J to which we shall attribute the mag- 
netic properties of the earth is 


T=—0.42 H.L.U. 





Inside the earth the magnetic field has the constant value 


H=2M/4ra*=21/3, (6) 








where a is the radius of the earth and H in this formula represents the mean 
field strength or magnetic induction. Outside the earth the field is that 
due to a dipole of moment M placed at its center, that is, 


2L. Page, Introduction to Electrodynamics, p. 24. 
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1 M-r M 
H-—43 rs} (7) 
4dr 


r5 r3 
where r is the position vector of the point under consideration referred to the 
center of the earth as origin. 
1. Can the Earth's field in the upper atmosphere be solely magnetic relative to 
an observer stationed on the earth? 


Let us assume that an observer stationed on the earth finds no electric 
field in the upper atmosphere. Then E’=0 and Eq. (4) gives 


E=—|vXA}/c. 


We shall use spherical coordinates, representing the polar angle or co- 
latitude by 6 and the radius vector by r. Using Eq. (7) and the relation 


v=QxXr 
we find for the components of E in the directions of increasing r and @ re- 
spectively 
E,=(MQ/4xcr?) sin? 6, (8) 
Ey= —(2MQ/4mcr?) sin @ cos 6. 
Therefore the electric field in S possesses the potential 
V =(MQ/4xcr) sin? 6. (9) 


If due to a surface charge, this field would require a charge per unit area 
equal to E,, and in all events a total charge on the earth equal to the outward 
flux of E, namely 


q=2MQ/3c. (10) 


Hence we reach the surprising conclusion that if observers on the earth 
had found no evidence of an electric field the correct conclusion to draw 
from their observations would be that the earth possessed the charge given 
by (10). If we make use of the values of M and Q appropriate to the-earth 


gq = —0.76(10)!* H.L.U. = —72 coulombs, 


which is a small part of the negative charge actually found on the earth. 

The potential (9), however, does not satisfy Laplace’s equation. There- 
fore, for the field under consideration to exist, we must have a volume density 
of charge outside the earth equal to 


p=—V-VV =(2MQ/4mcr*)(1—3 cos? 6). (11) 


Since the factor in parentheses is a surface harmonic the total charge 
between two spheres of radii r and r+dr is zero, the volume charge outside 
the earth consisting merely of a separation of positive and negative elec- 
tricity, the positive charges congregating over the poles and the negative 
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over the equator. The charge per unit volume over the pole would amount 
to 


p=1.4(10)-" H.L. U. =3.9(10)-"*e.s.u. 


which would require only one singly ionized particle per cubic meter. At 
the equator the magnitude of p would be half as great. 


2. Ion paths in the field of an uncharged, conducting, uniformly magnetized 
sphere rotating about its magnetic axis. 


The field of a conducting, uniformly magnetized sphere rotating about 
its magnetic axis has been investigated by Swann’ and Tate. The Ampérian 
molecular circuits responsible for the magnetization give rise to an electrical 
polarization 


P=([(QXr)XI1]/c 


in the inertial system S on account of their motion relative to this system. 
This polarization is equivalent to a uniform volume charge 


p=—-V-P=—221/c 
and a surface charge 
o = P,=(JQ/c)r sin? 6. 


However, as we are dealing with a conducting sphere these charges will 
be neutralized by the flow of free electrons and need not be considered 
further. 

Now in order that the free electrons carried around by the rotating earth 
may be in equilibrium they must be subject to the electric field 


E=-—[|(QXr)XH]/c 


relative to S, where Hf is the magnetic induction in the interior of the earth 

given by (6). Therefore we require an electric field in the interior of the 

earth whose components in the directions of increasing r and @ are respectively 
2MQ 


r 
E,= —-——— — sin* 6, 
4rca? a 


2MQ r 
E,= ———— —sin@cos@. 

4rca* a 

This field possesses the potential 
MQ (r* . 

V>i= 15 sin? +c} 

4mrca (a? 

and requires the constant volume distribution of charge 

p=—V-VWVi= — MQ/axca® 


* Swann, Phys. Rev. 15, 365 (1920). The sign appears to be wrong in equation 17, 
‘ Tate, Bull. Nat. Res, Council 4, 75 (1922). 
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in addition to that necessary to neutralize the polarization referred to above. 
The total volume charge is therefore 
qv =4ma'p/3= —4MQ/3c. 


The potential V> outside the earth must be a solution of Laplace’s equa- 
tion in inverse powers of r agreeing with V; for r=a. It is evidently 


MQ (a' a 
Vo=——_ 15 —3 cos? 0) +—(3C+ 2) ; 
12mrca \ r° r 
The surface charge is 
c= = (OV 0o/Or) a+ (0V;/dr)a, 
which gives 
o = (MQ/12xca*?)(11—15 cos? 0+3C). 


Therefore the total surface charge is 


2 J o2na? sin 0d0= MQ(2 +C)/c : 


In order that the earth may be uncharged as a whole the surface charge 
gs must be equal and opposite to the volume charge g,. Hence the constant 
C has the value — 2/3 and the potential outside the surface becomes 


M2 a 
Vo= — —(1—3 cos? 8), (12) 
12mrca r° 


giving rise to a field whose components in the directions of increasing r 
and @ are 
MQ a‘ 


a 
E,= —(1—3 cos? 6), 
4xrca® r‘ 


2MQ2 a . 
= ———- — sin @cos 8. 
4rca® r‘ 


(13) 


This is just the field that would be produced by an electric quadruplet 
at the center of the earth, the moment of its moment being 


MQa?/3c. 


The next step is to find the fields relative to an observer stationed on 
the earth. Using the transformations (4) and (5) as applied to (7) and (13) 
and neglecting second order terms in the expressions for the components of 
H, we have 

MQ a’ a‘ 
E,’ =——— { —— — cos? #)-+-—(1— 3cos? 6) \ ; 


4rca? r4 


Ey’ MQ { ; C ) ne o\ 
= ——— }sin @ cos @>; 
4xrca* r2 rf . 
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2M 
H,’= cos 6, 
4rr® 


M 


(15) 


sin 6. 


We notice that at the surface of the earth E,’ vanishes although £,’ 
does not, save at the equator. Therefore only at the equator is the field 
purely magnetic relative to an observer stationed on the earth, and there 
only at sea level. 

An observer on the earth would conclude that the earth carried a charge 
q’ equal to the flux of Z,’ through the surface, that is 


qg’ = —2MQ/3c=72 coulombs. 


This apparent charge is equal in magnitude but opposite in sign to the 
charge which would actually exist in the case (1) considered previously. 

The velocity of progression of ion paths relative to an observer on the 
earth is 


u,;’=cE’XH'/H”? 


a? 1+ cos? 6 
=-axr} 1-= attend | 
r? 1+3cos¥? 


(16) 


This westward velocity is less for all latitudes and all altitudes than the 
velocity v= —Q Xr which would exist if the earth’s field were solely magnetic 
relative to S as was assumed in the hypothetical case considered in the 
previous paper,'! but approaches —Q Xr as a limit as the altitude increases. 
The drift is zero at the poles at all altitudes and zero at the equator at sea 
level. Everywhere else it is to the west, increasing in magnitude at any 
specified latitude as the altitude increases. Table I gives the drift ,’, the 
limiting velocity v and the ratio of u,’ tou for various latitudes both at sea 
level (r =a) and at an altitude equal to the radius of the earth (r =2a). 


TABLE I. 








Latitude r=a r=2a 
—u;' —v u,'/v —u,’ —v u;'/v 
+90° 


0 0 0 0 
+75° | 0.59(10)‘cm/sec 1.20(10)4cm/sec 0.49 | 2.09(10)‘cm/sec 2.40(10)*cm/sec 0.87 
+60° | 1.07 2.08 0.46 | 4.01 4.64 0.87 
+45° | 1.31 3.38 0.39 | 5.74 6.76 0.85 
+30° | 1.15 4.02 0.29 | 6.60 8.04 0.82 
+15° | 0.50 4.48 0.11 | 6.97 8.96 0.78 
Equator | 0 4.64 0 6.97 9.28 0.75 














At sea level the maximum westward drift occurs at latitude 42.6° and 
at the altitude a at 11.5°. 

The significance of Eq. (16) can be illustrated graphically to the best 
advantage if we write the equation in the form 
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, r a 1+cos?@ 
u;’=| —4.64(10)4cm/sec } sin @< ———- —————- 
a r 1+3cos? @ 
and plot u,’ against r/a for a number of different latitudes. For any specified 
latitude this equation represents a hyperbola, the asymptotes being the 
u;’ axis and the straight line 


u,;’ = (—4.64(10)* cm/sec) sin 0(r/a) 


which represents the limiting velocity v for the latitude 7/2—6 and the 
altitude r—a. In Fig. 1 are drawn curves for latitudes 0°, 30°, 60°, the 
ordinates representing the positive quantity —«’, and the abscissas values 
of r/a. The asymptotes are indicated by broken lines. 
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We might expect to obtain a closer approximation to the actual fields 
existing above the surface of the earth by assuming the sphere of conductivity 
to have a radius ) somewhat greater than the radius a of the sphere of uniform 
magnetization, that is, the radius of the solid portion of the earth. For ions 
in the lower atmosphere, on account of their short mean free paths, will 
drift mainly in such directions as to annul any electrical field which may exist 
relative to S’. Therefore the lower atmosphere will exhibit ordinary conduc- 
tivity such as has been ascribed to the interior of the earth. The large electric 
field existing close to the surface can probably be ignored since it can be 
roughly likened to the field between the plates of a spherical condenser and 
has no effect on the regions outside. 

The fields in the lower atmosphere, then, will be of the type discussed in 
section 1 of this paper. The upper atmosphere, however, on account of the 
long mean free paths of the ions, does not exhibit ordinary conductivity since 
the drift is mainly at right angles to the electric field. In this region the 
fields would be expected to be of the type which have been previously con- 
sidered in the present section. 
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We have, then, three regions to consider: (1) the interior of the earth 
(r<a), (2) the lower conducting atmosphere (a<r<b), and (3) the upper 
atmosphere which is not conducting in the usual sense (b<7). 

In the first region we have 


MQ (Pr? |. 2a MQ 
Vi= — sin? d—— at Aai=- ’ 
4rca \ a? 3 2b arca® 


which differs from the potential V; previously found only in that the value 
of the constant C necessary to make the total charge vanish is slightly 
changed. 

In the second region 


w=} 2 “| 2MQ 


V2= — sin? 9—— — p2= (1—3 cos? 8), 


4nrcalr 3 Ob. 4rcr® 


which differs from (9) only in the addition of a constant. The surface charge 
on the spherical surface separating the first and second regions is easily found 
to be 


o12=(3MQ/4nca*) sin? 6. 
Finally in the region of the upper atmosphere 


V = — 3 2 @) 0 
=——— —(1—3 cos? @), =0, 
. 12rcb rr? - 


and the surface charge on the sphere of radius 3 is 
o23= — (MQ/2xcb?) cos?6 . 


In so far as the fields in the upper atmosphere are concerned, the only 
effect of the present refinement is to change the effective radius of the earth 
from a to b. Therefore all the conclusions reached in the earlier part of this 
section are valid provided a is interpreted as the radius of the sphere of 
ordinary conductivity, a radius only slightly greater than the radius of the 
solid portion of the earth. 

A further refinement would take account of the effect on the earth’s 
magnetic field of the diamagnetic action of the ions in the upper atmosphere, 
such as has been considered by Gunn.* This effect is, however, probably 
small and will not be taken into account here. 


3. Effect on ion paths of a charge on the surface of the earth. 


If a charge g is distributed uniformly over the surface of the earth the 
field in the interior investigated in the preceding section will remain un- 
altered, the radial component of the exterior electric field relative to both 
S and S’ being increased by the amount 


q/4nr?. 


5 Gunn, Phys. Rev. 32, 133 (1928). 
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Neglecting squares of the ratio of Qr to c, this added electric field gives 
rise to an added drift 


(gc/ MQ) 


panememcenee » (17) 
1+3 cos? 6 


the total drift being the sum of the drift u,’ of Eq. (16) and the drift u,’ 
of (17). The direction of the drift us’ depends upon the sign of g, being west- 
ward for a positive charge (since M is negative) and eastward for a negative 
charge. As the actual charge on the earth is negative the added drift due 
to its charge is in the opposite sense to that calculated in section 2 of this 
paper. For any specified latitude the ratio of u’, to |Qxr.| is independent 
of the altitude; we may therefore consider that the effect of the charge is to 
change the limiting velocity of the last section from —Q Xr to 


(gc/ MQ) 
1+3cos?6)’ 


-axr}1- 


the added term being greatest in absolute value at the equator and zero at 
the poles. It may be noted that g cannot be given such a value as to eliminate 
the resultant electric field at all points and the drift relative to the earth 
produced by it. : 

While the limiting velocity of drift is changed by the presence of a charge 
on the surface of the earth the difference between the limiting velocity and 
the actual velocity remains unaltered. These differences, therefore, may 
be taken directly from the curves in the figure which have been drawn for 
the case where g=0. 


SLOANE Puysics LABORATORY, 
YALE UNIVERSITY, 
January 24, 1929. 
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AN ELECTROMAGNETIC EFFECT OF IMPORTANCE IN 
SOLAR AND TERRESTRIAL MAGNETISM 


By Ross GUNN 


ABSTRACT 


The thermal motions of ions in an inhomogeneous magnetic field give rise to a 
systematic ion drift. A study of the motion of ions executing long free paths and 
spiralling about an inhomogeneous impressed magnetic field has shown that a sys- 
tematic drift is imposed which is oppositely directed for the positive and negative 
ions. The resulting drift velocity is proportional to the component of the magnetic 
gradient that is perpendicular to the magnetic field itself. Under the conditions of 
radial symmetry and a closed circuit a current flows which is in such a direction as to 
reduce the inhomogeneity of the impressed field and increase the total flux enclosed 
by the current circuit. This increase in the flux enclosed by the circuit shows that the 
phenomena may be regenerative. Certain applications to the sun’s atmosphere, sun- 
spots and the permanent magnetic field of the sun and earth are suggested. 


HE motion of ions and electrons executing long free paths in electric 
and magnetic fields under the influence of thermal agitation has led to 
interesting conclusions in regard to the magnetic conditions on the earth! 
and sun.? The analysis of the motions has shown that a twofold effect is 
produced by ions as they spiral around an impressed magnetic field. 1. A dia- 


magnetic effect which depends on the impressed magnetic field. 2. A system- 
atic drift of the ions which depends on the gradient of the impressed magnetic 
field. The systematic drift is considered in this paper for the first time. 

Study of the motion of ions executing long and short free paths has led 
to the discovery that ions spiralling about inhomogeneous magnetic fields 
have a drift velocity imposed on them which is oppositely directed for the 
positive and negative ions. This drift of the ions gives rise to a current that 
flows in such a direction as to reduce the local impressed magnetic gradient, 
but when approximate radial symmetry exists this current is in such a 
direction that it supports or builds up the magnetic field producing the 
gradient. It is the purpose of this paper to work out approximate expressions 
for the drift currents produced by magnetic gradients and point out that 
these drift currents offer a possible explanation of the magnetic fields 
associated with sun-spots, the sun and the earth. 

It has been found that the magnetic gradient effective in producing the 
drift velocities is the component of the gradient perpendicular to the field 
itself. We may without loss of generality assume that the impressed magnetic 
field H, is in the positive z direction and that it possesses a gradient dH,/dy 
=constant, along the y axis. Consider the motion of a single ion moving 


1R. Gunn, Phys. Rev. 32, 133 (1928). 
2 R. Gunn, Phys. Rev. 33, 614 (1929). 
> R. Gunn, Terr. Mag. and Atmos. Elec. March, 1929. 


832 





SOLAR AND TERRESTRIAL MAGNETISM 833 


in the xy plane having an initial velocity V and subject only to magnetic 
and mechanical forces. The path of a positive ion will be somewhat as 
indicated in Fig. 1. 

When the magnetic field is strictly 
uniform, the motion is in a circle 
whose radius is inversely propor- 
tional to H,, the impressed magnetic 
field. For simplicity we shall replace 
the magnetic field having a uniform 
gradient by two regions bounded by 
y=¥o where H, represents the aver- 
age magnetic field impressed on the 
ion describing the semi-circle of 
radius r and H/,+AH, the average 
field impressed on the ion when it 
generates the semi-circle of radius 7’. Fic. 1. 

The difference in the y coordinates 
which is representative of AH, is Ay=r.=r’=r. The advance of the ion 
per unit time is the drift velocity V, or 











advance per revolution 2(r—r’) 
V.= - = . (1) 
period T 





Equating the centrifugal and magnetic forces we have 
r=mV/He and r’=mV/(H+A)e (2) 


where m is the mass of the ion, V its velocity, H the impressed magnetic 
field and e the charge on the ion in e.m.u. Substituting (2) in (1) and pre- 
serving only the first order terms we have since t = 277r/ V that 

2mV?2 mV? AH, 


V.=-— AH=- - (3) 
2H ,*er wH,e Ay 


Passing to the differential form 


mV? dH, 
Vth cos - (4) 
wH,te dy 
The expression for the exact velocity may be found by integrating the equa- 
tion of motion which leads at once to an elliptic integral. The exact paths 
have been plotted for special cases and the drift velocity found to be slightly 
greater than that predicted by Eq. (4). It will be remembered that V was 
the velocity of the ion in the xy plane and in general the velocity may be 
taken as due to thermal agitation. Expressing the kinetic energy of the ion 
in the xy plane in terms of the Boltzmann constant k and absolute tempera- 
ture T (4) may be transformed to 
2kT dH, 


V.=-— 5 
wH,ve dy (S) 





834 ROSS GUNN 


The current density (2) in any region is given by 
i=NeV, (6) 


where N is the number of ions per cm’, e the charge, and V, the drift velocity. 
Substituting (5) in (6) we have finally 


2NkT dH, 
nH? dy 


i= 





We have shown previously! that the intensity of magnetization J of an ion 
gas when the ions execute long free paths was given by 


I=—NkT/H (8) 


which may be substituted in (7) yielding 


i,=2IdH,/sHdy. (9) 


In these expressions dH,/dy is the resultant magnetic gradient impressed on 
the ions and in general is the difference between the original gradient and 
the gradient produced by the resulting current. 

The value of the current predicted by Eq. (7) is subject to certain re- 
strictions regarding the boundary. Bohr (thesis) and Van Leeuwan‘ have 
examined the effect of reflections of ions from a sharp boundary of a con- 
ductor and concluded that the diamagnetic intensity of magnetization J due 
to the ions within the conductor was zero. An examination shows, however, 
that an effect may be expected when the discontinuity is diffuse or large 
compared to the orbit of the ion moving in the impressed magnetic field. 
A diffuse boundary may be said to obtain when a space gradient of tempera- 
ture, free path or ionic density exists throughout a boundary region in such 
a manner that reflections are negligible. These requirements appear to be 
met in most problems relating to the magnetic conditions on the sun and 
earth. 

The derivation resulting in Eq. (9) has been based on the motion of ions 
executing long free paths, and it is desirable to extend the calculations to 
the case of short free paths. A calculation of the magnitude of the effect 
when the free paths are short offers mathematical difficulty, but an estimate 
may be made by simply observing that the magnitude of the effect depends 
on the diamagnetic intensity of magnetization J in the manner given in 
Eq. (9.) Schroedinger® has computed this diamagnetic intensity of magneti- 
zation due to electrons for short free paths and shown that if \ the mean free 
path is independent of T. 


He*\?N \2e?H? 
J=—- (1- ). (10) 
3m 3mkT 





4 Van Leeuwan, J. de Physique 2, 361 (1921). 
5 Schroedinger, Wein. Ber. 66, 1305 (1912), also Bulletin No. 18 of National Research 
Council. 
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In general the temperature correction term is negligible compared to unity, 
and will not be considered. Substituting (10) in (9) we have approximately, 
2Ne*d? dH, 


i,=— _—- il 
3mm dy (11) 


This relation holds only when the free paths of the ions are short and is 
subject to the same boundary conditions imposed for the existence of dia- 
magnetism. Application of the effect to magnetic problems where radial 
symmetry and a closed electric circuit exist shows that the direction of flow 
of the current is such as to reduce the local magnetic gradient and at the 
same time to increase the total flux through the circuit. 

The long free path phenomena which have just been investigated find 
their simplest application, perhaps, in the atmosphere of the sun. The effect 
leads to correct values for the magnetic field intensity of sun-spots when 
certain logical assumptions are made in regard to the distribution of the 
resulting field. Detailed application of the effect to the explanation of the 
magnetic field associated with sun-spots will appear elsewhere. 

The new effect also predicts the existence of westward currents in the sun’s 
atmosphere which, if not compensated, would tremendously increase the 
apparent magnetic moment of the sun. Fortunately observed data are avail- 
able regarding the magnitude of the field and its gradient.® If we take mean 
values for the ion layer; namely, 1 =25 gauss, dH/dr=5X10-* gauss/cm, 
T =6000°, k =1.37 X10-"*, then Eq. (5) predicts an ion drift of 0.27 cm/sec. 
which is westward for the positive ion and eastward for the electron. If we 
further assume that the above typical region extends to a depth of 10 km and 
that the mean ion density is 10" ions per cm’, then the calculated magnetic 
moment of the westward current sheet turns out to be approximately the 
same as would be computed on the assumption that the sun is a uniformly 
magnetized sphere of polar field strength 50 gauss. This surprising result 
suggests that the permanent magnetic field of the sun and earth is due to 
similar phenomena taking place probably in the interior where the free paths 
of the ions are short. The ion density selected for the above calculation seems 
too low by one or two orders of magnitude and we are led to believe that 
diamagnetism and perhaps eastward currents play an important part in solar 
magnetism since the larger densities would lead to values of the magnetic 
moment which were much too large. Chapman’ has recently published a 
paper on the limitation of the sun’s field in which he attributes the limitations 
to eastward gravitational currents. If we compute the westward currents due 
to the magnetic gradient using Chapman’s data, we find that the velocity 
of drift of both ions approximates very nearly the gravitational drift velocity 
computed by Chapman. Thus the eastward gravitational current and the 
westward “magnetic gradient” current largely neutralize each other. Present 
data are not complete and it is impossible to decide at this time which current 


6 Hale, Sears, Van Maanen and Ellerman, Astrophysical J. 47, 1 (1918). 
7 Chapman, Monthly Notices Roy. Astr. Soc., Nov., 1928. 
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predominates or which one is important. The presence of currents in the 
layer would not appreciably affect the diamagnetic theory of the limitation 
of the sun’s field.? 

The application of this effect to an explanation of the permanent mag- 
netic field of the sun and earth has been made, which is as yet only partially 
satisfactory since it requires definite knowledge as to the magnetic gradient 
at the seat of the currents. In the case of the earth, we are led to a magnetic 
moment equal to that observed if we assume (1) that the magnetic gradient 
at the seat of currents is of the same order of magnitude as that observed at 
the surface of the earth; (2) that the free paths of the ions in the earth’s core 
approaches 10-* cm. On the present basis the earth’s magnetic field would 
remain unchanged if the earth ceased its rotation. A more extensive study 
of this problem has been undertaken. 

The author is indebted to Dr. W. E. Deming of the Fixed Nitrogen 
Research Laboratory for evaluating the elliptic integrals and plotting the 
actual paths of the ions for special cases. 

NAVAL RESEARCH LABORATORY, 


“BELLEVUE” Anacostia, D. C., 
February 25, 1929. 
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SURFACE TENSION OF SODIUM 
By FRANKLIN E, PoINDEXTER AND MARIE KERNAGAAN, R. S. C. J. 


ABSTRACT 
We have determined the surface tension of molten sodium, by a modified flat drop 
method, in a high vacuum. In doing so we have used Worthington’s correction 
formula 


(Kk) 1.641 
2 -1.641L+(K—&) 





c= 


From the best mean straight line through the experimental points the surface tension 
at 100°C and at 250°C was found to be 206.4 and 199.5 dynes per cm respectively. 
Hence the temperature gradient is —4.610-* dyne per cm per degree. Conse- 
quently, the average value of k, in the Eétvis relation, was found to be 0.067 and 
we conclude that the molecules in liquid sodium are polyatomic. We base the ac- 
curacy of our results on the high vacuum maintained throughout the period of 
experimentation. That both the apparatus and the liquid metal were thoroughly 
outgassed was proven by the fact that the McLeod gauge gave no reading (i.e. a gas 
pressure < 17 X10-* mm Hg) even while sodium was being distilled over into the cup. 
Reproduction of concordant results argues against the formation of films on the 
sodium, adsorbed gases or reaction of the sodium with the glass. 


INTRODUCTION 


HERE are few physical measurements as unsatisfactory as those on the 
surface tension of liquids. One finds in the literature little agreement 
of results. This multiplicity of values is due chiefly to two causes: first, 
the theory of the method may involve such uncertainties as the magnitude 
of the angle of contact; second, the presence of a film of oil or an adsorbed 
gas may introduce a very great error. In order to meet the first difficulty 
we have used a modified flat drop method.* Our drop was of sufficient 
diameter to be sensibly flat and at all times circular in horizontal cross- 
section so that certain corrections could be applied with confidence. The 
fact that we were able to reproduce our results indicates the absence of 
films. Now in order to apply surface tension measurements to the discussion 
of theory it is often of paramount importance to have a coefficient of the 
surface tension with respect to some variable such as temperature. With 
this in mind we have measured the surface tension at a series of temperatures 
ranging from 103°C to 243°C. The fact that our points when plotted on a 
surface tension-temperature graph lie so nearly on a straight line gives 
us confidence in the reliability of our results. 
Quincke’s' measurement of the surface tension of molten sodium by 


*In a paper read before the American Physical Society (Poindexter, Phys. Rev. 27, 
820, 1926) the surface tension of sodium was given as 222 at 100° and 211 at 250°. These are 
uncorrected values and are not as reliable as the ones given in the present paper. The value 
of k in the previous work is in error since the temperature variation of the volume was neglected. 

1 Quincke, Ann. d. Physik 135, 621 (1868). 
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the drop weight method was made in the presence of carbon dioxide, a 
sufficient reason to account for any error in his final value. In his deter- 
mination of the surface tension of various other substances by the flat drop 
method? he uses the simple formula: 


o=h*p/2 (1) 


where o = surface tension, h = vertical distance from the maximum horizontal 
diameter to the vertex of the drop, p =density of the liquid metal. 

But as Worthington* has pointed out, the results so obtained, especially 
in the case of small drops, are about 10 percent too great. According to 
Worthington the complete equation should be 


(K—k)?’p : 1 1 
ae, +20(K-1)4——-—— | (2) 


where (K —k) =h=distance from vertex to maximum horizontal diameter, 
b=radius of curvature at the vertex, L=maximum horizontal radius. 

In our experiment L was at all times sufficiently large to justify omission 
of 1/6 from the equation, which consequently reduces to 


(K—k)2p 1.641L 
a 1.641L+(K—k) 





o 


(3) 


APPARATUS 


The apparatus (Fig. 1) was constructed of Pyrex glass throughout with 
nothing but glass seals up to and including the McLeod gauge and mercury 
diffusion pump. The flat drop was formed on top of a shallow cup D ground 
flat with fine emery until no clip scars were visible either in the surface or 
extending downward from the same. This cup was circular, its various 
diameters not differing among themselves by more than 0.05 cm. The cup 
was viewed through a plane glass window made especially for this experi- 
ment by the Corning Glass Company. The molten sodium was introduced 
into the cup by means of a thick-walled capillary N which served to prevent 
too rapid introduction and consequent surging back and forth of the liquid. 
A bottle of clean sodium‘ A was run through several constrictions F to the 
chamber B from which it was carefully distilled by means of a hand burner 
into E. From this latter chamber, it was distilled over into the cup D as 
needed. The cross tube G was necessary for outgassing purposes and in 
order to prevent a possible piling up of pressure in the apparatus back of 
the cup. 

A sodium mercury vapor trap,’ shown at S, prevented the distillation 
of mercury from the McLeod gauge and pump into the sodium. 


? Quincke, Ann. d. Physik 105, 1-48 (1858); Ann. d. Physik 139, 1-89 (1870); Ann. d. 
Physik 160, 337-374 (1877) 

* Worthington, Phil. Mag. 20, 51-66 (1885). 

* Hughes and Poindexter Phil. Mag. 50, 423 (1925). 

5 Poindexter, Jour. Op. Soc. 9, 629 (1924). 
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The framework of the electric heater H was constructed of 0.25 inch soft 
asbestos sheeting and enabled us to hold our temperatures constant within 
one degree centigrade. It was heated by means of nichrome coils and an 
incandescent lamp, the latter serving also to illuminate the drop. One of 
the heating coils was strung around the outer window, I’, (also made to 
order by the Corning Glass Company) in front of the inner window J, to 
keep the latter clear of sodium. The temperatures were read by means of a 
mercury thermometer, the bulb of which rested against the tube leading 
from the cup, D. Since plenty of time was allowed for equalization of tem- 
peratures we think that those recorded are within one degree of the correct 
values. 


to McLeod 
gauge and 
pump 

to distilling 


tubes 4 \ 























-_ 
to surface 
tension 

chamber 











Fig. 1. Diagram of apparatus. 


The measuring device consisted of a dividing engine upon the stable of 
which rested a traveling microscope so arranged that it could be moved 
freely to right and left, while the tube of the microscope could be moved in a 
vertical direction. By this movable system horizontal and vertical distances 
were recorded to 2X 10-‘cm for a large number of points on the cross section 
of the drop. To correct error due to back-lash both traveling microscope 
and dividing engine were set at various zero marks. 


DATA AND RESULTS 


The readings on each successive drop were begun at the lowest point 
of the extreme right end of the meniscus, and they were continued over the 
top of the drop until it was certain that the middle point had been passed. 
In each case they were plotted on a scale of 20:1. The other half of the drop 
was drawn symmetrically with respect to the first half. The readings taken 
in the neighborhood of the extremity of Z (Fig. 2) were sufficiently dense 
to enable us to determine from the graph the point of vertical tangency. 
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Moreover, marked effort was made to approach as near as possible to that 
point while taking the readings. 








Centimeters 

















imeters 


Fig. 2. Dimensions of drop; scale 20:1, temperature 143°C. 


The general data and final results of the experiment are summed up 
in Table I. The first column contains the temperature, the second the value 


TABLE I. Surface tension of liquid sodium. 
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p 
Temp.(K—k)cemZecm density odynes o Average odynes ao Average ~ Date 








103° 
103° 
103° 


. 7268 
. 7265 
. 7235 


-785 0.9274 240.0) 207.1 
-765 0.9274 239.9)239.3+40.5 206.8 
773, =0.9274 237.9) 205.2 


) May 29, 1928 
,206.4+0.4 May 31,1928 
} May 31, 1928 


NM Dd bh 





9244 238. | 205.7) June 11, 1928 
9244 238.9/77° / =9- 205.8/205.84+0.1 June 11, 1928 


115° 
115° 


134° 
134° 


. 7257 
. 7262 


. 768 
757 


. 769 
. 758 





7264 


9196 237.8) 205.0) June 11, 1928 
7262 


=—_— wo:mCmUC 204. tein June 11, 1928 





143° 


175° 
175° 


182° 
182° 


194° 
194° 
194° 
194° 


203° 
203° 
203° 
203° 
203° 


229° 
229° 
229° 


243° 
243° 
243° 


.7268 2.785 


. 760 
.761 


.9174 237. < 204. . May 29, 1928 





7275 
. 7270 


7277 
7280 


. 7280 
.7279 
7279 
7269 


9089 235.7) 203. June 9, 1928 
-9089 235. ——,- 202.8) — June 9, 1928 





. 753 
. 753 


-812 
. 763 
. 765 
. 760 


9070 235.3) 202. June 20, 1928 
— =«s:CmC~<272S 202. wii a cs June 20, 1928 





.9038 234. 202. May 31, 1928 
-9038 234. 202. June 9, 1928 
— <6 202. June 9, 1928 
.9038 234.0) 201. June 9, 1928 


June 2, 1928 
June 4, 1928 
June 19, 1928 
June 19, 1928 
June 19, 1928 





.7279 
. 7278 
. 7328 
7278 
7278 


7293 
7288 
. 7288 


. 7278 
. 7300 
. 7253 


9012 234. 201. 
.9012 233. 201. 
9012 237. .6+2. 202. 
9012 233. 201. 
9012 233. 201. 


. 758 
753 
. 763 





8939 232.68 200. 
8939 232.65 >232.66+0.02 200. 
.8939 232.65 200. 


June 20, 1928 
.6+0. June 20, 1928 
June 20, 1928 





Oo] AIA! MAAMNDO |] ANN 


.8899 231.0 199.0) May 28, 1928 
8899 232.4}230.941.7  200.7}199.14+1.8 June 2,1928 
0.8899 229.4 197.7) june 4, 1928 
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of h or (K—k) shown in Fig. 2 and referred to in Eqs. (1) and (3). The 
third column gives the horizontal radius L, the fourth the density p. We 
calculated p for five different temperatures by application of the equation® 


= 09[1+A(t—0) + B(t—0)?] (4) 


where A = 260 X10-*, B=286X10-°, and 6°C = melting point of Na=98°C. 
We plotted these values and from the density-temperature graph, thus 
drawn, we found the required densities at other temperatures. The scale 
used was sufficiently large to enable us to interpolate accurately the densities 
to the fourth decimal place. 

The fifth and sixth columns contain the surface tension calculated by 
means of the simple formula, Eq. (1). The seventh and eighth columns 
give the values of o as corrected according to Worthington’s formula, Eq. 
(3). No sets of measurements were used which did not permit an accurate 
determination of h. In some cases, it was found that the curvature at the 
end of ZL was too small to fix the position of the vertical tangent, because 
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Fig. 3. Surface tension of sodium as function of temperature. 


insufficient sodium had been run into the drop. In other cases, back-lash 
had caused a scattering of points in this critical region. Temperature fluctu- 
ations also caused the rejection of a few sets of readings. However, no sets 
were rejected on account of the value of 4 which emerged from them. 

It is interesting to note that Quincke’s result is surprisingly near our 
uncorrected value, notwithstanding the fact that he worked in the presence 
of dry carbon dioxide. He used the density at the melting point as 0.975, 
while we used 0.930 as being more reliable. If we take his value of 252 dynes, 
and multiply by 930/975 we get 241 dynes for o. Our uncorrected values 
were calculated by the same relation used by Quincke and gave at 103°C 
a surface tension of 240 dynes. 

A surface tension-temperature graph is shown in Fig. 3. From the best 
mean straight line through the experimental points the surface tension at 
100°C and at 250°C was found to be 206.4 and 199.5 dynes per cm respec- 


§ International Critical Tables Vol. II, p. 463. 
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tively. Hence the temperature gradient is — 4.6 X 10-? dyne per cm per degree. 
Upon differentiating with respect to temperature, the Eétvés relation 
ov/3 =k(T.—T) we get, 


*(=) + : ual ~~) kh (5) 
v?/3{ — ) 4+—gy-1/3) —_ } = — 
The 3. dT), 


(o, v, T represent surface tension, volume of a gram atom, temperature, 
respectively. 7. and k are constants.) 

We have found & at 150°C, 200°C, and 250°C by substituting in Eq. 
(5) for (da/dT), and o values determined in our experiment, and for (dv/dT), 
values calculated from Eq. (4). The results obtained are as follows: 
k150°c = 0.062; Reoo° c = 0.067 b Ros50°. =0.073 

In Fig. 4 we have plotted the values of k against temperature. The fact 
that the absolute value of & increases with temperature indicates dissociation 
and the curvature of the line indicates further that the dissociation is not a 
linear function of the temperature. 
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Fig. 4. Value of k in the Eétvis relation as a function of temperature. 


For non-associated liquids of not too high molecular weight, & has, 
according to Eétvis, the value of 2.27. Hence we conclude that the molecules 
in liquid sodium are polyatomic. 

A further evidence of the association’ of liquid sodium is given by its 
high latent heat of vaporization, 105 kilo-joules per gram atom at 880°C.® 


DISCUSSION * 





Cleanliness is of prime importance in the determination of surface tension. 
Hence we washed our apparatus with boiling hot chromic-acid cleaning 
solution and finally baked it out when evacuated. The first molten sodium 







7 Nernst: “Theoretical Chemistry” p. 316. 
8 International Critical Tables, Vol. I, p. 102. 
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distilled over was splashed out of the cup as an added precaution against 
contamination. 

Our experiment affords an additional proof of the efficacy of the sodium 
trap as a substitute for liquid air, for according to the analysis, by the Mal- 
linckrodt Chemical Company,® there was no trace of mercury found in the 
sodium used, in spite of the fact that during five months it had stood so 
near to the mercury diffusion pump. The trap was made from about four 
grams of sodium. 

At all times during our measurements the gas pressure in the apparatus 
was less than 17 X10-*mm of Hg. The fact that the McLeod gauge gave no 
reading, even while sodium was being distilled over into the cup, proved the 
thoroughness of the outgassing of both the apparatus and the liquid metal. 
After our experiment was finished the apparatus stood with the pump shut 
off for four months and the gas pressure built up to only 27 X10-*mm in the 
interval. 

In view of the fact, that the surface tension varied but seven dynes over 
a range of one hundred and fifty degrees our temperature measurements 
are sufficiently accurate, even if there were a probable error of 1°C. 

One finds in the literature statements to the effect that molten alkalies 
attack glass, in some instances rather vigorously. As a matter of fact molten 
sodium does not appear to react with Pyrex glass at all so long as water 
vapor and oxygen are absolutely excluded. The brown coloration of glass 


in contact with hot sodium will wash off quite readily if the glass is not — 


heated after the admission of air. We therefore feel sure that our sodium 
was not contaminated by reaction with the glass. 

In column 9 of Table I are the dates on which the different sets of readings 
were: taken. Reproduction of concordant results throughout these times 
speaks most eloquently against the possibility of films, gases or reaction 
with the glass. 

We wish to thank Rev. Professor James I. Shannon S. J. for his generous 
cooperation in procuring necessary materials and accessories, and Brother 
A. Zeller S. J. for his kind help in the construction of the heater. 


DEPARTMENT OF PuHysIcs, 
St. Louis UNIVERsITY, 
St. Louis, Missour1, 
December 8, 1928. 


* The Mallinckrodt Chemical Company gave the analysis of the sodium used as follows: 
Potassium, K 0.010 percent 
Heavy Metals, (Ag, Pb, Hg, Sn, As, Sb, Cu, Ni, Co) 0.000 percent 
Heavy Metals, (Fe, Cr, Al, Mn) 0.000 percent 
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VAPORIZATION UNDER THE INFLUENCE OF AN 
ELECTRIC FIELD 


By E. H. GreIBACH 


ABSTRACT 


The thermodynamic equilibrium of a system solid gas in a non-uniform electric 
field is computed. The results as applied to a cylindrical metal filament in a radial 
field in an enclosure of uniform temperature T are as follows: (1) The density of the 
saturated vapor is given by n, =mge~(9/#9G/re?—1/*) at a radius r, 8B being a function of 
the electric moment, the polarizibility of the atoms and of the field applied. (2) The 


: = = 
heat of evaporation of the substance of the filament is increased by A¢= — being 
To 


the radius of the filament. (3) The apparent rate of evaporation is to the 
normal rate in the ratio e~(/#)G/ro?-1/")| The surface effects have been neglected. 
Comparing the result 3 with experiments,*(the only one for which we have experi- 
mental data) it is found that this theory does not represent all that is happening. 


I. INTRODUCTION 


OLECULES are known to be built up of movable electric charges, 

electrons, and protons, the orbits of which may be deformed by an 
external electric field. The centers of gravity of the positive and the negative 
charges are displaced from their original position by the field. The result of 
this displacement is a polarization, or in other words the production of an 
electric moment. 

Molecules can be divided into two classes according to the presence or 
absence of a permanent electric moment, that is, according to the separation 
or the coincidence of the two centers of gravity in the absence of an external 
field. The molecules which do possess a permanent moment are called dipoles. 

If a field is applied to a gas we should expect the following effects: (a) an 
orientation of the dipole molecules, (b) a polarization of all molecules, 
(c) a translation of all molecules in the direction of the field. All these effects 
correspond to certain changes in potential energy of the molecules. 

This paper is the result of a study of the effect of an electric field upon 
the evaporation of solids. Such a phenomenon depends directly on the 
potential energy of the molecules. Qualitatively speaking, the following 
effects are possible: an increase in the heat of evaporation because of the 
added potential energy of the molecules; a non-homogeneous distribution of 
the molecules in the container as the electric field will tend to move them; 
a vapor pressure changing with position in the volume as the molecules 
are accelerated in given directions by the external field; an effect upon the 
rate of evaporation; and finally a different behavior as regards the tem- 
perature for the dipole in comparison with the non-dipole molecules. 

The general procedure followed in calculating these effects is classical. 
We first compute the thermodynamic probability w and, by investigating 
its maximum, we obtain the conditions of equilibrium giving us the number 
of molecules in the gaseous state. 
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VAPORIZATION IN ELECTRIC FIELDS 


Il. THERMODYNAMIC PROBABILITY 


As is well known the thermodynamic probability can be divided into 
two parts: one containing the external field, and another without it, accord- 
ing to the equation 


W,= Wo ferurande oo (1) 


where W, is the probability without field, x the potential energy of the 
system due to the external field, and the g’s are the coordinates of the mole- 
cules, the integration being extended over the volume of the container. 

By the Boltzmann theorem 


Wo=C feersontar (2) 


where C is a constant, E, is the energy of the gas consisting of m molecules, 
E, is the energy of n’ molecules of the solid. Introducing the known ex- 
pressions for E, and E£, in Eq. (2), and integrating over all elements of 
volume dr of the phase space we obtain! 


W o=Ce-"6o/*TV, (2amkT)*"/*(24A RT) "(RT /va)3”" (3) 


where ¢» is the heat of vaporization per molecule at the absolute zero, V, is 
the volume occupied by the gas and »y, is the geometrical mean of the fre- 
quencies of the n’ molecules of the solid, these molecules being considered 
as oscillators; A is the moment of inertia of the molecule. 

The potential energy E, is the work done by bringing a molecule from 
the surface of the solid into the space of the gas against the non-uniform 
electric field. Then 


E,=- J sas (4) 


where S is force acting on the molecule which is given by 
S=(ur.) V(dy/dr) 6) 


where y is the potential from which the field arises, r; is a unit vector in the 
direction of the gradient of the field, uw is the total electric moment that is 


v=uitavy (Sa) 


where pw; is the permanent moment of a molecule, aVW the moment induced 
by the field due to the polarizibility a of a molecule. Hence 


E,=- [ " (uri) v(dy /dr)ds (6) 


In order to calculate this energy we must assume a definite form for the 
potential y. Let us consider then the evaporating solid in the form of a 


1 Born, Atom Theorie des poten Zustandes, p. 704. 
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cylindrical rod of radius 7. Surrounding the first cylinder we will take 
another of radius r, which shall represent the boundary of the volume. 
A difference of potential is applied to these cylinders. It produces a non- 
uniform field in the space between them. This particular type of apparatus 
was chosen because it is easy to realize experimentally.” 

The potential is then given by 


y= —2n logr+C (7). 


where 7 is the electric charge per unit length of the cylinder. 
We may now proceed to evaluate the energy of position of a molecule. 
From Eqs. (5a) and (6) we have 


E,=- J [u1 Cos, 0+ avy |V(dy/dr)ds (8) 


Here cos ,@ is the average value of cos 8. On account of the thermal agitation, 
the angle 6 between y, and the field intensity varies continuously; but a 
certain equilibrium will be established between the orienting influence of 
the field and the deorienting influence of the thermal motion. Thus we can 
speak of the time average of cos @. It has been calculated by Debye, who 
obtained 


COSe O= (ui/3kT) VY 
Thus with Eq. (7) and the above value Eq. (8) becomes 
E,=(ui?/3kT +a) 2n?(1/1r0?—1/r?) (9) 


considering that x = ZE, we can now use Eqs. (3) and (9) in Eq. (1) and 
calculate the probability 


r 


W 0 1 Mi 1 1 
weed fel —A¥ (tite) 20(4—2) Jn 
aS le 7 yy ee ee 


= W pe7Bn/ kT 0" 





(10) 


Where 

B=(u1?/3kT +a) 2n? (10a) 
Eq. (10) gives us the number of complexions in the general phase space. 
Each complexion is realized by any one of the possible distributions of 
gaseous and n’ solid molecules. Thus in order to find the probability W 
that » molecules, of the total number NV =n-+n’ are in the gaseous state and 
n’ in the solid state, we must multiply W, by the number of possible dis- 
tributions of N molecules in two groups of and n’ molecules respectively, 
and by the number of possible arrangements of the m’ molecules of the solid, 
that is by 

N!n'\/n\n'!\=N1/n! 
Thus by Eq. (10) we have 

W =(N!/mn!) W oe82! #T re? (11) 


2A. G. Worthing, Phys. Rev. 17, 418 (1921). 
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The stationary state is characterized by the maximum of W or log W, i.e. 
d log W/dn=0 
which gives for m the value 


(2m)5/2m3/24 di 8 
n=V, ¥ exp | -——-— | 
Beil 





(12) 


The expression (12) gives us the number of gaseous molecules present 
in the volume V, as a function of the temperature and of the electric field. 
We see that the effect of the field is analogous to an increase of the heat of 
vaporization per molecule amounting to 


Ad = (u1?/3kT +a) (2n?/10?) (13) 


The behavior of a dipole gas in contrast to that of a gas, the molecules 
of which have no permanent electric moment, is clearly seen in the appear- 
ance of the temperature in Eq. (13). 


III. DistRIBUTION OF MOLECULAR DENSITY 


The number of molecules present in a certain element of volume is 
obviously proportional to the probability of a molecule being in this element. 
If we call m9 the molecular density at a point in the immediate neighborhood 
of the solid rod the molecular density at any other point will then be given 
by 


n, = noe, !*T (14) 


In order to determine m) we make use of the fact that the total number of 
molecules must be given by Eq. (12) 


n= fi onedr=my f e-%!*¥4e 


(2m)5!2ym3/24 
No= pre-e! kT (15) 
Rieyi2 


from which we obtain 





which shows that the molecular density is unchanged in the neighborhood 
of the rod by the presence of the external field. This is quite obvious as the 
potential energy of the molecules in this position is the same whether the 
field is present or not. If we combine Eqs. (15) and (14) we see how the 
molecular density decreases as we move away from the evaporation rod. 


IV. RATE OF EVAPORATION 


The rate of evaporation is defined as the number of molecules emitted 
into a vacuum per unit surface of the evaporating body per unit of time. 
When an evaporating body is in equilibrium with its vapor the number of 
molecules emitted per unit time is just equal to the number of molecules 
which condense back on the body as it is this condition which determines 
the stationary state. Thus if we can calculate the number of molecules which 
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strike the surface of the evaporating body (assuming that each collision 
results in a condensation)* when the pressure is equal to the saturated vapor 
pressure, we will have the rate of evaporation. 

The evaporation and the condensation are two independent phenomena, 
one does not affect the other; the rate of evaporation in absence of a field 
depends upon the temperature alone. Let us assume that the temperature 
is high enough to give such a vapor pressure that the mean free path is very 
small compared to the dimensions of the apparatus. Then the rate of con- 
densation is entirely conditioned by the molecular density in the immediate 
neighborhood of the evaporating surface for as we have said, it depends upon 
the number of molecules striking the surface, a number which in turn is 
proportional to the number of molecules per unit volume. This we have 
seen in Eq. (15) is unaffected by the electric field and thus we find that at 
high molecular densities the rate of evaporation remains the same whether 
an electric field is present or not. 

If now the cylinder enclosing the evaporating material is permeable to 
the molecules the conditions will be somewhat different. This case is easily 
realized experimentally by replacing the cylinder surrounding the evaporat- 
ing rod by a grid or spiral to which the electric field can be applied. In 
vacuum and in the absence of field the molecules move undisturbed in the 
direction of their initial velocity until a collision takes place. With the 
field, however, the molecules escaping from the rod will be retarded in their 
motion and only those having a definite initial velocity will reach the 
permeable cylinder and fly into the space outside in which no field is present, 
and where we shall assume that they condense. Now the rate of evaporation 
should be given by the number of molecules condensing outside as the 
phenomenon takes place in vacuum; however, as some molecules will be 
brought back to the solid by the external field this measured rate of evapora- 
tion will be different from that we discussed above. This can be illustrated 
by a simple calculation. 

Call dn, the number of molecules per unit volume of the solid having 
an x component of velocity between U and U+dU. Then 


2 
dn,=constant Xe~ "9 /2*TqdU , 


Of these molecules only such as have a kinetic energy sufficient to balance 
the potential energy of evaporation ¢» will escape from the rod and of these 
only the molecules having an additional energy B(1/ro?—1/r*) will reach a 
point 7 in the field. Therefore all the molecules having a kinetic energy 


LS $o+28n?(1/ro?—1/r.?) or a velocity 
5 [(2/m) {o-+28n?(1/r02—1/r.2) } }*2 


will escape and condense outside of the cylinder. Then the number of 
molecules escaping in a unit time is 
kT [ eee) 


n;=constant X—- exp 
m kT 





§ Langmuir, Phys. Rev. 2, 336 (1913). 
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If now we put 8 =0 we obtain the number m of molecules that would escape 
if no field were present. For the ratio of the two we find 


ny 3 ¢ ‘)] 
—= ——-| —-— 16 
No exp| kT \re r2 (16) 


This last result is quite important from an experimental point of view as 
we shall see in the next paragraph. 


V. NUMERICAL VALUES AND DISCUSSION OF AVAILABLE DATA 


The values of 4; and a have been determined for quite a number of sub- 
stances by previous investigators. As is well known y; is most readily com- 
puted from the variation of the dielectric constant with the temperature. 
As regards a the last named experiments can also yield its value but a much 
easier procedure is to derive it from the data on index of refraction and 
molecular refraction. 

The numerical values of these two constants vary for the different sub- 
stances but they are of the following order of magnitude (which alone inter- 
ests us for the present) 

a~10-*4 cm*e; wy~ 107" e.s.u. 


In all our expressions a and y; enter in the form of the function defined in 
Eq. (10a). We shall thus calculate 8 assuming T to be 1000. The Boltzmann 
constant K has the value 1.3710-"* ergs degree“. Then 


ui?/3kRT+a~10-**e cm! 


As an average value of ¢» we shall take 10-" ergs and compare it with its 
increase (13) due to the external field. Let us assume a rod of radius 0.001 
cm as the evaporating body and take for instance the radius of the outer 
cylinder to be 0.5 cm. The potential difference between the two electrodes 
will be taken as 30,000 volts. These conditions are approximately satisfied 
by the experiments of Worthing? on the evaporation of tungsten in an 
electric field. The charge per unit length of the condenser then becomes 
by Eq. (7) 
n~8e.s.u. 


The field strengths at the surface of the filament is by Eq. 4.8X10° 
volts/cm and finally A@ (13) becomes approximately 10-" ergs per molecule 
which is a thousand times smaller than ¢p. Thus under these favorable con- 
ditions the contribution of the electric field to the latent heat of,evaporation 
is negligible. 

If we now compare the rates of evaporation we shall find quite a different 
result. As a matter of fact (16) gives us the ratio of the two rates, viz., 


with the field and without the field. The computation by means of the 
above values gives 
n/N =~0.995 


a quantity which can be observed. Worthing in his experiments found a value 
of 0.45 for this ratio? in disagreement with the result of our theory. It seems 
very probable that the surface conditions which have been neglected play 
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a very important réle for the rate of evaporation at least. In regard to the 
increase of the heat of evaporation by an electric field the effect of these 
surface conditions may be different, perhaps negligible. 


CONCLUSIONS 


The vaporization of a solid is shown to be affected by a non-homogeneous 
electric field. Its influence consists in increasing the heat of vaporization 
by an amount which is too small to be measured experimentally. The second 
effect which is observable is a decrease in the rate of evaporation. 

These conclusions, however, are subject to the following restrictions: 

1. The density of the saturated vapor has been supposed so small that 
the interaction between the molecules or atoms can be neglected. 

2. The evaporating substance is metallic, that is, the electric field does 
not penetrate into the body but stops abruptly on the surface.‘ In order to 
remove this restriction surface conditions would have to be considered, of 
which we know very little accurately; the “free” electrons inside the metal 
would also come into play. However, it may be that this assumption of 
discontinuity of the field and of uniform distribution of charges over the 
surface is responsible for the difference between the observed and approxi- 
mately calculated values of the rate of evaporation. The experiments of 
Worthing might also be explained on this basis. These effects will be con- 
sidered in a paper to be published later. 

3. The value of 8 has been assumed so small (it always is according to 
the experimental data) that terms containing it as a factor have been 
neglected. 

4. In view of the disagreement between theory and experiment this paper 
must be considered as preliminary. 

The writer wishes to express his appreciation to Dr. J. J. Weigle for 
proposing the subject matter of this paper and to both Dr. A. G. 
Worthing and Dr. Weigle for the interest they have taken and the valuable 
suggestions they have made in its preparation. 


UNIVERSITY OF PITTSBURGH, 
May, 1928.* 


4 J. Frenkel, Zeits. f. Physik 29, 214 (1924); A. T. Waterman, Proc. Royal Soc. Al21, 
28 (1928). 
* Received February 7, 1929. Ed. 














MAY, 1929 PHYSICAL REVIEW VOLUME 33 


A STUDY OF GASEOUS EFFUSION AT 
HIGH TEMPERATURES* 


By F. RussELt Bichowsky AND CHANNING W. WILSON 


ABSTRACT 
An apparatus has been constructed and described for investigating the effusion 
of gases through a small orifice, and the method has been applied to helium between 
the temperatures of 1000° and 2000°K, and at pressures from 0.2 to 0.8 mm of mer- 
cury. The kinetic theory applying to the problem is discussed. It has been found 
that the effusion of the monatomic gas helium follows Knudsen’s expression 
N=PAN,/(2emkT)"2 
Keeping the rate of flow constant, i.e., N= No, 
P=P,(T/T»)"? 
if allowance is made for viscosity and slippage effects of the gas in the orifice chamber. 
It is suggested that the apparatus may be used to measure high temperatures as a gas 
thermometer. Experiments were carried out with hydrogen at temperatures from 
1000° to 1900°K, but an interpretation of the results is not possible because of the 
presence of both molecular and atomic hydrogen in the orifice chamber at these 
temperatures. 


INTRODUCTION 


N A paper by Weide and Bichowsky! a method was outlined by which 
the behavior of gases at very high temperatures and the course of some 
gaseous reactions could be studied. The method is based on the rate of 
effusion of a gas through a small orifice, in a manner similar to that used in 
many experiments by Graham,? Bunsen,* Meyer,‘ and Knudsen.’ Recent 
applications have been made by Rodebush and DeVries® and Chopin.’ 
Copeland and Bichowsky* measured the percent dissociation of hydrogen 
drawn from a discharge tube by a more extended form of the method. 
Before attempting to apply the method to the dissociation of hydrogen 
at high temperatures it was found necessary to understand better the be- 
havior of a simple gas in the apparatus. Therefore helium was selected and 
studied in the temperature range 1000°—2100°K. The results obtained 
with helium, and its application to gas thermometry at temperatures higher 


* This is an abstract of a dissertation submitted to the Board of University Studies of the 
Johns Hopkins University by Channing W. Wilson in partial fulfilment of the requirements 
for the degree of Doctor of Philosophy. 

1 Weide and Bichowsky, J. Amer. Chem. Soc. 48, 2529 (1926). 

2 Graham, Phil. Trans. 136, 572 (1846). 

3 Bunsen, Gasometrische Methoden Braunschweig, 2nd edition 1857, p. 127. 

* Meyer, Kinetische Theorie der Gase, Breslau, 1877, p. 49. 

5 Knudsen, Ann. d. Physik 28, 999 (1909). 

* Rodebush and DeVries, J. Amer. Chem. Soc. 49, 656 (1926). 

7 Chopin, Compte. Rendus. 186, 1830 (1928). 

® Copeland and Bichowsky, J. Amer. Chem. Soc. 60, 1315 (1928). 
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than heretofore obtained with such instruments, as well as preliminary 
observations of hydrogen are included in this paper. 

The method is based on Knudson’s’ expression relating the pressure of a 
gas and the number of molecules passing through a small orifice. This ex- 
pression is 


N=PAN|/(2xmkT)'/? (1) 


where N is the number of molecules of gas escaping through the orifice into 
a vacuum in unit time; P is the pressure of the gas in the orifice chamber 
in absolute units; A is the area of the hole in cm,? VN, is Avogadro’s number; 
m is the mass of the molecule; & is Boltzmann’s constant, and T the absolute 
temperature. 

If the rate of flow is kept constant (i.e. N=No) the pressure will vary 
with the absolute temperature 


P=P,(T/T»)'!2 (2) 


where P is the pressure at any temperature 7, and Py is the pressure at 7, 

e.g. room temperature. Thus the method may be applied to measuring high 

temperature as a gas thermometer by observing the increase in orifice-cham- 
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Fig. 1. Diagram of apparatus. 


ber pressure when the temperature is raised. In this investigation helium 
was selected, because it is monatomic and non-corrosive under all conditions. 

The method may best be explained by reference to Fig. 1. Helium is 
admitted to the tubular orifice chamber A through capillary P. It passes 
through the small hole C into a vacuum maintained in the steel jacket, H, 
by a mercury pump and an oil pump. The capillary is of such a size that 
the pressure of the gas at room temperature is a few tenths of a millimeter 
of mercury. The pressure is measured with a cathetometer on an accurately 
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calibrated McLeod gauge, M. After a state of steady flow has been reached 
at room temperature the orifice-chamber tube is heated electrically to a 
high temperature. After a state of equilibrium is again reached the pressure 
corresponding to this temperature is measured. The temperature of the ori- 
fice is determined with an optical pyrometer by sighting through the glass 
window, D, directly at the hole. The pressure measurements are corrected 
for thermal effusion due to the temperature gradient along the tube, and the 
corrected pressures compared with those calculated for the high tempera- 
ture by means of Eq. (2). The observed pressures and temperatures are 
plotted to give a calibration curve for the gas thermometer. 


DESCRIPTION OF FURNACE 


In this apparatus the helium was heated in the tubular orifice chamber, 
and the arrangement may be seen from Fig. 1. The orifice-chamber tube, 
A, was machined from molybdenum (m.p. 2898°K),* 10 cm in length, 0.475 
cm internal diameter, with a wall 0.8 mm thick. The orifice, C, was drilled 
in the wall 5 cm from the end, and was 0.38 mm in diameter. The hole was 
then given a taper with the point of a larger drill, so that it was, in effect, a 
hole in a thin wall, and not ashort tube. This isa necessary condition upon 
which Eq. (1) is derived. On each end of the molybdenum tube a steel ter- 
minal piece was welded to provide for electrical connections, and for the 
inlet of gas and connection to the McLeod gauge. 

The tube was located axially in a steel vacuum-jacket H, and was pro- 
vided at one end with a corrugated disk to take care of the linear expansion 
of the tube when it was heated. An observation tube was welded to one side 
of the vacuum jacket opposite the orifice so that the temperature of the hole 
could be determined optically through window D. This tube served also 
as a vacuum line, and was connected to a two-stage Stimson mercury pump 
through a ground-glass joint E and liquid-air trap F. During operation the 
vacuum-jacket was cooled in a large water bath N. Its temperature never 
rose above 50°C, even when the tube within was at 2000°. A Nelson oil 
pump was used to obtain a fore-vacuum. 

The pressure gauge M differed from the usual type of McLeod gauge 
in that it had a long capillary stem, and had no compensating capillary 
side-arm. Capillary depression was corrected for in the measurements, 
which were made with a cathetometer. 

Power for heating the orifice-chamber tube was obtained from a 15 
K. V. A. motor-generator set, through a step-down transformer. The voltage 
applied to the tube was adjusted by varying the current in the generator 
field. A maximum of 10 volts could be used. 

The temperature of the orifice was obtained by assuming it to be a 
black-body radiator, and matching its brightness with the filament of an 
optical pyrometer which had been certified by the U. S. Bureau of Standards. 
The temperature thus obtained was the actual temperature of the gas as it 
escaped from the orifice. 


® Worthing, Phys. Rev. 28, 190 (1926). 
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THEORETICAL 


When a non-dissociating gas, such as helium, is admitted to the appara- 
tus, Eq. (2) will be followed, provided the pressure measured on the gauge 
is the pressure of the gas at the orifice. This condition is fulfilled in the 
measurements taken at room temperature, because the entire orifice-cham- 
ber is at the same temperature, which is also the temperature of the McLeod 
gauge. Consequently, the gas is at the same pressure throughout the cham- 
ber and gauge. 

The conditions are different, however, in the high temperature runs. 
The temperature measured with the pyrometer is the temperature of the 
gas at the orifice, but there is a temperature gradient along the orifice 
chamber tube, and the temperature at each end is that of the water in the 
cooling bath. Since the gas in the tube may be considered nearly stationary, 
a pressure gradient results from this difference in temperature, and the 
pressure measured on the gauge will be the pressure of the gas in the cool 
portion of the tube. The pressure measured on the gauge must therefore be 
corrected for thermal effusion, so that the pressure of the gas at the orifice 
at high temperatures may be obtained. The differences between the mea- 
sured values and the pressures calculated for the high temperatures by 
means of Eq. (2) are obviously due to viscosity effects which must be ac- 
counted for mathematically, although no data are available at temperatures 
higher than 300°C. . 

The equation for the flow of gas through a tube, whose diameter is large 
in comparison with the mean free path of the molecules, has been derived 
by Maxwell,!° which is, for the most general case involving both temperature 
and pressure gradients 


dn 1 (1+8n)rd*(po2—p,2) M (*) xd?3n 1 OT ™ 
dt 8nL nad32RT . 


dt 








16M T Ox 


This equation gives the number of mols of gas passing through a cross- 
sectional area of the tube per second, where L is the length of the tube; 7 
is the viscosity of the gas; n/n. the coefficient of slip; d is the diameter of 
the tube in cm; R is the gas constant per mol; p.?— p,? is the difference of 
the squares of the pressure at each end of the tube in C. G. S. units; T is the 
absolute temperature; and M is the molecular weight of the gas. The last 
term in the equation represents the flow due to the temperature gradient. 

For a stationary state in which there is no flow, the right hand side of 
the equation may be equated to zero, and there is then obtained 

dp? 12n?R 1 


dT M (d2/4)-+(2nd/na) 


This equation gives the rate of change of pressure with the temperature 
along the tube. 


(4) 





10 Maxwell, Phil. Trans. 170, 231 (1880); Scientific Papers 2, 681 Cambridge (1890). See 
also Herzfeld, Kinetische Theorie der Warme. 
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It is possible to perform a graphical integration over the curve of the 
temperature gradient by assuming that for small temperature differences 
it is a straight line whose slope is that of the midpoint of the interval. For 
this purpose the viscosity of the gas, 7, must be known as a function of the 
temperature, and the coefficient of slip of the gas along the walls of the tube 
must be evaluated. 

It was assumed that for helium the viscosity varies with the temperature 
according to the equation™ 


n=nol°*5/273.1 


where 7 is the coefficient of viscosity at 0°C, =1891 X10-7 “and the curve 
of the equation n?=f(7) was plotted. For the graphical integration of Eq. 
(4), temperature intervals of 100° were used, beginning at 300° and ending 
with the observed temperature of the orifice. Therefore values of 7»? for 
substitution in the expression were interpolated from the curve for the mean 
temperature of each interval, i.e., 350°, 450°, 550°K etc. The pressure term 
in the denominator was given the value of the pressure, in absolute units, 
at the beginning of the interval. 
For the coefficient of slip, Epstein’ gives the expression 


n/Na=0.7004A(2—f)/f (S) 


where A is the free path of the gas molecules, and f is the so-called “ac- 
commodation” factor, representing the fraction of the molecules not re- 
flected from the walls of the tube according to the laws of reflection of elastic 
spheres, but which may be considered to be “emitted” from the walls. 

The free path at any temperature, 7, may be represented by Suther- 
land’s® formula 


A=A,/(1+<¢/T) 


where A, is the free path at T=, and at the density corresponding to 
atmospheric pressure; ¢ is Sutherland’s constant. Substituting in Eq. (5) 
gives 





tnt A 
” £9. 700422. ; 
‘ f 1+¢/T 


Inserting this in Eq. (4) and reducing to a form more convenient for com- 
putation 


dT Md/2 





dp? 12Rn°f d =f Ae T 10T* | 
= —+-2.8016—- —-— (6) 
2 f Ate/T p 273 


1 Kammerlingh-Onnes and Weber give the exponent to be 0.647, while Rayleigh gives 
0.681. The value 0.65 was selected here because it fit our data best. 

12 Landolt-Bérnstein, Tabellen, 5th edition, Berlin 1923, p. 172. 

13 Epstein, Phys. Rev. 23, 710 (1924). 

44 This is the assumption made by Knudsen, Maxwell and Smoluchowski, to account for 
the experimental observations on slippage. Maxwell, reference 10; Knudsen, Ann. d. Physik 
28, 75 (1909); 35, 389 (1911); Smoluchowski: ibid 33, 1559 (1910). 

4% Sutherland, Phil. Mag. (V) 35, 507 (1893). 
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Using d=0.476 cm; f=0.74"; A, =2.20110- § and c=70" the expres- 
sion becomes 











dp? 12Rn? 5904.9 X 10-°)T 7"! 
* | 0.23844 | 


aT 0.238M 202.02(1+¢/T)p 


For each pressure measurement with helium the calculations were carried 
out and the correction curves were plotted. The similarity of the correction 
curves eliminated the possibility of a serious accidental error entering. The 
pressure of the gas at the orifice at the high temperature may be found by 
either graphical-or arithmetical interpolation of the correction curve. In 
all experiments it was computed by the latter method and checked by the 
former. 


EXPERIMENTAL DATA 


Experiments were carried out by admitting helium to the apparatus as 
previously described. These were divided into two series; the first with orifice 
chamber pressures, at room temperature, in the neighborhood of 0.24 mm, 
and the second having initial pressures of about 0.4mm. _ In both series the 
complete temperature range, through which the optical ‘pyrometer could 
be used, was covered. The data obtained are recorded in Tables I and II. 
The first column of the tables gives the mean initial temperature, 7, and 
in the next column the orifice-chamber pressures, Po, observed when a steady 
state was reached at this temperature, are recorded. The third column gives 
the mean temperature of the orifice, 71, measured with the pyrometer. 
The fourth column gives the pressures, which should prevail at the orifice 
at temperature 7; if Eq. (2) is followed. The fifth column gives the steady 


TABLE I. Results with helium. Series I. 














To Po T; Prate P obs Pror 
290.5 0.267 1185 0.541 0.430 0.535 
291.7 0.242 1299 0.512 0.414 0.529 
290.4 0.249 1447 0.557 0.395 0.553 
291.5 0.248 1549 0.572 0.389 0.567 
291.5 0.241 1616 0.566 0.377 0.566 








TABLE II. Results with helium. Series II. 











To Po T; Pate P obs Poor 
287.5 0.414 1147 0.827 0.761 0.841 
288.1 0.410 1281 0.865 0.754 0.869 
287.8 0.449 1543 1.036 0.871 1.021 
290.7 0.471 1810 1.177 0.930 1.160 
287.5 0.339 2015 0.897 0.676 0.904 








8 Millikan, Phys. Rev. (II) 21, 217 (1923), gives f the value 0.875 from results of his study 
of oil droplets in helium. However, the value is probably smaller for the action between 
helium and molybdenum, and if a value 0.74 is assumed the data obtained here best fit the 
equation. This makes the factor (2—f)/f=1.7. 
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state pressures actually observed at the high temperature, and the last 
column gives the corrected value when Eq. (6) is applied to these observa- 
tions. All pressures are in mm of mercury, and temperatures in degrees K. 

The results of the experiments are also shown graphically in Figs. 2 and 
3 respectively for Series I and II. In order to have comparable results for 
plotting, the pressure measurements were all proportionately reduced to 
the value they would have had if the initial pressure at room temperature 
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Fig. 2. Helium series I. Pressure-temperature curves. 
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Fig. 3. Helium series II. Pressure-temperature curves. 


during all experiments of Series I had been 0.24 mm and the initial pressure 
at room temperature in Series II had been 0.4 mm. These values were then 
plotted against 7"/?. The straight line in each graph gives the theoretical 
values of the pressure at any temperature calculated by means of Eq. (2). 
The black circles show the observed pressures reduced as just described. 
The dotted curves are extrapolations of the observed curves to room tem- 
perature. It must pass through the point on each curve representing the 
initial pressure at room temperature, because the correction factor on the 
right side of the Eq. (6) vanishes when the temperature of the orifice-cham- 
ber tube is uniform. The open circles represent the values of Peor reduced 
proportionately as described. 
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DISCUSSION OF HELIUM RESULTS 


Probably the largest sources of error involved in the measurements 
are: (1) high temperature measurements with the optical pyrometer, (2) 
steady-state not reached and (3) errors involved in viscosity data used. 

The pyrometer lamp was calibrated by the Bureau of Standards to +0.5 
percent. However, the uncertainty in judging the intensity match at the 
upper and lower limits of the range may be probably such that in these 
regions an error of one percent greater may be found. This difficulty was 
caused by the low intensity of the black-body source near the lower limit 
of the range, and the high intensity of the filament near the upper limit of 
the range. Fortunately it was not necessary to perform many experiments 
in these regions. 

It is possible that in some cases a steady state was not reached. The 
method of determining the steady state pressure was to assume that such 
a condition had been reached when three consecutive pressure measure- 
ments, taken at half-hour intervals, agreed to within the accuracy of reading 
the McLeod gauge. This was estimated to be within +0.1 percent. However, 
because of the conditions under which the helium was supplied to the orifice 
chamber, it was not possible to check the steady state pressure at room 
temperature after a high temperature run. 

Besides these possible experimental errors, the corrections made for 
viscosity and slippage might be inaccurate. Values given in the literature 
for the viscosity of helium at 0°C, and its variation with temperature, as 
well as for the factor f in Eq. (5) differ by several percent. It is true that 
these errors enter Only in the correction factor, but their effect is cumulative. 
However, their effect will be the same on all data, that is, they will give 
either too large or too small a correction to all measurements. Therefore, 
a proper choice of values for 7 and f can be made, and those which fit one 
set of data should fit all. 

In the experiments of Series I, the maximum deviation from the theoreti- 
cal value is +3.3 percent, found at 1299°K, which is near the lower limit 
of observable temperatures. In the measurement made at 1549°K, which 
is near the upper limit of the lower range of the pyrometer, an error of 
— 2.1 percent was observed. In the five experiments of this series the average 
deviation is —0.1 percent. 

In Series II the maximum error is +1.6 percent, and the maximum 
negative error is —1.5 percent. The average of all positive and negative 
errors is zero. The maximum errors lie in the same pyrometer regions as 
those in Series I. 

It is apparent from these results that if the instrument is to be used as a 
gas thermometer at high temperatures it would be advantageous to use as 
high orifice-chamber pressures as possible, since in these the percent error 
in the measurement of pressures is less, and also the corrections are less. 
However, in order to use higher pressures, the proper procedure would be 
to decrease the diameter of the orifice, and not to increase the rate of flow 
of the gas through the capillary. By the latter procedure the density in the 














GASEOUS EFFUSION 859 


orifice chamber would become so great that equation (1) would be invalidated 
by the decrease in free path of the molecules. However if the pressure is 
increased by decreasing the diameter of the orifice it should be possible 
to make the curve of observed pressures approach very near to the theoretical 
curve. This may be seen by comparing the curves of Figs. 2 and 3. 

The experimental results obtained with helium indicate that the theory 
of effusion through small holes is valid at high temperatures when suitable 
corrections are entered for the effects due to viscosity and slippage. There- 
fore it is possible to use the instrument which has been described, as a gas 
thermometer for temperatures up to 2000°K. In order todo this practically, 
however, it would not be necessary to know the proper correction factors, 
but with a fixed initial pressure at room temperature it could be calibrated 
at two other points to determine the curve of observed pressures, which 
would then be used as a temperature.scale. Or if the viscosity and slippage 
factors are known for the gas which is used the curve of observed pressures 
can be calculated without an experimental determination, if the initial 
pressure is known. 


APPLICATION OF THE METHOD TO HYDROGEN 


An attempt was made to use hydrogen in the apparatus, in order to 
study its thermal dissociation, and it was calculated that observable effects 
due to the dissociation would begin at about 1100°K. 

Experiments showed that up to about 1180°K, this gas behaved in a 
manner entirely similar to helium, and that the data could be interpreted 
when viscosity and slippage factors were considered. However, above this 
temperature the results were inconclusive because of the presence of hydro- 
gen atoms. It would be necessary to evaluate the viscosity of the hydrogen 
atoms, as well as their coefficient of slip in the molybdenum tube. Since the 
pressure factor enters in the denominator of the viscosity correction Eq. (6), 
it would also be necessary to have an approximate knowledge of the partial 
pressures of the molecules and atoms at each temperature. Then the total 
correction to be added to the observed pressure measurements would be 
the sum of the correction due to the viscosity of the molecules present and 
that due to the viscosity of the atoms. 

With these uncertainties to overcome it is obvious that the data obtained 
could lead to no definite conclusions concerning the dissociation of hydrogen. 


CHEMICAL LABORATORY, 
Jouns Hopkins UNIVERSITY, 
February 21, 1929. 
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ON THE INTERNAL PRESSURE OF 
STRONG ELECTROLYTES 


By H. M. Evjen Anp F. Zwicky 


ABSTRACT 

It is shown that the difference in thermal properties of dilute solutions against 
those of the pure solvent is due to the superposition of two effects: 1. A physical effect 
of the ion on the solvent which is manifested as an internal pressure varying from point 
to point in the solution. This pressure distribution is calculated for aqueous solutions 
of monovalent salts by an approximation theory in which the effect of the so-called 
ion atmosphere is estimated by means of the Debye-Hiickel potential. In this, as in 
ensuing calculations, the thermal properties of the solvent are assumed to be known. 
The effect of this internal pressure on the thermal coefficient of expansion and on the 
compressibility of dilute binary solutions is calculated and the results are found to be 
in satisfactory agreement with experimental values. 2. Definite evidence is obtained 
that the second effect determining the thermal properties of solutions is due to a 
chemical action of the ion on the solvent. This effect increases linearly with the molal 
concentration. As a result of the present paper and previous work, to which re- 
ference is given, we can say that the caloric as well as the thermal behaviour of dilute 
solutions is duly accounted for. 


I. COMPUTATION OF THE INTERNAL PRESSURE 


N A previous paper’ the pressure distribution in a strong electrolyte of 
moderate concentration was calculated in connection with a detailed 
analysis of the specific heat of solutions. It is the purpose of the present 
paper to improve somewhat on this calculation, in that account will be 
taken of the so-called ion atmosphere. As applications we shall consider 
the effect of this pressure distribution on the compressibility and on the 
thermal coefficient of expansion of aqueous solutions of monovalent salts. 
As in the paper’ already referred to, we shall choose as our starting 
point for the calculation of pressure the general expression for ponderomotive 
force on a dielectric, derived by Dallenbach ;* 
OE; 4 (OP, OP; OP, 
b= pst Pr +r} | 


Xk 


—-P;+—-P,+-—— 


(1) 


Ox, | Xz ax; 


where k; is the 7-component of force density, (force per unit volume), p is 
the true charge density, E; is the i-component of electric field, and P; is 
the i-component of electric polarization. The expression is to be summed 
over double indices. 


1F. Zwicky, Phys. Zeits. 26, 664 (1925); 27, 271 (1926). F. Zwicky, Proc. Nat. Acad. 
12, 86 (1926). 

2S. R. Milner, Phil. Mag. 23, 551 (1912). Debye and Hiickel, Phys. Zeits. 24, 185 (1923). 

3 W. Dillenbach, Phys. Zeits. 27, 632 (1926). It is doubtful whether the term pE; should 
be left in the expression, as the ions undoubtedly are somewhat accelerated by the field, and 
thus do not contribute by the full amount pE; to ks. We have shown, however, that leaving out 
this term makes a difference of only about 1 percent in the computed pressures for aqueous 
solutions. 
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For the derivation of Eq. (1) the assumption has to be made that, in 
the region considered, our medium is isotropic. The formula also holds for 
a crystal of the regular system. Otherwise the expression is perfectly general, 
and not restricted to any special functional relation between electric polari- 
zation and electric field. For small electric fields the polarization is pro- 
portional to it. For strong electric fields the polarization becomes more and 
more independent of the field strength due to saturation of the dielectric. 
Consequently the dependency of P on Ein our field will vary with the radial 
distance from the ion. It has been shown before! that a very good approxi- 
mation is obtained by considering two regions, one outside a certain critical 
radius, 7x, and one inside. In the first region the polarization is calculated 
by means of the ordinary dielectric constant, whereas in the second region 
we use its saturation value. The latter is essentially obtained by multiplying 
the dipole moment by the number of molecules per cc. The critical radius, 
r., will be defined as the value of r for which the polarization as computed 
by the two methods is the same. 

Region 1 (r>r,). Let the field be some function E(r) of r which will be 
specified later. Then: 


P=(D—1)E(r)/4r (2) 


where D is the dielectric constant. 
Referring to rectangular coordinates, we can establish the following 
relations for the components: 


E=E,x,/r; E:=Exi/r; P=Px:/r 


OE; OE, xixx —+—{ a \ ; . i=k 
Ox, Ox: r? dr r r? 7 wad 0, ik ° 








Substituting these quantities into (1) one obtains after some easy trans- 
D-1\dE 
[el =| 214 10] +—— 


formations: 
4nr (D—-1\? dE 
| eCa)[ian oll) 
4 dr 5 dn dr 


And since, div (D-E) =4mp; div E=42p/D 
We get: 


je] = 1eL{ [0] (1+) 4 


5D 20r 














E 
— \(3+ 2) (3) 
dr 








The absolute values can be used as shown because p and dE/dr always 
have the same sign. 

For the potential of the field we shall use the value derived by Debye 
and Hiickel:* 


ve e€ *" 


Dr 





‘ Reference 3. This will give us an estimate of the influence of the space charge effect 
on the pressure, at least for small concentrations. 
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And consequently, 





on ened, as «omit 
p a” = 
oy 1 
or PS 
dE { gee -| 
dr : a Ae 


In these expressions ¢€ is the elementary charge = 4.77 X 10-"e.s.u. and v 
is the valency of the ion. 


x= [San(ve)?/ DRT ]!/2 


where k=1.37X10-" ergs, (Boltzmann’s constant), and »=the number 
of ions per cc. 
Substituting the values (4) into (3), one gets after some transformations: 


y? Kx? x 28 P 
| &| =—- axt-+ (a+28)~+48~4+—1 (5) 
207 r ff 6 
where 
a=3D?+4D-—2 and 8=2D°+D-3. 
The pressure is obtained by integrating k over r: 


2 B(ve)? e~ =" ( a 
p= | k| dr=— fF er+ der +1} (6) 
, 40rD* r* (B 





Region 2 (r<r,). The second region turns out to be comparatively small, 
and it is easily seen that here one may safely neglect the effect of the space 
charge. The error introduced in the pressure by so doing is not more than 
a few percent. In applications there is a more serious source of error in this 
region due to the uncertainty about the thermal properties of the solvent 
at the extremely high pressures in the neighborhood of the ion. These 
sources of error, however, are offset by the smallness of the region, i.e. in 
integrating for the thermal properties of the solution as a whole, the con- 
tribution from the region of uncertainty is small. 

We shall therefore neglect the effect of space charge in this region, and 
write: 

ve 


dP 
P=Nyp; —=0; E=——4rNu 
dr 


r2 
so that, 
ve 8a N 
| 2’ | =n, = —*] 
- 8 # 


where N is the number of molecules per cc of solvent. 
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If by p, we denote the value of the pressure at the critical radius, then, 
Tk 
where ' | (7) 


1 1 \ 8x Tk 
ap=Nure} ——— ¢ —— N°y2In— 
ry? 7,2) 5 r 


As we have already mentioned, the value of the critical radius is given by: 





as I D—1 ve e-*ra f +—} y 
—_—-fi(r => CO K — =ilVyu. 
al (ie Df tk! 

Expanding and neglecting terms of the order (xr,)* and higher, this 
gives: 

4n Nu x*?\7?!/? 
es - 
ve 2 


In order to carry through the numerical computations we must make 
an assumption as to the value of u. The dipole moment of.a single water 
molecule can be deduced from measurements of the dielectric constant of 
water vapor. In this way one finds wu; = 1.8 X10-"%e.s.u. This value, however, 
cannot be used on account of polymerization. In the paper’ already referred 
to, it was shown by a very general consideration that the average value of u 
in water must be less than 9X10-'%e.s.u. It is found that the best quantita- 
tive agreement with experimental results is obtained by adjusting u to about 
5X10-"%e.s.u. With this value we find for aqueous solutions of monovalent 
salts the pressure distribution given in Table I. IT stands for concentration 
in mols per 1000 grams of solvent. 

These values must be further modified because our theory, while it 
takes account of the space charge, paradoxically so to speak, neglects the 
presence of the individual ions making up that space charge. It is clear 
that at some point in between a positive and negative ion the pressure 
effect must be zero, while by our theory it extends to infinity. In other 
words, the integration (6) should have been carried out to some finite upper 
limit rather than to infinity. As a somewhat arbitrary correction which, 
however, cannot be very far off, we propose the following: Depress the 
whole pressure scale by an amount equal to the pressure, po, at a distance 
ro from the ion, and let this distance be given by the relation: 


(4x, 3)ro°T 29 = V (9) 


where V is the volume of a solution containing 1000 gr solvent, and mo is 
the Loschmidt number = 6.06 X 10”. 

Table II gives the pressure distributions corrected as here stated. With 
increasing concentrations the reliability of the figures decreases. Aside 
from the various approximations made in this development, there are es- 
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sentially two sources of error. In the first place, no account is taken of the 
chemical action of the ion on the solvent, an effect which so far does not 
permit of quantitative treatment. In the second place the effect of the ion 
atmosphere at high concentrations is not rigorously given by the Debye- 
Hiickel potential. For a rigorous treatment of this effect statistical methods 
would have to be used’. The mathematical difficulties of such a theory, 
however, so far have been insurmountable. 

As another, probably small, source of error, it should be mentioned 
that this theory does not take account of any pressure dependence of the 
dielectric constant. It has been shown by Roentgen,® Falckenberg,’ and 
others that the pressure dependence of the dielectric constant of water is 
very small up to 200 kg/cm.? No experimental data are available for pres- 
sures higher than this. 


























TABLE I. Pressures in kg/cm®. Water at 20°C, 

r r=1A 2 3 4 5 6 7 8 9 10 
0.1 76000 16000 5229 1702 522 237 117 66 38 23 
0.15 76000 16000 5020 1579 474 217 106 56 32 18 
0.3 75000 15330 4628 1214 406 169 78 38 — — 
0.5 74800 - 15036 4288 980 294 124 52 — — _— 
1.0 74580 13880 3205 687 199 — — _— — — 
2.0 72350 12170 2000 380 — — — _ — — 

TABLE II. Pressures in kg/cm.2 Water at 20°C. 

r ro r=1A 2 3 4 5 6 7 8 9 10 
0.1 12.5A 76000 16000 5220 1695 515 230 110 57 29 14 
0.15 10.9 76000 16000 5010 1568 463 206 95 45 20 7 
0.3 8.66 75000 15300 4604 1190 382 145 54 14 — _— 
0.5 7.3 74800 14977 4247 940 253 83 11 _— — — 
1.0 5.8 74500 13800 3124 606 118 — — — — — 
2.0 4.6 72200 12020 1850 227 _ — — _ _ _ 











2. APPLICATIONS 


(a). The thermal coefficient of expansion. When a solution is heated 
from T to T+AT at constant external pressure, the internal parts of the 
liquid expand at variable pressures. If we consider a spherical shell of radius 
r and thickness dr around the ion, the expansion per degree rise in tempera- 
- ture will be: d(AV)/dT =dndv/dT if dn=4nrdr/v be the number of mols 
in the spherical shell. 

Total expansion: 


dV ‘ 1 dv 
—=n f — —4rr°dr 
dT 0 var 


5S. R. Milner, Phil. Mag. 23, 551 (1912). 
6 W. C. Roentgen, Wied. Ann. 52, 593 (1894). 
7 G, Falckenberg, Ann. d. Physik 72, 191 (1923). 
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and 
1 dV 3 ro 1 dv 
2=— —=— f — ——r'dr 
V dT ro® 0 v aT 
Now, 
dv (=) +( =.) (2) 
dT \aT/, \odp/r\ aT /, 
So that, 


w= Bf fos) J 


where a(r) is the thermal coefficient of expansion at the pressure p(r), and 
x(r) is the compressibility at this pressure, or 


37 dp(r) \., 
a—ao=— f J a(r) = a0— ain) ty dr (10) 


where ay is the coefficient of expansion of the pure solvent under the given 
conditions of external pressure and temperature. It turns out that the 
isothermal expansion represented by the third member of the integrand is 
quite small compared with the isobar expansion a(r). This isothermal 
expansion therefore may be neglected in first approximation. The quantity 
(10) is to be calculated from graphical integration. The variation in thermal 
coefficient of expansion for pure water for pressures varying from 0 to 8000 
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Fig. 1. Coefficient of thermal expan- HI, HCl at average temperature of 22.5°C 
sion ap of water at 20°C. as function of concentration. 


kg/cm? are given by Bridgman® and reproduced in Fig. 1. Beyond this 
upper pressure one must be satisfied by rather dubious extrapolations, but 
these high pressures occur only in very small regions of the solution, and 
contribute little to the total effect. 


8 Bridgman, Proc. Am. Ac. Arts and Sciences, 48, 309 (1912-13); Bridgman, Critical 
Tables, III, 40 (1928). 
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The pressure effect, calculated, as here outlined, is shown graphically as 
a function of concentration in Fig. 2. The experimental values are taken 
from the critical tables.» The good agreement exhibited may be accidental 
to some extent but certainly not altogether. There is a definite qualitative 
agreement, and that is all we can expect, since, (by necessity), no account 
is taken of hydration effects in the present treatise. The experimental values 
for the thermal coefficient of expansion do not permit of a closer analysis 
of the hydration effect. In the case of the compressibility of solutions, how- 
ever, we shall see definite evidence of the part played by chemical action of 
the ion on the solvent in determining the thermal properties of solutions. 

(b). Compressibility. When the external pressure, po is changed from po 
to pot+Apo the pressure in the interior is changed by say an amount Ap 
which we must determine. Consider again a spherical shell of radius r and 
thickness dr, containing dm mols of water. When the external pressure is 
increased, the change in volume of this shell will be: 


1 
d(AV) =dnAv=—Ar4ar*dr. 
v 
Total change: 
To Av 
AV= f —Arr'dr. 
v 


Consequently: 
1 AV 3 ¢"% 1 Av 
= -— —=— \-— —prdr. 
V Apo ro° 0 v Apo 


Now, as the external pressure is increased, the radius of the shell under 
consideration is decreased, thereby making the internal pressure change by 
an amount: 


Ap= pet ay, 
Hence ” 

£458? &. 

Apo Or Apo 
And 


BLURS) me fe Bone 


An upper limit for the second term of the integrand may be obtained 
by the following consideration: Let x(r) be the compressibility of that part 
of the liquid which is inside a sphere of radius r around the ion. Then x(r) < 


k(r) 





* Critical Tables III, 54 (1928). 
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And 
Ar 
Apo 





| —rx(r)/3 | - | —rx(r)/3 
1+(r/3)(dp(r)/dr)x(r) | | 14+(r/3)(p(r)/ar)x(r) | 

By evaluating this upper limit it is seen that the second term of the 
integrand must be small, and that a sufficiently close approximation is 
obtained by using the upper limit multiplied by a correction factor x,/*o, 


where a first approximation value of x, is used. 
For 0p(r) /dr we can write, to the same order of approximation, 


Op(r)/dr = —4p(r)/r. 








Finally, in order to carry out the graphical integration it is more con- 
venient to write: 


3 ro Op(r) Ar 
on-nam f feo— [1422 |e) bride. (11) 
rer Jo or Apo ) 


The values of «(r) are taken from Bridgman’s curve, reproduced in 
Fig. 3. 

The result of such integrations for various concentrations is plotted 
in Fig. 4. In the same figure we have plotted some experimental data due 
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Fig. 3. Compressibility of water at 20°C Fig. 4. Compressibilities of aqueous 
(Bridgman, 1914). solutions at 20°C. 


to Roentgen and Schneider.'® It will be seen that the experimental com- 
pressibilities are higher than those computed from the pressure effect alone. 
Some pertinent evidence that this may be due to hydration is given in Fig. 5. 
The data from which this family of curves was plotted also were taken from 
Roentgen and Schneider" and show, within the limits of experimental 
accuracy, that there is a linear relation between the difference in compres- 
sibility of any two binary solutions and concentration. In other words, the 
difference in compressibility is due to an effect which increases linearly with 


10 W. C. Roentgen and J. Schneider, Wied. Ann. 34, 531 (1888). 
1 W. C. Roentgen and J. Schneider, Wied. Ann. 29. 165 (1886). 
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the number of ions of the same kind in solution. We know that as long as 
the supply of water molecules is sufficient each ion of the same kind will 
produce, qualitatively and quantitatively, the same chemical effect on the 
water molecules. Therefore whatever the influence of this chemical effect 
on the thermal properties of the solution, we should expect a linear increase 
in the effect with concentration. 

This linear dependency has previously been pointed out also for a caloric 
property of electrolytes, namely the specific heat.! 

If, in Fig. 4, one takes the difference between the experimental curve 
for KC1 and the theoretical curve, one obtains a linear relation up to a 


50 x10~” 





CHCl 


Xx Xneci 


—_ - 
(mols per liter. 


Fig. 5. Showing the linear relation between the difference in compressibility of any two binary 
solutions and concentration. 


concentration of about 0.15 mols per liter. Beyond this point then, our 
approximation theory yields results which have only a qualitative, but 
definitely no quantitative significance. The reason for this probably is to be 
looked for in our method of obtaining the pressure distribution as well as 
in secondary hydration effects. 

From this and previous work! we can draw the conclusion that the 
difference in thermal and caloric properties of dilute solutions against those 
of the pure solvent is due to the superposition of two effects: First, a physical 
effect of the ion on the solvent which is predominantly manifested as an 
internal pressure varying from point to point in the solution. Secondly, a 
chemical effect of the ion on the solvent, which for dilute solutions increases 
linearly with the molal concentration. 

CALIFORNIA INSTITUTE OF TECHNOLOGY 


PASADENA, CALIFORNIA, 
February 6, 1929. 
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BOOK REVIEWS 


The New Quantum Mechanics. G. BirtwistLe. Pp. 290+xiii. Macmillan Company, 
New York. 

This book is essentially a compilation, a collection of reprints of papers on quantum 
theory, put together roughly in chronological order. As such, it is no doubt useful to many 
readers. But as a book, it lacks unity, a clear view of the field as a whole, any attempt at 
logical arrangement or continuity, any indication that the author has great comprehension 
of the subject. It is best not to regard it as anything but a compilation, 

J. C. SLATER 


Atombau und Spektrallinien. AkNOLD SoMMERFELD. Pp. 351, 30 figs. Friedr. Vieweg 
and Son, Braunschweig, 1929. Price, bound 14.50 RM. 


Professor Sommerfeld’s “wave-mechanical supplement” to his famous treatise will in- 
evitably be considered more as a book than as a supplement. It has the dimensions, and the 
independence of arrangement of a book; the indications of “Atombau” in it come from similar- 
ity of style and where possible of nomenclature, but from nothing closer. It is a book on wave 
mechanics, and its applications to the sort of problem considered in “Atombau”; and no one 
can question that it is the most successful book on that very new subject which has yet ap- 
peared. 

The division is broadly into two chapters, the first dealing in general with problems that 
can be solved exactly, the second with those demanding perturbation theory. After a rather 
conventional introductory section leading to Schrédinger’s equation, Sommerfeld treats with 
great care and clearness the oscillator, rotator, various molecular models including the sym- 
metrical top, and the hydrogen atom, including its various perturbations. Very sensibly he 
uses the method of expanding the wave function in series which break off into polynomials 
for the characteristic functions—a method which all who have worked with Schrédinger’s 
equation have realized is much the most convenient one, but which has not been previously 
carried out so consistently for all the soluble problems. The care with which exact formulas, 
properly normalized functions, and such things, are tabulated is especially to be commended: 
Nothing is so annoying as to want a precise formula and not be able to find it. In the second 
chapter, after sections treating perturbation theory, Stark effect in hydrogen, and dispersion 
all very much after the manner of Schrédinger’s papers, Sommerfeld passes to a number of 
aperiodic phenomena: photo-electric effect, collisions of alpha-particles, Davisson-Germer ex- 
periment, Compton effect. The method of treatment reminds one of Wentzel’s, although in 
some cases one notes improvements. Next is essentially Heisenberg’s treatment of helium; 
then a section dealing with linear and angular momenta, the virial, and several related topics. 
The book closes with a valuable discussion of Dirac’s spinning electron theory. 

From this account of the book, one sees that Professor Sommerfeld has gathered together 
a very considerable amount of material; and it perhaps seems rather ungrateful to wish that 
he had done more. Nevertheless, one can hardly help wishing that the book had been expanded 
in one or two ways. First, the whole question of symmetry in wave functions, with the result- 
ing important applications to the structure of molecules and the multiplet theory of complex 
spectra is practically omitted, except for the treatment of the helium atom. Heitler and London 
on the one hand, Wigner and others on the other, have made contributions in fields in which 
“Atombau” rather definitely needed supplementing—one recalls that the whole theory of 
complex spectra, and of electronic levels in molecules, has developed since the last edition of 
that work—and the clarifying style of Professor Sommerfeld would have contributed much to 
the understanding of the rather difficult papers. Another point, more technical, and which 
perhaps some readers will not object to, is the almost entire lack of emphasis on matrix methods, 
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even in cases where, as in perturbation theory, the calculation is essentially done by using ma- 
trices. The general standpoint is decidedly a “hydrodynamical” one. 

In spite of these criticisms, the new supplement is an excellent book, written with the 
author’s characteristic clarity and power; it will be of great service to the many students of 
wave mechanics who find great difficulty in following the scattered original papers; and it, 
taken with the last edition of “Atombau,” still furnishes the best means there is for introduction 
to the problems of atomic structure and quantum theory. It leads one to hope that the day 
may come when Professor Sommerfeld will undertake to rewrite the whole book in the spirit 
of quantum mechanics an undertaking which would certainly be of the very greatest value 
to physics. 

J. C. SLATER 





